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Abstract—We study the propagation of a weak pulse of slow light in a cloud of cold atoms controlled by two
additional laser beams of larger intensity in a tripod configuration of the light-matter coupling. We consider
a case where one of the control beams has an optical vortex and thus has a zero intensity at the center. The
presence of the second control beams restores adiabaticity in the propagation of the probe beam. This makes
it possible to exchange the optical vortex between the control and probe fields during the storage. We analyze

conditions for the vortex of the control beam to be transferred efficiently to the restored probe beam.
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I. INTRODUCTION

Light can be slowed down by seven orders of mag-
nitude using the electromagnetically induced trans-
parency (EIT) [1]. The EIT makes a resonant, opaque
medium transparent by means of quantum interfer-
ence between the optical transitions induced by the
control and probe laser fields. As a result, a weak pulse
of probe light travels slowly and almost without a dis-
sipation in a resonant medium controlled by another
laser beam [1—6]. EIT was shown not only to slow
down dramatically light pulses [1] but also to store
them [7] in atomic gases. Following the proposal of
[8], storage and release of a probe pulse has been dem-
onstrated [7] by dynamically changing the intensity of
the control laser. The possibility to coherently control
the propagation of quantum light pulses opens up
interesting applications such as generation of non-
classical states in atomic ensembles and reversible
quantum memories for slow light [5, 6, 8, 9]. Further-
more, propagation of slow light through moving media
(linearly [10, 11] or rotationally [12—14]) may be used
for the light memories and rotational sensing.

An interesting issue is propagation of the slow light
carrying an orbital angular momentum (OAM) [14].
The OAM oflight [15] represents a new degree of free-
dom which can be exploited in the quantum computa-
tion and quantum information storage. Here we dem-
onstrate how the storage of the slow light can be
manipulated using control laser beams with and with-
out the OAM. We study the propagation of a weak
pulse of slow light in a cloud of cold atoms controlled
by two additional laser beams of larger intensity. In
that case the probe and two control fields induce tran-
sitions between the atomic energy levels in a tripod
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configuration of the light-atom coupling [16—18]. We
show that the regenerated slow light can acquire an
OAM by applying a control beam with the OAM. The
application of the second control beam without the
OAM quakes it possible to avoid difficulties with a vio-
lation of the adiabaticity in the slow light dynamics
due to the zero intensity of the control vortex beam at
the center.

In the following we derive and analyze a general
equation for the propagation of the probe beam in an
ensemble of tripod atoms without applying the slowly-
varying amplitude approximation [18]. This makes it
possible to consider situations where control and/or
probe beams have the OAM. The atoms in our model
are cold enough to be treated as quantum fields. We
choose the atoms to be bosons populating a single cen-
ter of mass single state to form a Bose—Einstein con-
densate.

II. FORMULATION

Consider an ensemble of tripod-type atoms char-
acterized by three hyperfine ground levels 1, 2, and 3,
as well as an electronic excited level 0 (Fig. 1). The
translational motion of atoms is represented by a four
component column operator W(r), where the compo-
nents ¥, = ¥,(r, 9, ¥, = W,(r, 1), ¥; = ¥s(r, 9, and
Y, = Y¥(r, 7), are the field operators describing to the
center of mass motion in the four internal atomic
states. The quantum nature of the atoms comprising
the medium will determine whether these field opera-
tors obey Bose—Einstein or Fermi—Dirac commuta-
tion relations. The atoms interact with three light
fields in a tripod configuration of the atom-light cou-
pling [16—18]. Specifically, two strong classical con-

trol lasers induce transitions [2) — [0}, |3) — |0)
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Fig. 1. Light induced transitions in the cloud of cold atoms involving a tripod configuration of the internal atomic states.

and a weaker quantum probe field drives a transition
[1) — |0), see Fig. 1.

A. Equation for the Probe Field
The electric field of the probe beam is

E(n1) = [M2€(r, ne ™ + hee., (1)
2¢g,

where ® = ck is the central frequency of the probe
photons, k = zk is the wave vector, and e L z isthe
unit polarization vector. This field is considered to be
either a classical variable or a quantum operator. We
have chosen the dimensions of the electric field ampli-
tude S so that its squared modulus represents the num-
ber density of probe photons.
The probe field E(r, 7) obeys the following wave
equation:
2 2
cvE-ZE_ 1TF ?)
ot € Ot

where P = e u‘I’I‘I’O + h.c. is the polarization field of
atoms, | being the dipole moment of the atomic tran-
sition |1) — |0). Let us introduce the slowly varying
matter field operators

ot

S 3)
(0] +0—-0,)t

D, = Yye > 4)
(o0, +0—0.)t

®; = Yse > ®)

(1)0 _ ‘Poei(w|+w)t’ (6)
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with 7w, being the energy of the atomic ground state
1, and ®,,, ®. being the frequencies of the control
fields.

The probe field is quasi-monochromatic, so its
amplitude € = €(r, 1) changes little over the time of an
optical cycle. In this case, the following equation holds
for the slowly varying amplitude of the probe field:

o .c . .
(a—t—zi—ovﬁz%)% = igd|®,, (7)

where the parameter g = u./®/2¢g,A characterizes the
strength of coupling of the probe field with the atoms.
Note that, unlike in the usual treatment of slow light,
we have retained the second-order derivative V2 in the
equation of motion (7). This allows us to account for
the fast changes of ‘€ in a direction perpendicular to
the wave vector k, i.e., in the xy plane. Therefore, our
analysis can be applied to the twisted beams of light
€(r, 1) ~ exp(ilp) carrying an OAM #/ per photon.

B. Equations for the Matter Field Operators

In the following we shall adapt a semi-classical pic-
ture in which both electromagnetic and matter field
operators are replaced by ¢ numbers. The equations
for the matter fields are then

KD, = V(r)®, - g€+, ()
K@, = fi(og, — iy) Dy + Vi (r)D, )
— QP ~ QO - figé D,
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KD, = hioy @, + Vy(r) 0y — hQED,, (11)
with
. 2
k=ind Iy (12)
ot 2m

Here m is the atomic mass, V(r) is the trapping poten-
tial for an atom in the electronic statej (j =1, 2, 3, 0),
Q,, and Q ; are the Rabi frequencies of control lasers
driving the transitions [2) — |0) and |3) — |0}, yis
the decay rate of the excited level, ®w,;, = ®, — ®; +
0, — o and w3, = ®; — ©; + ®,; — © are frequencies
of the electronic detuning from the two-photon reso-
nances, ®y, = ®, — ®; — o is the frequency of the elec-
tronic detuning from the one-photon resonance. The
terms containing atomic mass m in Egs. (8)—(11) are
important for the description of the light-dragging
effects [10—14], Note also that the equation of motion
(8) for @, does not explicitly accommodate collisions
between the ground-state atoms. In the case where the
atoms in the internal ground-state 1 form a BEC, the
collisional effects can be included replacing V;(r) by
Vi(r) + g,,|®,)? in Eq. (8) to yield a mean-field equa-
tion for the condensate wave function @, where g,; =
4nh’a,,/m and ay, is the scattering length between the
condensate atoms in the internal state 1. In Eqgs. (8)—
(11), the coupling of atoms with the probe and control
fields has been written using the rotating wave approx-
imation. Therefore, the last term in Eq. (8) has a pos-
itive frequency part of the probe field (i.e., €%*),
whereas the last term in Eq. (9) has a negative fre-
quency part (€). For the same reason, Eq. (9) contains
factors Q),, and 2.5, whereas Egs. (10) and (11) con-

tain factors Q.5 and Q5.

I1I. PROPAGATION OF PROBE BEAM
A. Dark and Bright States

To analyze the atomic dynamics, it is convenient to
introduce the wave-function for the atomic motion in
the bright state
1
Q,
The corresponding wave-function of the atomic
motion in the dark state is

D, = (Q, @, + Q;05). (13)

1
CDD = a(st(Dz—szq%), (14)
where
Q, = J|Qu|"+ Q. (15)

is the total Rabi frequency. It is the wave-function @,
which is featured in the equation of motion (9) for the
excited state wave-function. On the other hand, the
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dark state is not coupled directly to the excited level 0.
The original fields @, and @5 can be expressed through
®pand @ as

1 (szq)B +Q,;0),),
Q

O, = — (16)

1
Q.
Initially the atoms are in the ground level 1 and the
Rabi frequency of the probe field is considered to be

much smaller than Q.. Consequently one can neglect
the last term in Eq. (8) that causes depletion of the

®; = (QZZCDB_QQCDD)' (17)

ground level 1, giving K®, = V(r)®,. If the atoms in
the internal ground-state 1 form a BEC, its wave func-

tion @, = ﬁexp(i §|) represents an incident variable

determined by the atomic density # and the conden-
sate phase 5,. The latter phase will not play an impor-
tant role in our subsequent analysis, since we are not
interested in the effects due to the condensate
dynamics.

B. Adiabatic Approximation

Suppose the control and probe beams are tuned
close to the two-photon resonance. Application of
such laser beams cause electromagnetically induced

transparency (EIT) in which the transitions [2) —
|0), |3) — |0),and |1) — |0) interfere destructively
preventing population of the excited state 0. The adia-

batic approximation is obtained neglecting the excited
state population in Eq. (9), giving

CDB = —g%%.

o (18)

c

When the adiabatic approximation is valid, the bright
and dark states are coupled weakly. Therefore, com-
bining Egs. (10), (11) and neglecting the dark state
contribution ®,, we arrive at the equation for the
bright state wave-function

KD, = iLAVD,+ UD,— 1Q.D,, (19)
m
where
A = ifi(E,VE; +EVEY) (20)
is the effective vector potential for the atoms and
ﬁ2 2 % 2. %
U= —2—(§2V & +&VEy)
m
2 2
+(Vy+1h,) (8] + (Vs + o)) | 1)
. 0 .= 0.
RGN
l azataz §3at§3
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is the corresponding effective scalar potential arising
due the two-photon detuning, with
2 g
Q. Q.

c c

& = & = (22)

The derivation of Eq. (19) can be found in more
details in our earlier work [19] on the light-induced
gauge potentials for the A type atoms.

Equation (19) relates @, to the bright state @ as

D, = [ K+zﬁAV+UJCDB (23)

hQ,

Finally, Egs. (7), (18), and (23) provide a closed
equation for the electric field amplitude é:

(Q—ic—zvz—z‘i’)%

ot 2 2
! 24)
- A% [ K+i ﬁAV+UJCD'%
o)

c

This equation applies a wide variety of phenomena.
In particular, it can be used to model light storage by
introducing time dependence in Q. or light dragging
due to spatial variation of Q2, or @,.

C. Regenerating of the Probe Beam: Importance
of the Non-adiabatic Terms

In order to describe releasing of the stored light, we
should include non-adiabatic corrections to the equa-
tion of motion (24). This can be done in the following
way. From Eq. (9), we express the bright state @,

@Bz_g_%Q +
Q

(r) + (g, — i7) ] D,.(25)

Substituting Eq. (23) into (25), we get

®B = —(g_%Q
Q

(r) + fi(wo — iY)]

‘ (26)
1 * .k

The term with the decay rate y is larger than other non-
adiabatic corrections in the above equation giving

@Bz_g_%l_f_v[_kﬂﬁlswujqag. 27)
2
Q, hQ). mn

For simplicity of the subsequent analysis, we keep only
the time derivative in the above equation:

D,~- 880 - Lig, (28)
Q. ' gl
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The solution to this equation is

t ——t ‘

®, = dy0) | - Ig a9

Assuming that the control beam is switched on sud-
denly at = 0 and then changes slowly during the char-
acteristic relation time y/Q f , we can perform the inte-
gration and obtain

2 2
Qr

— % _%[
D 4(0)e ! —%—cp1 l-e " |.

c

O, = (30)

Using Egs. (23) and (30), the equation for the electric
field (7) takes the form

2
(2-itv-i2)e
ot 2o 2

2

_Q"f
gﬁq) [ K+i ﬁAV+ UJZl%[l—e VJ (31)

4

2
2,

AV+U} FOTE

k.
gq) [ K+ zﬁ
Q,
At t = 0, the probe field is off, and the information on
the previously stored probe beam being contained in
the atomic coherence ®4(0). The regeneration of the
probe beam is described by the second term on the
r.h.s. of Eq. (31) representing the source for the elec-
tric field. Retaining only the temporal derivatives in

Eq. (31), we get the equation describing the generation
of the electric field

1+8 8 1-¢ 7 | |2€
0’ ot

‘ (32)

2
2,

- —g(f“ (6D, + QD ,(0)]e ’

with the initial condition €(0) = 0 at = 0. For time in

access of the relaxation time v/ ch the regenerated

probe field evolves to a steady-state value complying

with the adiabatic condition (18)

€ = - 2 D,4(0).
8P,

(33)

In this way, the regenerated electric field € is indeed
determined by the initial atomic coherence ®g(0).
The subsequent evolution of the probe field is
described by the adiabatic equation of motion (24)
containing both the temporal and spatial derivatives
subject to the initial condition (33).
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D. Co-propagating Control and Probe Beams

Suppose the probe and control beams co-propa-
gate:

ikz

B(r, 1) = E(r, 1)e™, (34)
Q(r, 1) = Qy(r, e, (35)
Qu(r, 1) = Qy(r, e, (36)

where k., and k_; [are the wave numbers of the control

beams. For paraxial beams the amplitudes € (r, 7),
Q,(r, 1) and Qs(r, 1) depend weakly in the propagation
direction z compared to the variation of the exponen-
tial factors. Equation (24) for the probe field takes
then the form

0 0 1 1 >
Og [_ 1 Di_ily J%
ot TV 8z+(vg c)l l2k +

18(2%

(-4

Q. ot

(37)

where we have replaced V? its transverse part Vi =

0%/0x* + 0%/0y* because of the paraxial approximation.
Here
c
v, = — £ (38)
¢ 1+ g2n / Qf

is the radiative group velocity and
1 2 1 2 1
d = (f_i Vy+ 0021) & + (f_i Vi+ 0331) &l - iTLVl 39

is the two-photon frequency mismatch. In writing
Eq. (37), we have neglected the terms containing
atomic mass m, since from now on we are not inter-
ested in the effects due to the atomic motion. The term
with spatial derivative 6/0z in Eq. (37) describes the
radiative propagation along the z axis with the group
velocity v,.

IV. STORING AND RELEASING THE LIGHT
A. General

The probe beam %“)(t“)) at time moment t()

enters an atomic medium which is illuminated by two
control beams characterized by the Rabi frequencies

Q(S) and Q(s) .

At the boundary, the probe beam is converted into
a polariton propagating slowly in the medium with the
velocity v, < c. Here the index (s) refers to the stage of
storing the light. Since the atomic population is cre-
ated exclusively by the incident light field, the atomic

OPTICS AND SPECTROSCOPY Vol. 108
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dark-state @, is not populated and, according to
Eq. (18), the bright-state is

s s q) t ), (s
Slc(n )
Equations (16) and (17) give the atomic fields

To store the slow light, at the final time tf(s) of the stor-
ing stage, both control fields are switched off in such a
and af,?

way that the ratios gﬁ? remain constant

whereas QES) — 0. To restore the slow light propaga-
tion, the control fields are switched on again with rel-

ative Rabi frequencies E)f,;) and é(r) The latter can dif-

fer from the original ones E_,f, and E_,C3 , so the dark-
state @, can now be populated. Shortly after the

beginning of the release of light (at # = t,-(r) ) the gener-

ated electric field reaches a steady state value, as
described in the Subsection IIIC. Equation (33) yields
the restored probe field

Q()(t()) (e

(<t:~02 c2

g®1(’
where Egs. (13), (22), and (41) were used to relate the

bright state (D(r)(t@) of the restoring stage to the

stored one CD(S)( (S))

B. Specific Cases

1. Restored control beams are proportional to the
original ones. Supposed first that the Rabi frequencies
of the restored control beams are proportional to the

original ones: Qﬁr = aQ(S) and Q(r) = Q(S). For
slow light this implies that
r) s r s
Ez = £2)7 53) = 53)- (43)
Since £,E%5 + £.:85 =1, Eq. (42) yields the follow-
ing result for the regenerated electric field:

gq)l(

The above relationship represents the initial condition
for the subsequent propagation of the probe beam €
governed by the equation of motion (37). The regener-
ated electric field is seen to acquire the phase from the
bright polariton at its storage stage and the amplitude

(44)

of ‘€ is modulated according to Qf,r) at the release
stage.

No.3 2010
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Fig. 2. Propagation of the regenerated electric field into the free space in the case of A system storing and tripod system retrieval.

2. System for the storage and tripod system for the
retrieval. Suppose now that initially we have a A sys-

tem with only a single control field: §c3 =0 and hence
(S)

= 1. On the other hand, a tripod system isused in

the retrieval stage where generally both F,c and F,U)

are non-zero. In that case Eq. (42) provides the fol-
lowing result for the regenerated electric field:

QES)(ffr))g(s)x 0 (9
S 0 (1),
go(1;")
The Eq. (45) represents the initial condition for the
subsequent propagation of the probe beam é governed
by the equation of motion (37) in the medium.

If the second control beam has an optical vortex at

"1y = (45)

the restoring stage QEQ ~ e the regenerated electric

field € ~ e/® acquires the same phase, as one can see
from Eq. (45).

This means the restoring control beam transfers its
optical vortex to the regenerated electric field €. In
the A scheme it is not allowed to have an optical vortex
for the control beam due to adiabaticity violation at
the center of the vortex. Using a tripod scheme for the
regeneration lifts up this restriction. The probe beam
may itself carry a vortex at the beginning of the storage
[20]. Subsequently the vortex is stored onto the atomic

bright state CDE;) and then transferred back to the probe
beam after the control beam QE? is turned on. In that
case the phase of the restored Vortex in the probe beam
is defined by the product Qg) in which both Q(r)

and <D1(;) may carry vortices. If these vortices have
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opposite winding numbers, they cancel each other
leading to zero vorticity in the regenerated probe
beam.

3. Tripod system for the storage and A system for
and the retrieval. Suppose now that initially we have a
tripod system for the storage where generally both E,(S)
and ﬁﬁ are non-zero. On the other hand, a A system

isused in the retrieval stage with only one control field,

i.e. &d = 0 and hence

leads to the same Eq. (45) for the regenerated electrlc
field. Yet now it is the storing control beam that has an

optical vortex Qg) ~ e Subsequently the vortex is
transferred to the regenerated probe field in the phase
conjugated form: € ~ e~ilo

V. PROPAGATION OF RESTORED FIELD

After the probe beam leaves the cold atomic cloud,
it further propagates in free space according to Eq. (2)
with P = 0. The probe field is quasimonochromatic, so
that its amplitude € (r, 7) varies very slowly in time dur-
ing an optical cycle. In the time-independent case, we
get the propagation equation
% 2k L% (46)
Since a typical length of the atomic cloud is not much
larger than the length of the laser pulse, we will assume
that the stored and restored electric fields do not
change significantly during their propagation inside of
the atomic cloud. Furthermore we will assume that the
control beams are abruptly switched off during the
storing stage and then switched on in the same way
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Fig. 3. Propagation of the regenerated electric field into free space in the case of tripod system storing and A system retrieval.

Parameter b appearing in Eq. (51) is set to be equal to 1, 2 and

when they are restored. Using Eq. (18) and Eq. (42),
the restored field may be written as

(s) 3

§c3 )

(s)3%

%( écZ

2: r Zi r ((g (S)
(S)( ( ) ( ) ’
Q

In the following we will consider the case where the
stored electric field is uniform, € = const.

In the first case, the A system is used for the storage

and the tripod system for the retrieval, so that §c3

Assuming that the control beams which do not carry
vortices are uniform, the restored electric field (45) is

4, respectively, for the figures (a), (b), and (c).

proportional to the restoring control beam QE? with
some constant A:

€ = 40", (47)

In the second case, the tripod system is used for the

storage and A system for the retrieval (§c3 = 0). The

expression for the restored electric field is then more
complicated:

(8)%
QcZ

€ = (48)

|Q(S) ‘Q(S)

OPTICS AND SPECTROSCOPY Vol. 108  No. 3 2010
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Let us choose the vortex control field to be the first
order Laguerre—Gaussian beam with / = 1:

Q, = ape[q’efp ol (49)

We look for a solution of the regenerated electric field
which leaves the atomic cloud of a form € = f{(p, z)e’®
with / = 1, where the positive (negative) vorticity
applies to the first (second) case. In the dimensionless
variables p = p/A and z = z/A the initial conditions
for the equation of motion Eq. (46) reads

f(p,0) = pe (50)
for the first case and
_ _‘32/&2
f(p.0) = —PEr (51)
207077 4 p
for the second one (with b being the ratio b= |Qf§) /a).

With these two conditions, the Eq. (46) is solved
numerically. The results for the first case is shown in
Fig. 2. At the stage of release of light the electric field
profile is defined by Eq. (50). The subsequent propa-
gation of the field qualitatively preserves the profile
distribution and is accompanied by the diffraction
spreading.

The second case is illustrated in the next three fig-
ures (Figs. 3a—3c). In this case, the electric field pro-
file is defined according to the Eq. (51) at the stage of
the release of light. The initial profile and its subse-
quent development is determined by the parameter b
which equals to 1 in Fig. 3a. Here the profile is dis-
torted, the shape obviously being more complicated
than that in the first case (Fig. 2). When b increases
(b =2 in Fig. 3b and b = 4 in Fig. 3c), the profile con-
verges to a smooth shape similar to that shown in the
previous Fig. 2. Extrapolation of the results suggests
that we can increase the intensity of the second pump
beam until the desired profile of the outgoing probe is
achieved.

SUMMARY

In this article, we analyze the interaction of light
and the cloud of cold atoms. Atoms are described by
the three ground states and the excited one, which
from a so-called tripod configuration. The application
of an additional third laser ensures the adiabaticity of
the atom-light coupling processes for the vortex
beams. Using the adiabatic approximation we derive
the equation of motion for the probe beam and ana-
lyze it in the case where one of the control beams has
an optical vortex. Two cases of storing the vortex onto
the atomic cloud are analyzed in more details. The
first case involves the A system for the storage and tri-
pod system for the retrieval. In such a situation, the
phase of vortex is transferred from the restoring con-
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trol beam to the regenerated probe beam. In the sec-
ond case, we use the tripod system storing and the A
system retrieval. The vortex phase is then transferred
from the storing control beam to the regenerated
probe in the phase conjugated form, so the probe beam
acquires an opposite vorticity. Our numerical analysis
for the restored fields shows that in the first case sce-
nario the profile of the regenerated probe field is qual-
itatively preserved. In the second case, the additional
storing control beam has to be strong enough for the
spatial profile of the probe ficld to be preserved.
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