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Motion of solitons in one-dimensional spin-orbit-coupled Bose-Einstein condensates
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Boris A. Malomed,6,7 and An-Chun Ji2,†
1College of Physics and Electronic Engineering, Chongqing Normal University, Chongqing 401331, China

2Department of Physics, Capital Normal University, Beijing 100048, China
3School of Applied Science, Beijing Information Science and Technology University, Beijing 100192, China

4Institute of Physics, Chinese Academy of Sciences, Beijing 100190, China
5Institute of Theoretical Physics and Astronomy, Vilnius University, Saulėtekio Avenue 3, LT-10222 Vilnius, Lithuania
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Solitons play a fundamental role in the dynamics of nonlinear excitations. Here we explore the motion of solitons
in one-dimensional Bose-Einstein condensates subjected to a spin-orbit coupling (SOC). We demonstrate that
the spin dynamics of solitons is governed by a nonlinear Bloch equation. The spin dynamics affects the orbital
motion of solitons leading to spin-orbit effects in the dynamics of macroscopic quantum objects (mean-field
solitons). The latter perform oscillations with a frequency determined by the SOC, Raman coupling, and intrinsic
nonlinearity. These findings reveal unique features of solitons affected by the SOC, which are confirmed by
analytical considerations and numerical simulations of the underlying Gross-Pitaevskii equations.
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Solitons, which are generally realized as self-supported
solitary waves, are among the most fundamental objects in
nonlinear science. With the realization of Bose-Einstein con-
densates (BECs), matter-wave solitons have drawn enormous
interest [1–9]. In experiments, both bright and dark solitons
have been successively created in atomic BECs [1,10–14]. On
the other hand, the successful realization of artificial spin-
orbit coupling (SOC) in binary BECs [15–18] has stimulated
intensive studies on novel SOC-induced effects [19–34]. In
particular, a variety of solitons species, such as stripe modes,
two-dimensional (2D) composite solitons, and half-vortex gap
solitons, have been predicted in condensates combining the
SOC, which is a linear interaction, and the intrinsic collisional
nonlinearity [35–51]. In a ring-trapped BEC, Rashba SOC
leads to the nontrivial magnetization dynamics of a dark
soliton [52].

Soliton dynamics has been the subject of many studies
carried out in various settings, including BEC [1–9], nonlinear
optics [53–59], and others. In particular, it has been shown that
harmonic trapping potentials induce the motion of solitons
in quasi-one-dimensional (1D) BECs [60–65]. Due to the
particlelike nature, the soliton dynamics differs essentially
from the dipole mode of the noninteracting condensate loaded
into the same potential. In particular, the oscillation frequency
of trapped dark solitons differs by a factor 1/

√
2 from the

trap frequency [60]. Here, we address the soliton dynamics in
1D BECs under the action of Raman-induced SOC [15,16].
Since the Raman transition can flip the spin along with
inducing a finite momentum transfer, the evolution of the spin
degree of freedom may be coupled to the spatial motion of
solitons. This effect, if it can be made conspicuous enough,
may be considered as the SOC at the level of the motion
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of a macroscopic quantum body, the matter-wave soliton.
In this connection, it is relevant to mention a recent result
showing that the SOC can induce anharmonic properties
beyond the effective-mass approximation in collective dipole
oscillations [16,66,67]. Yet the macroscopic SOC effects in
the motion of solitons have yet to be explored, to the best of
our knowledge.

In this Rapid Communication we investigate the soliton
dynamics in 1D BEC influenced by the SOC. We find that
an interplay of the SOC, Raman coupling, and nonlinearity
induces precession of the soliton’s spin S under the action of
an effective magnetic field, which is governed by a nonlinear
Bloch equation (12). In turn, the spin precession couples
to the orbital motion of the soliton via feedback onto its
center-of-mass momentum, as shown below by the equation
of motion (15) for the center-of-mass coordinate 〈z〉. Thus,
Eqs. (12) and (15) directly demonstrate the effects of the SOC
on the 1D motion of the macroscopic quantum object.

In the presence of SOC, the dynamics of the quasi-1D
BECs, elongated in the direction of z, is modeled by the mean-
field Gross-Pitaevskii (GP) equation,

i∂t

(
ψ↑
ψ↓

)
= ĥ0

(
ψ↑
ψ↓

)
+

(
g↑↑|ψ↑|2,g↑↓|ψ↓|2
g↓↑|ψ↑|2,g↓↓|ψ↓|2

)(
ψ↑
ψ↓

)
, (1)

where ψσ are the pseudospin components of the BEC
macroscopic wave function, with σ = ↑,↓ labeling the spin
states. These can represent, for instance, the hyperfine states
|1,−1〉 and |1,0〉 of 87Rb atoms [15]. Here,

ĥ0 = − 1
2∂2

z + V (z) + iλ∂zσz + �σx + δσz (2)

is a single-particle Hamiltonian which includes the Raman-
induced SOC characterized by a strength λ, with � and
δ describing, respectively, the frequencies of the Raman
coupling and the Zeeman detuning. Here also V (z) = γ 2z2/2
is an effective 1D harmonic trap potential, and γ ≡ ωz/ω⊥
is the trap’s aspect ratio, with ωz and ω⊥ being the trapping
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frequencies along the longitudinal and transverse directions,
respectively. The frequencies and lengths are measured in
units ω⊥ and a⊥ = √

�/mω⊥, respectively, and, as mentioned
above, λ = kLa⊥ represents the SOC strength, with kL being
the momentum transfer. Note that, as the strengths of the
inter- and intraspecies atomic interactions are very close in the
experiment, it is reasonable to assume SU(2)-symmetric spin
interactions, with all components gσσ ′ taking a single value
g. To focus on the SOC effects on the dynamics of solitons,
we first consider the free space, while the external trap will be
discussed afterwards.

For λ = � = 0, the system reduces to a normal binary
BEC without the SOC. In this case, Eq. (1) is known as the
integrable Manakov’s system which gives rise to well-known
exact soliton solutions [68]. In particular, bright-bright (BB)
solitons are ψσ = (ηεσ /

√−g)sech(ηz) exp (iη2t/2) for the
attractive sign of the nonlinearity, g < 0, where η−1 is the
soliton’s width and εσ satisfies the normalized condition
|ε↑|2 + |ε↓|2 = −g/(2η). We use such exact soliton solutions
as an initially prepared wave function, and then study the
soliton dynamics as the SOC is switched on. Note that
Eq. (2) is an effective single-particle Hamiltonian in the
frame transformed via the local pseudospin rotation by angle
ϑ = 2λz about the z axis [15,16]. The transformation adds
opposite phase factors e±iλz to the two components of the
input wave forms.

In the general case, the GP system (1) is no
longer integrable. Therefore, we employ a varia-
tional approximation to investigate the soliton dy-
namics [5,69], based on the Lagrangian L(t) = ∫ +∞

−∞{(i/2)
∑

σ=↑,↓ [ψ∗
σ (ψσ )t − ψσ (ψ∗

σ )t ] − H}dz, where H is the
Hamiltonian density of the system. We first consider the
attractive nonlinearity, with g < 0. In this case, we introduce
the following variational ansatz for BB solitons, with the total
norm fixed to be 1,(

ψ↑
ψ↓

)
=

√
η

2

(
(sin θ )sech(ηz + ξ↑)ei(k↑z+ϕ↑)

(cos θ )sech(ηz + ξ↓)ei(k↓z+ϕ↓)

)
, (3)

where θ , η, ξσ , kσ , ϕσ are time-dependent variational param-
eters. Here, θ determines the population imbalance between
the pseudospin components, η−1 defines their common width,
kσ is the wave number, and ϕσ the phase. For the SU(2)
atomic interactions, two-component solitons favor the mixed
phase [70]. Therefore, the positions of spin-up and spin-
down solitons will overlap, ξ↑ = ξ↓ = ξ , as confirmed by the
numerical simulations below.

Inserting the ansatz (3) into the Lagrangian and performing
the integration, we obtain

L(t) = ξ

η

dk+
dt

− ξ

η
cos(2θ )

dk−
dt

− dϕ+
dt

+ cos(2θ )
dϕ−
dt

− 1

2
[k2

+ − 2k+k− cos(2θ ) + k2
−] − 1

6
η2 − 1

6
gη

− �πk− sin(2θ ) cos(2ϕ− − 2k−ξ/η)

η sinh(πk−/η)

+ δ cos(2θ ) − λ[k+ cos(2θ ) − k−], (4)

where k± ≡ (1/2)(k↑ ± k↓) and ϕ± ≡ (1/2)(ϕ↑ ± ϕ↓). The
evolution of the variational parameters is governed by the

corresponding Euler-Lagrangian (EL) equations (see the
Supplemental Material [71] for details).

Note that the EL equations produce simple results, η ≈
−g/2 and k− ≈ λ, in the case of a weak SOC, πλ  η.
Indeed, in the absence of SOC, the relation η = −g/2 holds
for the normalized wave function, indicating that the width
of the solitons is determined by the nonlinearity, and k−
remains equal to the initial relative momentum λ between
the components of the soliton. Thus, we arrive at a reduced
system of the EL equations, in which η and k− are considered
as frozen quantities:

k̇+ = 2λ�̃ sin(2θ ) sin φ, (5)

φ̇ = −2�̃ cot(2θ ) cos φ + 2λk+ − 2δ, (6)

θ̇ = −�̃ sin φ, (7)

˙〈z〉 = k+. (8)

Here, 〈z〉 = ∫ +∞
−∞ z(|ψ↑|2 + |ψ↓|2)dz ≡ −ξ/η is the center-of-

mass coordinate, �̃ = �πλ/[η sinh(πλ/η)], and φ ≡ 2ϕ− +
2k−〈z〉 is the phase difference between the two components of
the soliton. Thus, Eqs. (5)–(8) account for the nonlinear cou-
pling of the center-of-mass momentum k+, phase difference
φ, population imbalance θ , and center-of-mass coordinate 〈z〉.

We introduce a normalized complex-valued spinor χ =
(χ↑,χ↓) describing the two-component wave function ψσ =√

ρ(z,t)χσ , where ρ ≡ |ψ↑|2 + |ψ↓|2 is the total density, with
|χ↑|2 + |χ↓|2 = 1. Furthermore, we define the spin density
S = χT σχ , where σ ≡ {σx,σy,σz} is the vector set of the
Pauli matrices. Therefore, we have {Sx,Sy,Sz} = {sin(2θ )
cos(2λz + 2ϕ−),− sin(2θ ) sin(2λz + 2ϕ−),− cos(2θ )} for the
ansatz given by Eq. (3). In this Rapid Communication,
we focus on the center-of-mass motion of the soliton by
setting z = 〈z〉 = −ξ/η. Consequently, the evolution of the
atomic spin at the soliton’s center-of-mass is governed by the
following equations,

Ṡx = 2(λc1 − δ)Sy − 2λ2SzSy, (9)

Ṡy = −2�̃Sz − 2(λc1 − δ)Sx + 2λ2SzSx, (10)

Ṡz = 2�̃Sy, (11)

where c1 ≡ λSz,0, with Sα,0 (α = x,y,z) being the initial
values of the components. These equations of motion for the
soliton’s spin can be rewritten as

Ṡ = S × Beff, Beff = {2�̃,0,2λ2Sz − 2(λc1 − δ)}. (12)

This represents the Bloch equations for the spin precession
under the action of the effective magnetic field Beff . The
macroscopic SOC for the soliton as a quantum body is
determined by the effect of the evolution of the spin on
the soliton’s longitudinal momentum, resulting in a coupled
nonlinear dynamics of the soliton’s spin and position. At first
glance, nonlinear terms in Eqs. (9)–(11) arise essentially from
the SOC strength λ. However, the atomic interactions also play
a fundamental role, as in the no-interaction limit, �̃ = 0, these
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equations reduce to the linear Bloch precession under a fixed
effective magnetic field.

To tackle solutions of the nonlinear Bloch equation,
we first integrate Eq. (9), dividing it by Eq. (11).
This yields Sx = c2 − (λ2/2)�̃−1S2

z + (λc1 − δ)�̃−1Sz, where
c2 ≡ Sx,0 + (δ − c1λ)�̃−1Sz,0 + (λ2/2)�̃−1S2

z,0 is a constant
determined by the initial conditions. Next, we focus on the
case of δ = λc1, which implies a particular relation between
the strengths of the Zeeman splitting and SOC, making the
analysis more explicit. By differentiating Eq. (11), we then
arrive at a standard equation of anharmonic oscillations for the
single spin component Sz,

d2Sz

dt2
+ �Sz + 2λ4S3

z = 0, (13)

where � ≡ 4�̃(�̃ − c2λ
2) may be positive or negative. Equa-

tion (13) has a usual solution [72]

Sz(t) =
√

1 − �τ 2

2λ2τ
cn(t/τ,k), k2 = 1

2
(1 − �τ 2), (14)

where cn is the Jacobi’s cosine with modulus k, and τ is an
arbitrary parameter taking values τ < 1/

√|�|. In the case of
� > 0, the linearized version of Eq. (13), which corresponds
to τ → 1/

√|�| in Eq. (14), gives rise to free Rabi oscillations
with frequency

√
�. In the general case, the frequency given by

solution (14), ωosc = π/[2τK(k)], where K(k) is the complete
elliptic integral, exceeds

√
� due to the nonlinear shift. Note

also that the nonlinearity may give rise to oscillations in the
case of � < 0, when the free Rabi oscillations are impossible.

Further, in the spin representation, Eq. (5) can be written as
k̇+ = −2λ�̃Sy , which accounts for the effect of the evolution
of the spin on the center-of-mass momentum. This leads
to the following equation of motion for the center-of-mass

Sz

Sx

-1

-0.5

0

0.5

1

0 5 10 15 20 0 5 10 15 20
0

0.2

0.4

0.6

0.8
Sx Sy Sz

(a)

(b) (c)

Sy

t t

FIG. 1. The track of the spin density on the Bloch sphere (a), and
the corresponding evolution of the spin components (b) and center-
of-mass coordinate (c) of the soliton for the initially balanced state,
with θ (t = 0) = π/4, and initial phase difference ϕ−(t = 0) = π/4
[see Eq. (3)]. Other parameters are � = 0.5, λ = 0.5

√
�, δ = 0, and

g = −10. z and t are measured in units of a⊥ and ω−1
⊥ .

coordinate:

d2〈z〉
dt2

= −2λ�̃Sy. (15)

In other words, if we consider the soliton as a macroscopic
quantum body carrying the intrinsic angular momentum,
Eq. (15) represents the driving force, exerted by the intrinsic
momentum and acting on the linear momentum, which is
literally the macroscopic SOC. We stress that the mech-
anism of the soliton’s motion is definitely different from
the conventional collective dipole oscillations of BEC in a
harmonic-oscillator trap. Indeed, in the present case the force
which drives the motion of solitons under the action of SOC
is the spin precession, rather than the force induced by the
external potential [16,66,67]. On the other hand, here we
consider an effectively mechanical motion, which is produced
by the interplay of the nonlinear self-trapping and SOC.

To illustrate the soliton dynamics in detail, we display,
in Fig. 1, numerical solutions of Eqs. (9)–(11) and (15),
with initially balanced populations in the two components,
which correspond to θ (t = 0) = π/4 and ϕ−(t = 0) = π/4.
First, in Fig. 1(a) we show that the soliton spin moves
along a closed orbit on the Bloch sphere. Accordingly,
perfect periodic oscillations of the spin can be identified
in Fig. 1(b), and perfectly periodic motion of the soliton’s
central coordinate is seen in Fig. 1(c). In particular, for weaker
SOC, the center-of-mass oscillations can be approximated as
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FIG. 2. (a)–(c) The evolution of the density in the two com-
ponents of the soliton produced by the GP simulations for the
initially balanced state with θ (t = 0) = π/4 and ϕ−(t = 0) = π/4.
The parameters are � = 0.5, λ = 0.5

√
�, δ = 0, and g = −10. The

spin dynamics and center-of-mass motion of the soliton, generated
by these simulations (circles), and by the variational approximation
based on Eqs. (9)–(11) and (15) (solid lines), are depicted in (d) and
(e). (f) and (g) display decay of the soliton in the case of a weaker
atomic interaction, g = −3. z and t are measured in units of a⊥ and
ω−1

⊥ .
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FIG. 3. (a)–(c) The same as in Fig. 2, but for the dark soliton, in
the case of g = 10. z and t are measured in units of a⊥ and ω−1

⊥ .

〈z〉 � (λ/�̃) sin2 (�̃t) with amplitude λ/�̃ and a period π/�̃,
which depend on the strengths of SOC, Raman coupling, and
atomic interaction.

To test these findings obtained in the variational (i.e.,
effectively mechanical) approximation, we numerically solved
the GP system (1) with the input in the form of
BB solitons, ψ↑ = √

η/2(sin θ0)sech(ηz)ei(λz+ϕ↑,0) and ψ↓ =√
η/2(cos θ0)sech(ηz)ei(−λz+ϕ↓,0). In Figs. 2(a)–2(c), the den-

sity of the soliton’s components exhibits remarkable periodic
oscillations, and the soliton maintains its initial hyperbolic-
secant profile for many oscillation cycles. Note that, although
the initial momenta of the two components are opposite,
the soliton does not split. In Figs. 2(d) and 2(e), we show
that the direct GP simulations agree very well with the
variational (mechanical) approximation. For weaker atomic
interactions, the simulations show that solitons decay under
the action of SOC for πλ/η > (πλ/η)c ≈ 0.4, as shown in
Figs. 2(f) and 2(g). Furthermore, when δ �= c1λ, we find that,
besides the SOC-driven oscillation, the soliton would exhibit
an additional linear motion, as found for the initially polarized
case with θ (t = 0) = π/2 and δ = c1λ (see the Supplemental
Material [71] for details).

Now, we proceed to the case of the repulsive BEC
nonlinearity, which is more relevant to current experiments
with SOC condensates [15–18]. In this case, we introduce the
following variational ansatz for dark-dark (DD) solitons:

(
ψ↑
ψ↓

)
=

√
η

2

(
(sin θ ) tanh(ηz + ξ )ei(k↑z+ϕ↑)

(cos θ ) tanh(ηz + ξ )ei(k↓z+ϕ↓)

)
. (16)

Inserting the ansatz (16) into the Lagrangian, one needs to
renormalize the integrals to exclude divergent contributions of
the nonvanishing background [73–77]. The analysis yields the
same EL equations as Eqs. (6)–(8), but with η = g/2 for repul-
sive g > 0. We have also performed the respective direct simu-
lations of the GP system with the initial conditions correspond-
ing to the DD solitons, ψ↑ = √

η/2(sin θ0) tanh(ηz)ei(λz+ϕ↑,0)

and ψ↓ = √
η/2(cos θ0) tanh(ηz)ei(−λz+ϕ↓,0). The results are

depicted in Fig. 3, where the DD soliton displays oscillations
similar to those reported above for the BB configuration.
Note that the two components of the background alternately
disappear and revive, as shown in Figs. 3(a) and 3(b).

In experiments, the condensate is usually trapped in a
harmonic-oscillator potential, V (z) = γ 2z2/2, which affects
the motion of solitons [60–65]. In this case, the EL equations
for variational parameters k+ and ξ are modified to k̇+ =
−2λ�̃Sy + (γ 2/η)ξ and ξ̇ = −k+η, with η satisfying the con-
dition 4η4 + 2gη3 = π2γ 2. Correspondingly, the center-of-
mass motion would acquire an additional trap-dependent term
d2〈z〉
dt2 + γ 2〈z〉 = −2λ�̃Sy , which gives rise to an additional

collective oscillation with a period �2π/γ , as shown in Fig. 4.
For a weak trap, the period of trap-driven oscillation and the
characteristic length of the trap are much larger than the period
and amplitude of the SOC-driven oscillation, respectively.
Hence, the SOC-driven oscillation of the soliton is not affected
conspicuously by a weak trap and should be distinguishable in
experiment. Here, we have used a bright soliton to illustrate the
effect of a (weak) axial trap. Similar results are also identified
numerically for a dark soliton in a harmonic trap.

Finally, we discuss some related experimental issues. So
far, the Raman-induced SOC has been realized for the BEC in
the 87Rb gas with repulsive atomic interactions. We assume
an elongated condensate of ∼104 atoms is trapped in a
weak harmonic trap with frequencies ω⊥ = 2π × 85 Hz and
ωz = 2π × 5.9 Hz [65], and the corresponding ratio of the
scattering lengths is a↑↑ : a↑↓ : a↓↓ = 1 : 1 : 1.005 [15]. In
this case, at the center of the trap, we first create the stationary
dark-dark solitons with width ∼0.5 μm by means of phase-
and density-engineering techniques [12]. Then two 804.1 nm
Raman lasers with an intersection angle 20◦ are used to
create a weak SOC. With the above parameters, the period
and amplitude of SOC-driven oscillation of solitons are about
11 ms and 2 μm, respectively, which may be further adjusted
by varying the SOC, Raman coupling, and atomic interaction.
These results show that the SOC-driven oscillations can be
experimentally observed.

In summary, we have shown that the interplay of the
SOC (spin-orbit coupling), Raman coupling, and intrinsic
nonlinearity in quasi-1D BEC may realize the mechanism
of SOC in the form of a mechanical motion of bright and
dark solitons, considered as macroscopic quantum bodies.
The soliton’s angular momentum (spin) evolves according to
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FIG. 4. The results for bright-bright solitons in the trap with γ =
0.1, the other parameters are the same as in Fig. 2. z and t are measured
in units of a⊥ and ω−1

⊥ .
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the Bloch equation under the action of an effective magnetic
field, and induces a force affecting the motion of the soliton’s
central coordinate. The results have been obtained by means
of a variational analysis and numerical simulations, which
demonstrate very good agreement. These findings suggest
directions for experimental studies of the motion of matter-
wave solitons under the action of SOC.
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Ruseckas, and G. Juzeliūnas, Phys. Rev. A 93, 053630 (2016).
[35] Y. Xu, Y. Zhang, and B. Wu, Phys. Rev. A 87, 013614 (2013).
[36] Y. V. Kartashov, V. V. Konotop, and F. K. Abdullaev, Phys. Rev.

Lett. 111, 060402 (2013).
[37] V. Achilleos, J. Stockhofe, P. G. Kevrekidis, D. J. Frantzeskakis,

and P. Schmelcher, Europhys. Lett. 103, 20002 (2013).
[38] V. Achilleos, D. J. Frantzeskakis, P. G. Kevrekidis, and D. E.

Pelinovsky, Phys. Rev. Lett. 110, 264101 (2013).
[39] Y. K. Liu and S. J. Yang, Europhys. Lett. 108, 30004 (2014).
[40] Y. V. Kartashov, V. V. Konotop, and D. A. Zezyulin, Phys. Rev.

A 90, 063621 (2014).
[41] S. Gautam and S. K. Adhikari, Laser Phys. Lett. 12, 045501

(2015).
[42] S. Gautam and S. K. Adhikari, Phys. Rev. A 91, 063617 (2015).
[43] Y. Zhang, Y. Xu, and T. Busch, Phys. Rev. A 91, 043629 (2015).
[44] V. Achilleos, D. J. Frantzeskakis, and P. G. Kevrekidis, Phys.

Rev. A 89, 033636 (2014).
[45] S. Peotta, F. Mireles, and M. Di Ventra, Phys. Rev. A 91,

021601(R) (2015).
[46] H. Sakaguchi, B. Li, and B. A. Malomed, Phys. Rev. E 89,

032920 (2014); H. Sakaguchi, E. Ya. Sherman, and B. A.
Malomed, ibid. 94, 032202 (2016); H. Sakaguchi and B. A.
Malomed, New J. Phys. 18, 025020 (2016).

[47] L. Salasnich, W. B. Cardoso, and B. A. Malomed, Phys. Rev. A
90, 033629 (2014).

061602-5

https://doi.org/10.1088/1367-2630/5/1/373
https://doi.org/10.1088/1367-2630/5/1/373
https://doi.org/10.1088/1367-2630/5/1/373
https://doi.org/10.1088/1367-2630/5/1/373
https://doi.org/10.1142/S0217984904007190
https://doi.org/10.1142/S0217984904007190
https://doi.org/10.1142/S0217984904007190
https://doi.org/10.1142/S0217984904007190
https://doi.org/10.1142/S0217979205032279
https://doi.org/10.1142/S0217979205032279
https://doi.org/10.1142/S0217979205032279
https://doi.org/10.1142/S0217979205032279
https://doi.org/10.1103/RevModPhys.78.179
https://doi.org/10.1103/RevModPhys.78.179
https://doi.org/10.1103/RevModPhys.78.179
https://doi.org/10.1103/RevModPhys.78.179
https://doi.org/10.3952/lithjphys.47318
https://doi.org/10.3952/lithjphys.47318
https://doi.org/10.3952/lithjphys.47318
https://doi.org/10.3952/lithjphys.47318
https://doi.org/10.1103/RevModPhys.83.247
https://doi.org/10.1103/RevModPhys.83.247
https://doi.org/10.1103/RevModPhys.83.247
https://doi.org/10.1103/RevModPhys.83.247
http://arxiv.org/abs/arXiv:1512.06754
https://doi.org/10.1103/PhysRevLett.83.5198
https://doi.org/10.1103/PhysRevLett.83.5198
https://doi.org/10.1103/PhysRevLett.83.5198
https://doi.org/10.1103/PhysRevLett.83.5198
https://doi.org/10.1126/science.1071021
https://doi.org/10.1126/science.1071021
https://doi.org/10.1126/science.1071021
https://doi.org/10.1126/science.1071021
https://doi.org/10.1038/nature747
https://doi.org/10.1038/nature747
https://doi.org/10.1038/nature747
https://doi.org/10.1038/nature747
https://doi.org/10.1103/PhysRevLett.96.170401
https://doi.org/10.1103/PhysRevLett.96.170401
https://doi.org/10.1103/PhysRevLett.96.170401
https://doi.org/10.1103/PhysRevLett.96.170401
https://doi.org/10.1038/ncomms2893
https://doi.org/10.1038/ncomms2893
https://doi.org/10.1038/ncomms2893
https://doi.org/10.1038/ncomms2893
https://doi.org/10.1038/nphys3135
https://doi.org/10.1038/nphys3135
https://doi.org/10.1038/nphys3135
https://doi.org/10.1038/nphys3135
https://doi.org/10.1038/nature09887
https://doi.org/10.1038/nature09887
https://doi.org/10.1038/nature09887
https://doi.org/10.1038/nature09887
https://doi.org/10.1103/PhysRevLett.109.115301
https://doi.org/10.1103/PhysRevLett.109.115301
https://doi.org/10.1103/PhysRevLett.109.115301
https://doi.org/10.1103/PhysRevLett.109.115301
https://doi.org/10.1103/PhysRevLett.109.095301
https://doi.org/10.1103/PhysRevLett.109.095301
https://doi.org/10.1103/PhysRevLett.109.095301
https://doi.org/10.1103/PhysRevLett.109.095301
https://doi.org/10.1103/PhysRevLett.109.095302
https://doi.org/10.1103/PhysRevLett.109.095302
https://doi.org/10.1103/PhysRevLett.109.095302
https://doi.org/10.1103/PhysRevLett.109.095302
https://doi.org/10.1103/PhysRevLett.105.160403
https://doi.org/10.1103/PhysRevLett.105.160403
https://doi.org/10.1103/PhysRevLett.105.160403
https://doi.org/10.1103/PhysRevLett.105.160403
https://doi.org/10.1142/S0217979212300010
https://doi.org/10.1142/S0217979212300010
https://doi.org/10.1142/S0217979212300010
https://doi.org/10.1142/S0217979212300010
https://doi.org/10.1103/PhysRevLett.107.150403
https://doi.org/10.1103/PhysRevLett.107.150403
https://doi.org/10.1103/PhysRevLett.107.150403
https://doi.org/10.1103/PhysRevLett.107.150403
https://doi.org/10.1103/PhysRevA.83.053602
https://doi.org/10.1103/PhysRevA.83.053602
https://doi.org/10.1103/PhysRevA.83.053602
https://doi.org/10.1103/PhysRevA.83.053602
https://doi.org/10.1103/PhysRevLett.108.035302
https://doi.org/10.1103/PhysRevLett.108.035302
https://doi.org/10.1103/PhysRevLett.108.035302
https://doi.org/10.1103/PhysRevLett.108.035302
https://doi.org/10.1103/PhysRevLett.108.225301
https://doi.org/10.1103/PhysRevLett.108.225301
https://doi.org/10.1103/PhysRevLett.108.225301
https://doi.org/10.1103/PhysRevLett.108.225301
https://doi.org/10.1103/PhysRevB.84.014512
https://doi.org/10.1103/PhysRevB.84.014512
https://doi.org/10.1103/PhysRevB.84.014512
https://doi.org/10.1103/PhysRevB.84.014512
https://doi.org/10.1103/PhysRevLett.107.195304
https://doi.org/10.1103/PhysRevLett.107.195304
https://doi.org/10.1103/PhysRevLett.107.195304
https://doi.org/10.1103/PhysRevLett.107.195304
https://doi.org/10.1103/PhysRevLett.107.195303
https://doi.org/10.1103/PhysRevLett.107.195303
https://doi.org/10.1103/PhysRevLett.107.195303
https://doi.org/10.1103/PhysRevLett.107.195303
https://doi.org/10.1103/PhysRevLett.107.195305
https://doi.org/10.1103/PhysRevLett.107.195305
https://doi.org/10.1103/PhysRevLett.107.195305
https://doi.org/10.1103/PhysRevLett.107.195305
https://doi.org/10.1103/PhysRevLett.109.105302
https://doi.org/10.1103/PhysRevLett.109.105302
https://doi.org/10.1103/PhysRevLett.109.105302
https://doi.org/10.1103/PhysRevLett.109.105302
https://doi.org/10.1038/ncomms3710
https://doi.org/10.1038/ncomms3710
https://doi.org/10.1038/ncomms3710
https://doi.org/10.1038/ncomms3710
https://doi.org/10.1038/ncomms3711
https://doi.org/10.1038/ncomms3711
https://doi.org/10.1038/ncomms3711
https://doi.org/10.1038/ncomms3711
https://doi.org/10.1038/nature11841
https://doi.org/10.1038/nature11841
https://doi.org/10.1038/nature11841
https://doi.org/10.1038/nature11841
https://doi.org/10.1088/0034-4885/77/12/126401
https://doi.org/10.1088/0034-4885/77/12/126401
https://doi.org/10.1088/0034-4885/77/12/126401
https://doi.org/10.1088/0034-4885/77/12/126401
https://doi.org/10.1088/0034-4885/78/2/026001
https://doi.org/10.1088/0034-4885/78/2/026001
https://doi.org/10.1088/0034-4885/78/2/026001
https://doi.org/10.1088/0034-4885/78/2/026001
https://doi.org/10.1103/PhysRevA.93.053630
https://doi.org/10.1103/PhysRevA.93.053630
https://doi.org/10.1103/PhysRevA.93.053630
https://doi.org/10.1103/PhysRevA.93.053630
https://doi.org/10.1103/PhysRevA.87.013614
https://doi.org/10.1103/PhysRevA.87.013614
https://doi.org/10.1103/PhysRevA.87.013614
https://doi.org/10.1103/PhysRevA.87.013614
https://doi.org/10.1103/PhysRevLett.111.060402
https://doi.org/10.1103/PhysRevLett.111.060402
https://doi.org/10.1103/PhysRevLett.111.060402
https://doi.org/10.1103/PhysRevLett.111.060402
https://doi.org/10.1209/0295-5075/103/20002
https://doi.org/10.1209/0295-5075/103/20002
https://doi.org/10.1209/0295-5075/103/20002
https://doi.org/10.1209/0295-5075/103/20002
https://doi.org/10.1103/PhysRevLett.110.264101
https://doi.org/10.1103/PhysRevLett.110.264101
https://doi.org/10.1103/PhysRevLett.110.264101
https://doi.org/10.1103/PhysRevLett.110.264101
https://doi.org/10.1209/0295-5075/108/30004
https://doi.org/10.1209/0295-5075/108/30004
https://doi.org/10.1209/0295-5075/108/30004
https://doi.org/10.1209/0295-5075/108/30004
https://doi.org/10.1103/PhysRevA.90.063621
https://doi.org/10.1103/PhysRevA.90.063621
https://doi.org/10.1103/PhysRevA.90.063621
https://doi.org/10.1103/PhysRevA.90.063621
https://doi.org/10.1088/1612-2011/12/4/045501
https://doi.org/10.1088/1612-2011/12/4/045501
https://doi.org/10.1088/1612-2011/12/4/045501
https://doi.org/10.1088/1612-2011/12/4/045501
https://doi.org/10.1103/PhysRevA.91.063617
https://doi.org/10.1103/PhysRevA.91.063617
https://doi.org/10.1103/PhysRevA.91.063617
https://doi.org/10.1103/PhysRevA.91.063617
https://doi.org/10.1103/PhysRevA.91.043629
https://doi.org/10.1103/PhysRevA.91.043629
https://doi.org/10.1103/PhysRevA.91.043629
https://doi.org/10.1103/PhysRevA.91.043629
https://doi.org/10.1103/PhysRevA.89.033636
https://doi.org/10.1103/PhysRevA.89.033636
https://doi.org/10.1103/PhysRevA.89.033636
https://doi.org/10.1103/PhysRevA.89.033636
https://doi.org/10.1103/PhysRevA.91.021601
https://doi.org/10.1103/PhysRevA.91.021601
https://doi.org/10.1103/PhysRevA.91.021601
https://doi.org/10.1103/PhysRevA.91.021601
https://doi.org/10.1103/PhysRevE.89.032920
https://doi.org/10.1103/PhysRevE.89.032920
https://doi.org/10.1103/PhysRevE.89.032920
https://doi.org/10.1103/PhysRevE.89.032920
https://doi.org/10.1103/PhysRevE.94.032202
https://doi.org/10.1103/PhysRevE.94.032202
https://doi.org/10.1103/PhysRevE.94.032202
https://doi.org/10.1103/PhysRevE.94.032202
https://doi.org/10.1088/1367-2630/18/2/025020
https://doi.org/10.1088/1367-2630/18/2/025020
https://doi.org/10.1088/1367-2630/18/2/025020
https://doi.org/10.1088/1367-2630/18/2/025020
https://doi.org/10.1103/PhysRevA.90.033629
https://doi.org/10.1103/PhysRevA.90.033629
https://doi.org/10.1103/PhysRevA.90.033629
https://doi.org/10.1103/PhysRevA.90.033629


RAPID COMMUNICATIONS

LIN WEN et al. PHYSICAL REVIEW A 94, 061602(R) (2016)

[48] H. Sakaguchi and B. A. Malomed, Phys. Rev. E 90, 062922
(2014).

[49] V. E. Lobanov, Y. V. Kartashov, and V. V. Konotop, Phys. Rev.
Lett. 112, 180403 (2014).
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Sengstock, Nat. Phys. 4, 496 (2008).

[66] Z. Chen and H. Zhai, Phys. Rev. A 86, 041604 (2012).
[67] Y. Li, G. I. Martone, and S. Stringari, Europhys. Lett. 99, 56008

(2012).
[68] S. V. Manakov, Zh. Eksp. Teor. Fiz. 65, 505 (1974) [Sov. Phys.

JETP 38, 248 (1974)].
[69] B. A. Malomed, Prog. Opt. 43, 71 (2002).
[70] R. Navarro, R. Carretero-González, and P. G. Kevrekidis, Phys.
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