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Chapter 1

Introduction

1.1 Motivation and background

What happens when light meets matter? This has always been one of the most
important questions in quantum optics, especially in the field of spectroscopy
which refers to study of the interaction of electromagnetic radiation and matter.
Generally speaking, the term “spectroscopy” originates from the Latin word
“spectron” for spirit or ghost and the Greek word “σκoπιεν” for to see. These
roots are used because when we shine light on a matter, we hardly see the
matter, only its influence on the light. When light encounters matter, there
is always an interaction. How light interplays with matter depends on the
wavelength of the field of the light, its strength, and the matter itself. Light
can be reflected, refracted, diffracted, scattered, transmitted, or absorbed.

There is a long, rich and precious history behind the interaction between light
and matter. The invention of lasers in 1960 revolutionized the study of optics,
leading to many interesting linear and nonlinear optical phenomena. Note that
optical phenomena are linear (nonlinear) in the sense that the response of the
system to an applied electromagnetic field depends on the strength of the optical
field in a linear (nonlinear) manner.

With the recent development of quantum and nonlinear optics, a considerable
attention has been drawn to new techniques [1, 2] which enable manipulation of
linear and nonlinear propagation characteristics of probe electromagnetic waves
using multi-level atomic configurations [3, 4, 5, 6, 7, 8]. A promising and flexible
approach to manipulating linear and nonlinear pulse propagation characteristics
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in atomic vapors involves the quantum interference and coherence [3, 9, 10, 11,
12, 13, 14, 15, 16, 17]. The quantum interference is similar to the destructive and
constructive interference between classical waves. However, one should use the
probability amplitudes in the quantum interference [18], whereas it is the field
amplitudes that are interfering in the classical waves. The induced coherence
between levels of a multi-level atomic system when interacting with a coherent
electromagnetic field is known as the atomic coherence.

There are many motivations for us to understand propagation characteristics of
pulse waves through atomic ensembles in linear and nonlinear regimes, most of
which are related either to the underlying physics or to the applications. The
propagation behavior of a light pulse inside various multi-level atomic structures
is interesting by itself, and also represents a basis of many modern technologies.
An understanding of how a light pulse is modified by different factors during its
propagation can provide a perfect tool for us to explore optical characteristics
that are unreachable by other means.

On the other hand, a perfect level structure with suitable quantum interference
and coherence features will bring a great help in the implementation of various
optical effects. The most popular three-level system is a so-called Λ configura-
tion of atomic levels. It turns out that the quantum interference and coherence
in the Λ level scheme can lead to the Electromagnetically induced transparency
(EIT) [3, 7] and the slow light [10, 14, 19, 17]. In the EIT regime, a medium
can be very dispersive leading to a slowly propagating beam of electromagnetic
radiation. The slow light, forming due to the EIT can greatly enhance the in-
teraction of atom and light and results in several interesting nonlinear optical
phenomena [20, 21, 22, 23, 24]. More complex level schemes exhibiting addi-
tional interference and coherence features induced by extra atomic levels can
generate more fascinating effects. For instance, the interaction of three laser
fields with a four-level quantum system in a tripod configuration has been shown
to exhibit a double electromagnetically induced transparency with a controlled
group velocity [25]. A four-level N -type atomic system has been exploited to
achieve an enhanced Kerr nonlinear index with a suppressed probe absorption
[15, 20]. Tunable control of the group velocity from subluminal to superlumi-
nal was demonstrated for a weak probe pulse in an extended Λ-type four-level
scheme with two extra control fields and an extra energy level [10]. This scheme
was also employed to achieve a subwavelength atom localization via amplitude
and phase control of the absorption spectrum [26]. Other multi-level atomic
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configurations, such as a double-Λ [27], a double-tripod [28, 29], an inverted-
Y [30] and an M - type [31, 32] level structures have been also explored. The
fundamental and practical applications of these studies include a low-light-level
nonlinear optics [33, 20, 17] and quantum information manipulation [34, 35].

However, despite growing understanding and expanding field of possible applica-
tions, there still remain many open questions of importance related to the linear
and nonlinear optical characteristics induced by quantum interference and co-
herence in novel multi-level atomic configurations. The present work addresses
some of these open important issues regarding possible new mechanisms for the
EIT and slow light, complete physical understanding of the atom localization
in two and three dimensions, formation and propagation of slow light optical
solitons, and Kerr nonlinear characterization of multi-level atomic schemes.

1.2 The main goals of the thesis

The present work is aimed at modeling a theoretical framework for manipulating
probe pulse propagation characteristics through multi-level atom-light coupling
schemes, and providing a comprehensive study of important linear and nonlinear
coherent phenomena that take place as a result of the interaction between the
atoms and laser fields. To be more specific, a main objective of this thesis is to
suggest novel atom-light coupling schemes which support a lossless propagation
of slow light, a giant enhancement of Kerr nonlinearity, a perfect 2D and 3D
atom localization, as well as a slow propagation of shape preserving optical
solitons.

1.3 The main tasks of the thesis

• To utilize a semiclassical density matrix method in order to obtain equa-
tions of motion describing the evolution of atoms illuminated by the control
and probe fields for various atom-light coupling schemes.

• To show a possibility of Kerr nonlinearity enhancement accompanied by a
negligible absorption under a condition of slow light for multi-level atomic
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structures.

• To investigate the signatures of the relative phase of applied fields stem-
ming from closed-loop structure of the system on linear and nonlinear
optical susceptibilities.

• To propose novel schemes of high-precision 2D and 3D atom localization
using multi-level atom-light coupling configurations.

• To study a phase sensitive 2D and 3D atom localization in atomic media
via measurement of the absorption of a weak probe field.

• To present new mechanisms for EIT and slow light using multi-level atom-
light coupling configurations.

• To use the concept of slow light and EIT for generation of stable shape
preserving optical solitons in multi-level atom-light coupling schemes.

1.4 Scientific novelty

• A novel five-level closed-loop phase sensitive atomic scheme is proposed in
order to achieve the Kerr nonlinearity enhancement. It is demonstrated
that by increasing a number of levels in such a way that they form a cyclic
chain of four atomic states coupled to the ground state, it is possible to
realize higher orders of nonlinearity compared to that for the three- and
four-level schemes.

• An analytical model is proposed to elucidate the phase sensitive Kerr
nonlinearity for five-level quantum systems. This phase sensitive property
provides an extra degree of freedom for controlling the Kerr-nonlinear
index, a feature that was absent in the previous analysis [15, 36].

• In addition to the steady-state nonlinear susceptibilities, the transient
switching of the Kerr nonlinearity is investigated. The results obtained
are helpful for realizing fast optical nonlinearities and optically controlled
optical devices.
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• It is found that the effect of the Doppler broadening can lead to a giant
Kerr nonlinearity. This novel Kerr nonlinear enhancement is advantageous
over the EIT technique ([15, 36, 16, 37]) because there is no need to use
very strong coupling laser fields.

• The three dimensional (3D) atom localization gives a more specific infor-
mation about the position of a moving atom compared to the 1D and 2D
localization and has been previously investigated only in few proposals
[38, 39, 40]. In this thesis, the phase control of the 3D atom localization is
explored for the first time in the 3D space. It is found that the detection
probability of finding the atom in a particular volume in the 3D space
and within one period of standing waves can become 50% by properly
adjusting the relative phase of the applied fields.

• We have considered propagation of a probe light in a novel atomic structure
charactrized by a combined tripod and Lambda (Λ) atom-light coupling
configuration. This provides a new mechanism for the electromagnetically
induced transparency and slow light compared with the Λ [7, 8], tripod
[14, 25, 41], or double tripod schemes [42, 29]. The scheme provides a
possibility to control the EIT by changing the phase of the laser fields.

1.5 Statements to defend

1. For the first time, the use of the KR5 atomic system, which provides
higher orders of optical nonlinearities for a giant Kerr effect is predicted
theoretically.

2. The relative phase of applied fields stemming from the closed-loop struc-
ture of the subsystem can strongly affect the Kerr nonlinearity of the KR5
atomic configuration. It is theoretically predicted that under the effect of
relative phase of applied fields, the Kerr nonlinearity of KR5 atom-light
coupling scheme may be accompanied by four, three or even two linear
and nonlinear absorption peaks.

3. It is predicted that in the five-level closed-loop KR5 atom-light coupling
scheme, the relative phase plays an important role for achieving a perfect
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detection probability of an atom in two dimensions and at a particular
position within one period of standing-wave fields. In addition, the phase
control of the 3D atom localization is explored for the first time in the 3D
space for the KR5 system.

4. The transparency window for the probe field may appear under the influ-
ence of an external control field in a double-ladder system; simultaneously
the subluminal light propagates inside the medium.

5. The existence of dark states, essential for the EIT, is theoretically pre-
dicted for a combined tripod and Lambda (Λ) atom-light coupling setup.
In the limiting cases the scheme reduces to conventional Λ - or N -type
atom-light couplings providing the EIT or absorption, respectively.

6. Generation of stable slow light optical solitons is expected in the combined
tripod and Λ atomic system.
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1.8 Thesis layout

The structure of this thesis is as follows.

Chapter 2: The necessary theoretical foundations related to our research are
presented in this chapter. Following the semiclassical theory, a basic description
of the interaction of electromagnetic radiation with two-state atoms is studied
in Section 2.1. An understanding of this simple model of atom-light coupling is
important in order to interrogate more complicated multi-level atomic schemes.
In Section 2.2 we introduce the three-level Λ system, and obtain the equations
of motion describing the evolution of the system. The main work presented in
this thesis deals with the Electromagnetically Induced Transparency (EIT). We
provide a deeper inside into the concept of EIT (Section 2.3) and its associated
phenomena i.e., slow light (Section 2.4) and atom localization (Section 2.5).
Third-order nonlinear optical effects induced by the quantum interference and
coherence are also reviewed in Section 2.6. In particular, the Kerr nonlinear
index which is proportional to the refractive part of the third order nonlinear
susceptibility is derived. Moreover, the basic equations describing the linear
and nonlinear propagation of pulsed field are introduced.

The main results of this thesis are presented in Chapters (3)–(6).

Chapter 3: This chapter discusses the third-order nonlinear effects in a five-level
atom-light coupling scheme. We first show that an enhanced Kerr nonlinearity
can be obtained with a reduced absorption under the condition of slow light
propagation. We then illustrate that the Kerr nonlinearity is very sensitive to
the relative phase of the applied fields and study the influence of the relative
phase on the linear and nonlinear optical properties of the medium. Analytical
solutions are given to elucidate such phase dependence of the Kerr nonlinearity.
We also make a comparison between the Kerr-nonlinear indices for this five-
level system with that of the existing four and three-level atomic systems. The
results of the work presented in this chapter have been published in [43].

21



Chapter 1 Introduction

Chapter 4: We employ two different atomic schemes to localize atoms in two
and three dimensions (2D and 3D atom localization). First, in Section 4.1 we
investigate the 2D and 3D localization of an atom in a five-level configuration
in which the laser beams couple the ground level to a four-level closed-loop
system. Second, in Section 4.2 we propose a four-level Λ-type atomic system
with twofold lower levels to study the phase sensitive 3D atom localization.
By employing different situations in which the atom could interact with the
position-dependent standing-wave fields, we show that one can extract infor-
mation about the position of the atom through measuring the absorption of the
probe field. In particular, by appropriately choosing the amplitudes and phases
of the driving fields, different localization patterns can be occurred in the probe
absorption spectrum. The results of the work presented in this chapter have
been published in [44, 45].

Chapter 5: The work presented in this chapter is concerned with linear and
nonlinear optical phenomena in a five-level double-ladder atom light coupling
scheme. We first investigate the effect of a control field on linear optical prop-
erties of a probe field, and explore the linear propagation dynamics of a weak
probe Gaussian field through such a system. A dressed state analysis is pre-
sented which allows us to gain much physical insight. This chapter is also aimed
at modeling the enhanced Kerr nonlinearity along with zero absorption for such
an atom-light coupling scheme. The results of the work presented in this chapter
have been published in [46, 47].

Chapter 6: This chapter describes the propagation of a probe pulse in an atomic
medium characterized by a combined tripod and Lambda (Λ) atom-light cou-
pling scheme. The existence of dark states, essential for the electromagnetically
induced transparency (EIT) and slow light, is demonstrated analytically for
such an atom-light coupling. Subsequently, a theoretical model is employed
based on the coupled Maxwell-Bloch equations for the nonlinear pulse propaga-
tion. We demonstrate the formation of slow light stable optical solitons in such
a highly resonant medium originating from the balance between dispersive and
nonlinear effects. The results of the work presented in this chapter is submitted
and is currently in review.

Chapter 7: The conclusions of this thesis and possible future works are presented
in this chapter.
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Chapter 2

Fundamentals and literature review

2.1 Atom-light interaction: the two-level atom

Since the interaction of atoms with the radiation field plays a role of pillar for
this thesis, in this chapter we purpose to go through its fundamentals. We
consider the simple case of interaction of a single mode of electromagnetic field,
such as that produced by lasers, with the two-state atom. This simple frame
can be generalized to more complicated problems. We utilize a semiclassical
treatment. In this framework, the electromagnetic radiation is considered as a
classically field, while the atomic matter with which the light interacts is treated
quantum mechanically.

2.1.1 Schrödinger picture

Let us consider a two-level atomic system involving upper and lower atomic lev-
els |a〉 and |b〉, which is illuminated by a laser field of frequency ν. A schematic
of the two-level atom interacting with a single-mode field is shown in Fig. 2.1.
The evolution of this system is governed by the Schrödinger equation

|ψ̇(t)〉 = −i
~
H|ψ(t)〉, (2.1)

where H describes the total Hamlitonian of the system which can be expressed
as
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H = H0 +HI . (2.2)

Here, H0 denotes the free energy Hamiltonian (unperturbed Hamiltonian), while
HI describes the interaction of the atom and radiation field (interaction Hamil-
tonian). The atomic wavefunction reads

|ψ(t)〉 = Ca(t)|a〉+ Cb(t)|b〉, (2.3)

where Ca and Cb represent the probability amplitudes of finding the atom in
upper and lower states, respectively. The laser field of the frequency ν and the
amplitude ε is given by

E(t) = ε cos(νt). (2.4)

It should be pointed out that Eq. (2.4) is written in the dipole approximation,
in which we only consider the field at the location of the atom by ignoring the
spatial dependence or the propagation direction of the field. This approximation
is valid when the size of the atom is much smaller than the optical wavelength.

The unperturbed Hamiltonian can be expressed as

H0 = (|a〉〈a|+ |b〉〈b|)H0(|a〉〈a|+ |b〉〈b|), (2.5)

where in writing this equation we have used the completeness relation |a〉〈a|+
|b〉〈b| = 1. Since H0|i〉 = ~ωi|i〉 (i = a, b), Eq. (2.5) can be rewritten as

H0 = ~ωa|a〉〈a|+ ~ωb|b〉〈b|. (2.6)

Furthermore, for the interaction Hamiltonian we have

HI = −exE(t) = −e(|a〉〈a|+ |b〉〈b|)x(|a〉〈a|+ |b〉〈b|)E(t)
= −(℘ab|a〉〈b|+ ℘ba|b〉〈a|)E(t),

(2.7)

where the electric field is assumed to be linearly polarized along the x-axis.
Note that ℘ab = ℘∗ba = e〈a|x|b〉 indicates the dipole matrix element of the atom

24



Chapter 2 Fundamentals and literature review

Figure 2.1: The two-level atom interacting with a single-mode field.

induced by the external field E(t).

Substituting Eq. (2.4) into Eq. (2.7) leads to

HI = −~(ΩR|a〉〈b|+ Ω∗R|b〉〈a|) cos(νt), (2.8)

where we have defined the Rabi-frequency ΩR = |℘ab|ε
~ . Note that the Rabi-

frequency ΩR is different from the atomic transition frequency ω = ωa − ωb

. The resonance frequency ω is the frequency of light emitted or absorbed by
the two-level system, while ΩR characterizes the coupling strength between the
atom and the field. Using Eqs. (2.2), (2.3), (2.6), and (2.8), the Schrödinger
equation (2.1) yields

i(Ċa(t)|a〉+ Ċb(t)|b〉)
= ωaCa(t)|a〉+ ωbCb(t)|b〉 −

(
ΩRe−iφCb(t)|a〉+ ΩReiφCa(t)|b〉

)
cos(νt)

(2.9)

which can result in the following equations of motion for the probability ampli-
tudes Ca and Cb
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Ċa = −iωaCa + iΩR cos(νt)e−iφCb, (2.10)

Ċb = −iωbCb + iΩR cos(νt)eiφCa, (2.11)

where the parameter φ corresponds to the phase of the dipole matrix element
℘ab = |℘ab|eiφ. Transferring to a frame rotating with the eigenfrequencies of the
atomic states (ωa and ωb)

Ca = cae−iωat, (2.12)

Cb = cbeiωat, (2.13)

and using the exponential form of cos(νt) in both Eqs. (2.10) and (2.11), we
arrive at the following coupled equations

ċa = iΩRcbe
−iφ(ei(ω+ν)t + ei(ω−ν)t

2 ), (2.14)

ċb = iΩRcae
iφ(e−i(ω+ν)t + e−i(ω−ν)t

2 ). (2.15)

When the laser field frequency ν is near resonance with the atomic transition
|a〉 ←→ |b〉, the difference ω − ν is quite small, as a result, the exponential
terms e±i(ω−ν)t in Eqs. (2.14) and (2.15) oscillate slowly and must be kept.
In contrast, the exponential terms e±i(ω+ν)t can be neglected from the coupled
equations (2.14) and (2.15) since they oscillate rapidly. This is Rotating wave
approximation (RWA) [18].

Defining the parameter ∆ = ω − ν which describes the detuning of the laser
field from the atomic resonance and under the Rotating wave approximation,
the two coupled equations of the motion (2.14) and (2.15) reduce to

ċa = iΩR

2 cbe−iφei∆t, (2.16)
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ċb = iΩR

2 caeiφe−i∆t. (2.17)

One way to solve the above equations is to differentiate them again with respect
to t.

c̈a = i∆ .
ca −

Ω2
R

4 , (2.18)

c̈b = −i∆ .
cb −

Ω2
R

4 . (2.19)

The solutions for ca and cb are

ca(t) = a1e
ı̂(Ω+∆)t

2 + a2e
−ı̂(Ω−∆)t

2 , (2.20)

cb(t) = b1e
ı̂(Ω−∆)t

2 + b2e
−ı̂(Ω+∆)t

2 , (2.21)

where Ω = (Ω2
R + ∆2)1/2 is the generalized Rabi frequency. In addition, the

coefficients a1, a2, b1,b2 can be obtained from the initial conditions. After some
algebraic calculations, one may find

a1 = 1
2Ω

(
ca(0)(Ω−∆) + ΩRe−iφcb(0)

)
, (2.22)

a2 = 1
2Ω

(
ca(0)(Ω + ∆)− ΩRe−iφcb(0)

)
, (2.23)

b1 = 1
2Ω

(
cb(0)(Ω + ∆) + ΩReiφca(0)

)
, (2.24)

b2 = 1
2Ω

(
cb(0)(Ω−∆)− ΩReiφca(0)

)
. (2.25)
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The solutions for ca and cb featured in equations (2.20) and (2.21) imply that
the application of the laser field causes the oscillation of the atom between the
ground state |b〉 and the excited state |a〉.

Although the Schrödinger picture that we have used thus far can elucidate
well the absorption and stimulated emission processes, it cannot explain the
spontaneous emission. As demonstarted above, in this picture an atom prepared
initially in the excited state cannot make a transition to the ground state, unless
the external laser field is present to drive the atom. While in reality an atom
in an excited state has finite lifetimes and will decay via spontaneous emission
to a lower energy state. To describe atom-light interactions properly, we must
include this process. In order to include the spontaneous emission process one
may take the advantage of the density matrix formalism.

2.1.2 Density matrix formalism

We may alternatively describe the state of a quantum system through the den-
sity operator rather than the wavefunction. Imagine that we work with a quan-
tum system which is in a pure state |ψ〉. All possible information about the
system is stored in this pure quantum state. Extracting information about
a part of system is then possible by calculating the expectation value of the
corresponding operator (observable) A

〈A〉QM = 〈ψ|A|ψ〉, (2.26)

where 〈A〉QM is the quantum mechanical average. However, in many physical
problems we deal with mixed states prepared by statistically combining different
pure states. This implies that we have imperfect information about the state of
system. What we know in such a case is the probability Pψ of being in the state
|ψ〉. Thus, in addition to the quantum mechanical average, we need to take also
an ensemble average in the expectation value calculations of an observable

〈〈A〉QM〉ensemble = ΣψPψ〈ψ|A|ψ〉. (2.27)

Equation (2.27) can be rewritten by taking the advantage of the completeness
Σn|n〉〈n| = 1,
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〈〈A〉QM〉ensemble = ΣnΣψPψ〈ψ|A|n〉〈n|ψ〉 = ΣnΣψPψ〈n|ψ〉〈ψ|A|n〉
= Σn〈n|ρA|n〉 = Tr(Aρ),

(2.28)

with the density operator defined by

ρ = ΣψPψ|ψ〉〈ψ|. (2.29)

Note that for a pure state |ψ0〉, the density operator becomes

ρ = |ψ0〉〈ψ0|. (2.30)

Differentiating Eq. (2.29) with respect to time, we have

ρ̇ = ΣψPψ(|ψ̇〉〈ψ|+ |ψ〉〈ψ̇|). (2.31)

Recalling the Schrödinger equation (2.1) to substitute |
.

ψ〉 and 〈
.

ψ | and with
the help of Eq. (2.29), Eq. (2.31) reduces to

ρ̇ = − i
~

[H, ρ], (2.32)

where the term in brackets is the commutator of the Hamiltonian and the
density operator.

The density matrix approach presented above is equivalent to the Schrödinger
picture. However this formalism enables us to include also the effect of sponta-
neous emission. If the atom is in its excited state, in the long run it will decay
to the ground state by spontaneous emission. The origin of this phenomenon
comes from the coupling of the atom to the electromagnetic vacuum field. In
writing Eq. (2.32) the spontaneous emission decay rates are not incorporated.
The density matrix equation of the motion including the decay rates is

ρ̇ = − i
~

[H, ρ]− 1
2{Γ, ρ}, (2.33)

where a relaxation matrix Γ is defined as
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〈i|Γ|j〉 = γiδij, (2.34)

with {Γ, ρ} = Γρ+ ρΓ. These decay rates can either add or remove population
to the atomic states. Generally, the relaxation processes are more complicated
and are out of the scope of this dissertation. Equation (2.33) is called the
Liouville equation.

Equation (2.33) can be expanded, yielding

ρ̇kl = − i
~

Σm(Hkmρml − ρkmHml)−
1
2Σm(Γkmρml + ρkmΓml). (2.35)

where ρkl is the klth element of the density matrix operator.

2.1.3 The density matrix equations for the two-level atom

Now we return to the two-level atom problem (Fig. 2.1), trying to analyze it
using the density matrix approach. The density matrix operator of the system
can be written by the dyadic product of the state of the system

ρ = |ψ〉〈ψ| = |Ca|2|a〉〈a|+ |Cb|2|b〉〈b|+ CaC
∗
b |a〉〈b|+ CbC

∗
a |b〉〈a|, (2.36)

where |ψ〉 and 〈ψ| are substituted from Eq. (2.3). It is more convenient to write
the matrix form of the density operator. Considering the spin notation

|ψ〉 =
 Ca

Cb

 ; 〈ψ| =
(
C∗a C∗b

)
, (2.37)

we may write

ρ =
 Ca

Cb

( C∗a C∗b
)

=
 ρaa ρab

ρba ρbb

 . (2.38)

It is not then difficult to show
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ρaa = 〈a|ρ|a〉 = |Ca|2, (2.39)

ρbb = 〈b|ρ|b〉 = |Cb|2, (2.40)

where ρaa + ρbb = 1 and ρab = ρ∗ba. The diagonal elements ρaa and ρbb are
referred to as populations, and are related to the probabilities of being in states
|a〉 and |b〉, respectively. The off-diagonal density matrix elements

ρab = 〈a|ρ|b〉 = CaC
∗
b = ρ∗ba, (2.41)

are termed as the coherences since they depend on the relative phases of different
components of the system wavefunction.

Utilizing Eq. (2.35) one can write the coupled differential equations of the
motion describing the evolution of two-level atomic system

.
ρab= −(iω + γab)ρab −

i

~
℘abE(ρaa − ρbb), (2.42)

.
ρaa= −γaρaa + i

~
(℘abEρba − c.c), (2.43)

.
ρbb= −γbρbb −

i

~
(℘abEρba − c.c), (2.44)

where E(t) = ε cos(νt) (Eq. (2.4)) and γab = (γa + γb)/2 with γa and γb defined
by Eq. (2.34). The above equations of motions are also called optical Bloch
equations. When applying the rotating wave approximation, instead of cos(νt)
we must use e−iνt/2.
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2.2 Three-level Λ atomic scheme

This section hints at the fact that three-level atomic systems can result in a
wealth of novel optical phenomena, as compared to their two-level counter-
parts. Well-known examples include the effect of electromagnetically induced
transparency, slow light, and their associated phenomena. By introducing the
three-level Λ atomic scheme, in sections that follows, we present some theoreti-
cal foundations and formulations that are useful in understanding deeper these
optical properties.

2.2.1 Hamiltonian of the atom-fields system and formulation

Having worked with the two-level atomic system, now we consider the so-called
Λ configuration of atomic levels illustrated in Fig. 2.2. In the Λ atom-light
coupling scheme, a probe field with amplitude εp and frequency ωp connects
the ground level |1〉 to the upper level |3〉. A control field of amplitude εc

and frequency ωc couples then the atomic transition |3〉 ←→ |2〉. The total
Hamiltonian for this model is given by

H = H0 +HI , (2.45)

where the free energy Hamiltonian H0 characterizing the free atom without
external fields is

H0 = ~ω1|1〉〈1|+ ~ω2|2〉〈2|+ ~ω3|3〉〈3|, (2.46)

while the interaction Hamiltonian of the system can be represented by

HI = −℘.(Ep(t) + Ec(t)), (2.47)

where ℘ is the dipole moment operator. Using the two components Ej(t) =
êjEj(t) (j = p, c) of the total field with Ej(t) = 1

2εje
−iωjt + c.c. (êj is the unit

polarization vector while c.c. denotes the complex conjugate of the first term),
we get
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HI = −1
2℘13εpe−iωpt − 1

2℘23εce−iωct +H.c., (2.48)

where H.c. represents the hermitian conjugate of the first two terms, and ℘mn =
℘∗nm = 〈m|℘|n〉 shows the dipole matrix elements for the corresponding atomic
transitions. By means of the Schrödinger equation (2.1), the general form of
the atomic wavefunction can be written as

|ψ(t)〉 = C1(t)|1〉+ C2(t)|2〉+ C3(t)|3〉. (2.49)

Moving to an appropriate frame rotating with the frequencies of applied fields
ωp and ωc,

C1(t) = c1(t)e−iω1t, (2.50)

C2(t) = c2(t)e−i(ω1+ωp)t, (2.51)

C3(t) = c3(t)e−i(ω1+ωp−ωc)t, (2.52)

and applying the rotating wave approximation, the following equations of the
motion are obtained

ċ1 = i

2Ωpc3, (2.53)

ċ2 = −i(∆p −∆c)c2 + i

2Ωcc3, (2.54)

ċ3 = −i∆pc3 + i

2Ωpc1 + i

2Ωcc2, (2.55)

where Ωp = εp℘13
~ and Ωc = εc℘23

~ stand for the Rabi-frequencies of the probe
and control laser fields, while ∆p = ω31 − ωp and ∆c = ω32 − ωc represent the
detunings of probe and control fields, respectively. Note that for reasons of con-
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Figure 2.2: Three-level Λ atomic system.

venience we have used the transformation given in Eqs. (2.50)–(2.52) which is
different from the transformation to the frame rotating with the eigenfrequen-
cies of the atomic states (for example see Eqs. (2.12)–(2.13) for the two-level
atom problem). However, in both frames the equation c1(t) = C1(t)eiω1t is the
same since it redefines the zero point energy to be the energy of level |1〉.

2.3 Electromagnetically induced transparency (EIT)

In this section, we discuss an important topic which is at the heart of this
dissertation, termed as Electromagnetically Induced Transparency (EIT). EIT
is an effect in which a probe light beam can suddenly go through the previously
optically opaque medium just by applying a secondary coherent illumination
beam on the other transition of the Λ scheme. The physical effect on which
EIT is based is coherent population trapping (CPT). The crucial point for
both CPT and EIT is the creation of a superposition state, through quantum
interference, which cannot be excited by radiation. This superposition state is
called dark state. To realize better how the atom-light interaction can create
such a dark state we shall first consider CPT in Λ system.

Applying the rotating wave approximation, the Hamiltonian of the Λ system
described by Eq. (2.45) in the frame rotating with the frequencies of applied
fields can be represented, in matrix form by [3]
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H = −~
2


0 0 Ωp

0 −2(∆p −∆c) Ωc

Ωp Ωc −2∆p

 . (2.56)

For the two photon resonance condition ∆p −∆c = 0, the three eigenstates of
the Hamiltonian H in terms of the bare states |1〉, |2〉, and |3〉 can be calculated
to [3]

|b1〉 = sin θ sinφ|1〉+ cos θ sinφ|2〉+ cosφ|3〉, (2.57)

|d〉 = cos θ|1〉 − sin θ|2〉, (2.58)

|b2〉 = sin θ cosφ|1〉+ cos θ cosφ|2〉 − sinφ|3〉, (2.59)

with their corresponding eigenvalues

λ1 = ~
2(∆p +

√
∆2
p + Ω2), (2.60)

λd = 0, (2.61)

λ2 = ~
2(∆p −

√
∆2
p + Ω2), (2.62)

where the mixing angles θ and φ as well as the total Rabi-frequency Ω with

tan θ = Ωp

Ωc

, (2.63)

tanφ = Ω√
∆2
p + Ω2 + ∆p

, (2.64)

and
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Ω =
√

Ω2
p + Ω2

c , (2.65)

have been introduced. It becomes apparent from Eqs. (2.57)–(2.59) that both
states |b1,2〉 contain a contribution from all the bare atomic states, while state
|d〉 has no component of the bare state |3〉. Since there is no transition from the
superposition state |d〉 to the bare state state |3〉, it cannot interact with the
light. As a result, an atomic system prepared in such a superposition becomes
transparent to that field. This is why |d〉 is termed as a dark state.

Having introduced the essence of dark state, next we assume the specific situ-
ation in which the probe beam Ωp is much weaker than the control beam Ωc

(Ωp � Ωc). In this case and under the resonance condition ∆p = 0 one has
sin θ → 0, cos θ → 1 and tanφ→ 1 (φ = π/2). It follows then from Eq. (2.58)
that

|d〉 → |1〉, (2.66)

which means that the bare state |1〉 is now a dark state. In this case |1〉 does
not interact with the light, making the resonant medium transparent to the
probe laser field.

The first experimental observation of EIT was carried out by Boller, İmamoğlu,
and Harris at Stanford University in 1991 for Strontium vapour [48]. During
recent years, there has been a vast amount of work investigating the EIT [14,
7, 48, 49, 50, 42], including a number of valuable review articles covering this
important effect [3, 51, 52].

EIT can be employed to control and modify various optical properties in an
atomic ensemble in a well controlled manner. Slow and stord light [53, 17], lasing
without population inversion [24, 18], generation of ultraslow optical solitons
[21, 54], an enhanced Kerr nonlinearity [15, 20], nonlinear Faraday effect [55],
optical bistability [22, 56], and phase and intensity fluctuations correlation [57]
are some of the fascinating applications of EIT.

It is also demonstrated that more complicated EIT structures can be con-
structed by adding additional energy levels and optical fields to the Λ system,
such as the four-level tripod (Fig. 2.3(a)) [25, 41], the double-Λ (Fig. 2.3(b))
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Figure 2.3: Level diagrams for various systems exhibiting EIT. (a) tripod scheme, (b)
double Λ scheme, and (c) double tripod.

[27], and the double-tripod (Fig. 2.3(c)) [28, 29] atom light coupling schemes.

2.3.1 Optical Bloch equations for Λ scheme

The basic mechanism for the EIT phenomenon could be explained through the
discussion given in previous section. However, this description has not taken
into account the effect of decay rates due to spontaneous emission. Similar to the
two-level problem, the density matrix approach is required to include the effect
of decay rates. Substituting the Hamiltonian (2.56) into the Liouville equation
(2.33) results in the following optical Bloch equations for the off-diagonal density
matrix elements

.
ρ31= −(γ1 + i∆p)ρ31 + i

Ωp

2 (ρ11 − ρ33) + i
Ωc

2 ρ21, (2.67)
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.
ρ21= −(γ3 + i(∆p −∆c))ρ21 + i

Ωc

2 ρ31 − i
Ωp

2 ρ23, (2.68)

.
ρ32= −(γ2 + i∆c)ρ32 + i

Ωc

2 (ρ22 − ρ33) + i
Ωp

2 ρ12, (2.69)

where γ1, γ2 and γ3 represent the the decay rates for the coherence terms ρ31, ρ32

and ρ21, respectively. In order to find the solutions for the above set of equations,
we need to solve them in the steady state case. In doing so, we shall set the
derivative of density matrix elements to zero as there will be no oscillation after
the system reachs the steady state. In addition, we assume the weak probe
field limit Ωp � Ωc in which the probe field is too small to drive the transition
from gound to excited level. This obligates ρ11 ≈ 1 while ρ33, ρ22 ≈ 0. This
is reasonable since in the steady state the population is trapped in the dark
state |d〉 ≡ |1〉. Under this approximation, one may arrive at a coupled pair of
equations

−(γ1 + i∆p)ρ31 + i
Ωc

2 ρ21 + i
Ωp

2 = 0, (2.70)

−(γ3 + i(∆p −∆c))ρ21 + i
Ωc

2 ρ31 = 0. (2.71)

The solution to the coupled equations (2.70) and (2.71) reads, in matrix form

R = M−1A, (2.72)

with

R =
 ρ31

ρ21

 (2.73)

M =
 (γ1 + i∆p) −iΩc

2
−iΩc

2 (γ3 + i(∆p −∆c))

 , (2.74)
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and

A =
 iΩp

2
0

 . (2.75)

Using Eq. (2.72), the coherence terms ρ31 and ρ21 can be obtained as

ρ31 = iΩp(γ3 + i(∆p −∆c))
2(γ1 + i∆p)(γ3 + i(∆p −∆c)) + Ω2

c/2
, (2.76)

ρ21 = ΩpΩc/2
2(γ1 + i∆p)(γ3 + i(∆p −∆c)) + Ω2

c/2
. (2.77)

2.3.2 Susceptibility of the Λ scheme

The impact of a medium on the light propagation is described by the suscep-
tibility χ. The density matrix elements related to the coherence terms ρ31 and
ρ21 have been derived in Eqs. (2.76) and (2.77). Now we demonstrate that the
susceptibility of the medium as seen by the probe field is determined by the
coherence term ρ31.

Generally, the polarization density of a homogeneous, isotropic medium in pres-
ence of any external electric field E can be described by P = ε0χE, where ε0
is the permittivity of free space, and χ characterizes the electric susceptibility
of the medium [18]. Using this relation, the polarization density of the the Λ
atomic system as a function of detunings becomes

P = ε0χ(∆p)Ep(t) + ε0χ(∆c)Ec(t). (2.78)

Next we substitute Ep(t) = 1
2 êpεpe

−iωpt + c.c. and Ec(t) = 1
2 êcεce

−iωpt + c.c. into
the above equation, yielding

P = 1
2ε0χ(∆p)êpεp(e−iωpt + eiωpt) + 1

2ε0χ(∆c)êcεc(e−iωct + eiωct). (2.79)
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On the other hand, the polarization of a medium can be defined as the dipole
moment per unit volume. In this case, the polarization can be expressed, by
means of Eq. (2.28), in terms of expectation value of dipole moment of all the
atoms

P = N〈〈℘〉〉ensemble = N Tr(ρ℘), (2.80)

where N is the number density of the ensemble of atoms. It is straightforward
then to show

P = N Tr



ρ11 ρ12 ρ13

ρ21 ρ22 ρ23

ρ31 ρ32 ρ33




0 0 êp℘13

0 0 êc℘23

êp℘31 êc℘32 0


 , (2.81)

which results in

P = N(êp℘13ρ31 + êp℘31ρ13 + êc℘32ρ23 + êc℘23ρ32). (2.82)

Moving to an appropriate rotating frame

ρ31 = ρ́31e−iωpt, (2.83)

ρ32 = ρ́32e−iωct, (2.84)

ρ21 = ρ́21ei(ωc−ωp)t, (2.85)

we get from Eq. (2.82)

P = N(êp℘13ρ́31e−iωpt + êp℘31ρ́13eiωpt + êc℘32ρ́23eiωct + êc℘23ρ́32e−iωct). (2.86)

Comparing Eqs. (2.79) with (2.86) results in
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1
2ε0χ(∆p)εp = N℘13 ´ρ31. (2.87)

Sovling Eq. (2.87) for χ(∆p) gives

χ(∆p) = 2N℘13

ε0εp
ρ31, (2.88)

where ρ́31 is replaced with ρ31 as in the steady state they are the same. One can
rewrite this equation using the definition of Rabi-frequency of the probe field
Ωp = εp℘13

~ , yielding

χ(∆p) = 2N |℘13|2

~ε0Ωp

ρ31. (2.89)

It can be seen that the susceptibility of the atomic medium is characterized
by the coherence term ρ31. This equation can be generalized to obtain the
susceptibility for any multi-level atomic system as

χ(∆p) = 2N |℘13|2

~ε0Ωp

ρij. (2.90)

where ρij is the density matrix element for the probe transition |i〉 ←→ |j〉.

2.3.3 Description of EIT through Optical Bloch equations

As shown in Eq. (2.89), the linear response of the atomic medium to the ap-
plied fields is determined by the susceptibility χ. The susceptibility is generally
a complex whose real and imaginary parts correspond to the dispersion and ab-
sorption of the probe field, respectively. Inserting the solution of coherence term
ρ31 from Eq. (2.76) into Eq. (2.89), the explicit form of the linear susceptibility
for the Λ system is given by

χ(∆p) = 2N |℘13|2

~ε0
i(γ3 + i(∆p −∆c))

2(γ1 + i∆p)(γ3 + i(∆p −∆c)) + Ω2
c/2

. (2.91)
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Figure 2.4: Imaginary (Im(χ)) and real(Re(χ)) components of susceptibility in equa-
tion (2.91) as a function of ∆p for (a)Ωc = 0, (b) Ωc = γ, (c) Ωc = 3γ
and (d) Ωc = 5γ. The other parameters are γ3 = 0,γ1 = γ , ∆c = 0, and
Ωp = 0.01γ.

A typical probe susceptibility profile of the Λ system is displayed in Fig. 2.4 in
the ideal limit of γ3 = 0. The imaginary part of susceptibility Im(χ) correspond-
ing to absorption as a function of the probe detuning ∆p is shown in Fig. 2.4
as solid lines. The simulations are in units of 2N |℘13|2

~ε0 and all the parameters
are scaled with dimensionless parameter γ. As illustrated in Fig. 2.4(a), for
Ωc = 0 we observe a large probe absorption at resonance ∆p = 0. However, a
transparency window appears immediately at zero probe detuning in the pres-
ence of the control field (see Figs. 2.4(b)–2.4(d)). In this case the absorption
vanishes on resonance. Also, for larger values of control field Ωc the width of
transparency window increases. Since an opaque medium becomes transparent
and since this induced transparency is due to applying a stronger laser field,
this phenomenon is called electromagnetically induced transparency (EIT).
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2.4 Slow light

We have observed in Figs. 2.4 that the application of a control laser field on
the other transition of the Λ resonant scheme opens up a dip in absorption
spectrum (which is related to the imaginary part of the susceptibility of the
medium). Also illustrated in Fig. 2.4 is the real component of the susceptibility
(blue dot-dash line), called dispersion, which determines how pulse propagates
through the medium. As can be seen in Figs. 2.4(b)–2.4(d), in the presence of
Ωc the real part of the susceptibility, i.e., the index of refraction has a positive
slope around zero probe detuning. A positive slope of the dispersion near the
EIT window corresponds to the slow propagation of light pulse [17]. The steep
slope of dispersion along with EIT has significant influence on pulse propagation.
According to the definition of group velocity [17]

νg = dω

dk
= c

n(ω) + ωdn/dω
, (2.92)

the group velocity is inversely proportional to dn/dω. Note that here k = ωn/c

shows the wave number and n = n(ω) denotes the refractive index. This rela-
tion implies that a very steep slope of dispersion leads to a large denominator
in Eq. (2.92). Therefore, the propagating pulse can be extremely slowed down
in the medium. It is apparent from Figs. 2.4(b)–2.4(d) that the steepness of
dispersion curve depends strongly on the width of EIT window. The separa-
tion between absoption peaks reduces by turning down Ωc which results in the
steeper dispersion curve and hence the slower group velocity. The narrower
the transparency window the steeper the slope of dispersion and the slower the
light. This is the foundation for EIT-based slow light.

In order to figure out how the light propagating through the medium can be
slowed down, one can visualize photons of light as a group of fast cars (Fig. 2.5).
If such fast cars are suddenly attached to some heavy trailers, they get inevitably
slowed down since their engine must pull also heavy trailers. Slow light has al-
most a similar scenario. Most of the fast photons are changed into some atomic
excitations when traveling inside the medium. The atomic excitations produced
in this way behave like heavy immobile trailers. The remaining photons which
are not yet converted into atomic excitations have to pull the immobile exci-
tations. As a result, the whole light pulse propagating inside the medium is
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Figure 2.5: A simple scenario for slow light situation

slowed down significantly. In contrast, the atomic excitations change again into
photons as the light reaches the tail of the atomic medium, so the light can
move on with its full speed.

The subject of slow, or subluminal light has caused keen interest since 1999
when the group velocity of light was reduced to 17 ms−1 in an experiment by
Harris group [58]. The physical nature of slow light is electromagnetically in-
duced transparency [7, 58]. Slow light has found potential applications in many
areas of quantum optics and photonics [59], telecommunications and optical
communications [60, 59], and optical switching [61]. Slow light is a scientific
demonstration of the famous story of the rabbit and the tortoise: the faster is
not necessarily always better . Having access to a considerable slow, but smart
light rather than just a very fast light may provide new opportunities, for in-
stance, in temporarily storing light with applications in all-optical memories
[62].

2.5 Theory of atom localization

As the interaction of an atom with optical fields is concerned, in this section
we discuss the concept of atom localization which is one of the important con-
sequences of quantum coherence and interference [13, 63, 64, 65, 66]. It is
known from the early days of quantum mechanics that the Heisenberg mi-
croscope [67] imposes limitation that the atomic position cannot be detected
more precisely than the half-wavelength of radiation used for the detection.
In the archetype of this measuring device, based on the uncertainty principle
4px4x ∼ ~, the largest momentum kick transferred from an optical photon to
an atom 4px = 2~k, indicates the precision in the measurement of the atomic
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position in terms of the optical wavelength λ = 2π/k as 4x ∼ λ/2. Following
these arguments the atom cannot be localized within distances beyond the opti-
cal half-wavelength. However, novel localization techniques based on quantum
interference and coherence have made it possible to overcome this fundamental
limit, and extremely high precision spatial resolutions have been achieved for
measurement of the atomic position. For instance, Gorshkov et al. [68] sug-
gested a method based on dark state of EIT to localize an atomic excitation
with resolution that approaches a few nanometers. The Scully group reported
experimentally the first proof of dark state-based localization in a Rb vapor cell
[69]. Recently, Miles and co-workers have demonstrated an experiment in which
the atomic excitation is confined to a spatial width of 100nm, which is a factor
of 8 smaller than the wavelength of the laser beams used in their experiment
[70].

Precision position measurement of an atom is useful in neutral atom lithography
with ultrahigh resolution [71], measurement of the center-of-mass wave function
of moving atoms [72] and coherent patterning of matter waves [73].

Atom localization has been recently shown to be possible through detection of
the spontaneously emitted photon during the interaction of an atom with the
classical standing wave [13, 74, 75, 32]. For instance, Zubairy group [13] sug-
gested a simple proposal for localization of a two-level atom based on resonance
fluorescence from a standing wave. Closely related to this work, a three-level
atomic configuration with two upper levels was employed by the same group
[76]. It was shown that the measurement of spontaneously emitted photon from
the upper level to lower level provides information about the atomic position.

It is, however, very tricky and difficult experimentally to observe the sponta-
neous emission spectrum. In this regard, Paspalakis and Knight considered
another scheme for atom localization based on a three-level Λ-type EIT sys-
tem illuminated by a weak probe laser field and a standing wave field [77]. It
was demonstarted by them that when the probe field is much weaker than the
control field, the population measurement in the upper level results in subwave-
length localization of the atom during its motion in the standing wave. This is
essentially the localization of atom based on absorption of the probe field. Based
on this idea, i.e., atom localization using absorption of the probe field, Sahrai et
al. described another method of atom localization based on electromagnetically
induced transparency in a four-level system interacting with a weak probe field,
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two driving fields and a standing wave field [26]. Along with theoretical studies,
considerable progress has been made in realizing the atom localization from the
experimental point of view [68, 70, 78, 79]. The key idea for all of these studies
is to utilize the sensitivity of the dark state of EIT to the intensity of standing
wave coupling laser.

Let us first consider again the three-level Λ system. We assume that the atomic
system moves along the z direction and passes through a classical standing
wave field which is aligned with the x axis. As a result of position dependent
interaction between the atom and the standing wave, the Rabi-frequency of
the standing wave is also position dependent and can be taken as Ωc(x) =
Ωc sin(kx), where k is the wave vector of the standing wave (k = 2π

λ
). The

center of mass position of the atom is assumed to be nearly constant along the
direction of the standing wave. Thus, one can neglect the kinetic part of the
atom from the Hamiltonian under the Roman-Nath approximation [80]. In this
case and under the rotating wave approximation, one arrives at Eq. (2.56) for
the Hamiltonian of the system. The probe susceptibility of the system given in
Eq. (2.91) may be rewritten as

χ = 2N |℘13|2

~ε0
i(γ3 + i(∆p −∆c))

2(γ1 + i∆p)(γ3 + i(∆p −∆c)) + Ω2
c sin2(kx)/2 . (2.93)

Equation (2.93) determines an important feature of the system in presence of
the position dependent standing wave field: it is possible to obtain information
about the position of the atom via measuring the probe absorption which is
related to imaginary part of Eq. (2.93). Equation (2.93) shows also that the
probe absorption is not only dependent on position x, but also on the system
parameters such as the amplitude of the standing wave Ωc, the probe detuning
∆p as well as the control detuning ∆c. The maxima of probe absorption are
obtained when the probe laser detuning fulfills the equation [77]

∆p = ∆c

2 ±
1
2

√
∆2
c + (γ1γ3 + Ω2

c sin2(kx)/4), (2.94)

which indicates that the maxima are located at
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Figure 2.6: Imaginary (Im(χ)) component of susceptibility in equation (2.93) as a
function of kx for (a) Ωc = γ and (b) Ωc = 4γ. The other parameters are
γ3 = 0,γ1 = 0.1γ ,∆c = 0, ∆p = γ, and Ωp = 0.01γ.

kx = sin−1(
2
√

∆2
p −∆p∆c − γ1γ3

Ωc

) + nπ, (2.95)

which n is an integer. Shown in Fig. 2.6(a), when the standing wave is on
resonance ∆c = 0 and for Ωc = γ, localization appears in the system. In
this case two peaks occur in absorption profile of the system, located at the
antinodes of the standing wave field. However, the localization peaks are wide
and the spatial resolution of the atom is not high. With increase of Ωc to 4γ
a strong localization of the atom appears around nodes of the standing wave
(Fig. 2.6(b)). However, the detection probability of finding the atom in one
period of standing wave is only 1/4.

2.6 Nonlinear optical phenomena

This section gives a brief introduction to the main characteristics of the third-
order nonlinear optical effects. We shall consider how the polarization of a
material depends on the strength of an external optical field in order to under-
estand the physical meaning of the concept of optical nonlinearity. When laser
light shines on the matter, it can reorient dipole moments of atoms, leading to a
nonzero average dipole moment per unit volume or polarization of the material
system. In the realm of linear optics where the applied field is not too large,
the polarization is expressed as
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P (t) = ε0χ
(1)E(t), (2.96)

where ε0 is known as the permittivity of free space and χ(1) is the susceptibility of
linear optics. Obviously, the induced polarization P (t) is linearly dependent on
the electric field strength E(t). Such a linear polarization governs linear optical
phenomena, such as electromagnetically induced transparency, slow light and
so on. As the magnitude of the electric field increases, the linear relationship
between P (t) and E(t) breaks down and we enter the realm of nonlinear optics.
In this case, by generalizing the polarization P (t) as a power series in the field
strength E(t), one has

P (t) = P (1)(t) + P (2)(t) + P (3)(t) + ...

= ε0
(
χ(1) + χ(2)E(t) + χ(3)E(t)E(t) + ...

)
E(t),

(2.97)

where P (1), P (2), and P (3) are linear, second- and third-order nonlinear polar-
izations, respectively. In addition, χ(1), χ(2) and χ(3) are referred to as first-,
second- and third-order order susceptibilities. In writing Eqs. (2.96) and (2.97)
we have considered for simplicity E(t) and P (t) to be scalar quantities.

2.6.1 Third-order nonlinear effects

Third-order optical nonlinearity is encountered in any material regardless of its
spatial symmetry [81]. Since all even-order nonlinearities are identically equal
to zero in central symmetric materials, the lowest-order nonvanishing nonlinear
optical susceptibility is of third order. The polarization equation (2.97) in this
case can be expressed as

P = P (1) + P (3) = ε0
(
χ(1) + χ(3)E(t)E(t)

)
E(t). (2.98)

Let us now consider a nonlinear medium with third-order nonlinear susceptibil-
ity χ(3) and a monochromatic input field of the frequency ω with the form

E(t) = Eeiωt + c.c. . (2.99)
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The third-order response reads

P (3) = εoχ
(3)E(t)E(t)E(t) = ε0χ

(3)E3ei3ωt + 3ε0χ(3)E2E∗eiωt + c.c. . (2.100)

The first term in Eq. (2.100) describes a field which oscillates at the frequency
3ω which is created by the applied field of frequency ω. This term is related
to the process of third-harmonic generation and is beyond the scope of this
dissertation. The second term in this equation describes the nonlinear contri-
bution to the polarization at the input frequency ω and is known as the AC or
optical Kerr effect. Considering both linear and nonlinear contributions to the
polarization, we get

P = P (1) + P (3)
ω

= ε0χ
(1)Eeiωt + 3ε0χ(3)E2E∗eiωt + c.c.

= ε0(χ(1) + 3χ(3)EE∗)Eeiωt + c.c.

= ε0χEeiωt + c.c.,

(2.101)

where the total susceptibility is

χ = χ(1) + 3|E|2χ(3). (2.102)

Before proceeding, it is clear from Eq. (2.102) that χ(3) ∝ (χ − χ(1)), which
means that the nonlinear susceptibility χ(3) has the opposite sign with the linear
susceptibility χ(1). As the linear absorption is related to the imaginary part of
the linear susceptibility, the strong nonlinear effects can efficiently suppress the
absorption of the field.

On the other hand, the second term in Eq. (2.100) can also lead to an intensity-
dependent change of the refractive index of the medium. It is generally true
that [81]

n2 = 1 + χ = 1 + χ(1) + 3|E|2χ(3), (2.103)
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where n describes the total refractive index. Generally, the refractive index in
the presence of the nonlinearity can be represented as

n = n0 + n2〈E(t)2〉, (2.104)

where the brackets surrounding the quantity E(t)2 correspond to a time average.
Here, n0 describes the linear weak-field refractive index, and n2 represents the
nonlinear refraction coefficient. For the field of the form given by Eq. (2.99),
we have 〈E(t)2〉 = 2EE∗ = 2|E|2, then Eq. (2.104) yields

n = n0 + 2n2|E|2. (2.105)

Similar to the electro-optical Kerr effect, the change in refractive index charac-
trized by Eq. (2.105) can be called as optical Kerr effect, because it is propori-
onal to the squre of the applied field. Comparing Eqs. (2.103) and (2.105), and
correcting to terms of order |E|2 we find

n0 =
√

1 + χ(1), (2.106)

which shows the linear refractive index, and

n2 = 3χ(3)

4n0
, (2.107)

which represents the nonlinear refraction coefficient. Third-order nonlinearities
can lead to several interesting nonlinear optical phenomena and many important
applications which will be discussed in the next chapters.

2.6.2 Linear and nonlinear susceptibilities

We now obtain expressions representing the linear χ(1) and nonlinear χ(3) sus-
ceptibilities. As it is shown in Eq. (2.89) for the thee-level Λ system, the
expression describing the total susceptibility for the probe transition |i〉 → |j〉
in terms of density matrix elements ρij is
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χ = 2N |℘ji|2
~ε0Ωp

ρij, (2.108)

where ℘ji is the transition dipole moment between the levels |i〉 and |j〉. In
order to obtain linear and nonlinear susceptibilities we shall expand the density
matrix elements ρij as

ρij = ρ
(0)
ij + ρ

(1)
ij + ρ

(2)
ij + ρ

(3)
ij + ..., (2.109)

where the constituting terms ρ(0)
ij , ρ

(1)
ij , ρ

(2)
ij and ρ

(3)
ij are of the zeroth, first,

second, and third- orders in the probe field Ωp for the transition |i〉 → |j〉.
Assuming that the level |i〉 is a ground level, the zeroth solution reads ρ(0)

ii = 1,
while other elements are zero (ρ(0)

ij = 0). This is an obligation due to the weak
probe field limit when the probe field is too small to drive the transition from
gound to excited level. In this limit, the linear and nonlinear susceptibilities
χ(1) and χ(3) can be obtained from substituting Eqs. (2.102) and (2.109) into
Eq. (2.108), yielding

χ(1) = 2N |℘ji|2
~ε0Ωp

ρ
(1)
ij , (2.110)

and

χ(3) = 2N |℘ji|4
3ε0~3Ω3

p

ρ
(3)
ij . (2.111)

Obviously, the linear and nonlinear susceptibilites are directly related to the
off-diagonal density matrix elements ρ(1)

ij and ρ
(3)
ij . Having obtained the linear

and nonlinear susceptibilities, one can explore the linear and nonlinear optical
properties of an atomic system. It is well known that the Kerr nonlinearity
(nonlinear dispersion) corresponds to the real part of the third order suscepti-
bility χ(3), while the imaginary part of χ(3) determines the nonlinear absorption.
The imaginary and real parts of linear susceptibility χ(1) correspond to linear
absorption and dispersion, respectively. That is the issue of next chapter to
investigate the nonlinear optical properties of multi-level atomic structures in
more details.
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2.6.3 EIT enhanced Kerr nonlinearity

Apart from their intriguing linear optical properties, quantum interference and
coherence in multi-level atomic structures can induce several nonlinear optical
phenomena. These effects also hold great promise for applications in low-light-
level nonlinear optics in terms of their ability to enhance the efficiencies of non-
linear optical processes. The absorption coefficient on resonance of a probe field
can be efficiently eliminated through the effect of EIT, prompting the enhanced
resonant nonlinear interaction strength in atomic configurations. Additionally,
the slow light forming due to the EIT increases the effective interaction length
of the probe field with the atomic ensemble, enabling nonlinear optical processes
to be performed at very low light intensities [82, 33, 83, 84, 85, 86, 87, 88].

Over the last decades, several experiments were proposed in multi-level atomic
schemes with the aim of enhancing nonlinear optical processes. Examples in-
clude optical harmonic generation [89], frequency conversion [90], EIT-induced
beam focusing [91], and so on. A common problem with all of these nonlinear
phenomena is yet the existence of a large linear absorption which makes it quite
difficult to straightly measure the nonlinear coefficients intrinsic in these non-
linear processes. A giant Kerr nonlinearity is practically interesting since it can
be accompanied with zero linear absorption in a multi-level atomic system.

The idea of EIT-based enhanced Kerr nonlinearity was first given by Schmidt
and Imamoglu in 1996 [20]. They showed that a resonantly enhanced nonlin-
earity along with vanishing linear susceptibilities can be achieved in a four-
level N -type atomic scheme. Thenceforward many proposals have been sug-
gested both theoretically and experimentally for achieving enhanced Kerr non-
linearity accompanied by negligible absorption in multi-level atomic systems
[37, 92, 93, 16, 15, 36, 20, 94, 95, 96]. Wang et al. [16] studied experimentally
the enhanced Kerr nonlinear coefficient in a three-level Λ-type atomic system
for various powers of the coupling beam. They showed that the Kerr nonlinear
coefficient behaves very differently in the regions of strong- and weak-coupling
power and changes its sign when the coupling or the probe frequency detun-
ing changes a sign. It was found that the Kerr nonlinear index can be greatly
enhanced (compared to that in a two-level atomic system) due to the atomic
coherence in the three-level atomic system. A five-level M-type system was
proposed by Matsko et al. to obtain a large EIT Kerr nonlinearity [95]. Niu
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and Gong [93] investigated theoretically the effect of spontaneously generated
coherence (SGC) on the Kerr nonlinearity of three-level systems of the Λ-,
ladder-, and V-shape types. They found that with the SGC the Kerr nonlinear-
ity can be clearly enhanced. In the Λ- and ladder- type systems, the maximum
Kerr nonlinearity increases and at the same time enters the EIT window as the
spontaneously generated coherence gets larger. As for the V-type system, the
absorption property is significantly modified and thus an enhancement of the
Kerr nonlinearity without absorption occurs for certain probe detuning.

In another study, Niu et al. [37] proposed a scheme for a giant enhancement
of the Kerr nonlinearity in a four-level system with double dark resonances.
They showed that the Kerr nonlinearity can be enhanced by several orders of
magnitude (compared to the one generated in a single-dark-resonance system)
accompanied by a vanishing linear absorption. This dramatic enhancement was
attributed to the interaction of dark resonances [37]. By using an efficient state-
preparation technique for the 87RbD1 line, Hun et al. demonstrated that an
ideal four-level tripod-type atomic system can be formed that generates a large
cross-Kerr-nonlinearity via interacting dark states in this system [92].

There are several potential applications that would benefit from giant Kerr non-
linearities. Examples are: four-wave mixing [97], formation of optical solitons
[54], Quantum logic gates [20], and entangled states for quantum information
processing [98].

2.6.4 Linear and nonlinear pulse propagation

2.6.4.1 Linear pulse propagation

It is known that the wave equation describing the propagation of light pulse
through an optical medium is governed by Maxwell’s equations (in SI units),

∇·D = ρ, (2.112)

∇· B = 0, (2.113)
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∇× E = −∂B

∂t
, (2.114)

∇×H =
∂D

∂t
+ J , (2.115)

where E and H represent electric and magnetic field vectors, respectively, while
D and B are corresponding electric and magnetic flux densities. Also, the
current density vector J and the charge density ρ are the electromagnetic field
sources. In the absence of free charges in a medium, J = 0 and ρ = 0. The
response of the medium is given by

D = ε0E + P , (2.116)

B = µ0H + M , (2.117)

where P is the electric polarization and M shows the magnetization. The
vacuum permittivity and the vacuum permeability are also denoted by ε0 and
µ0, respectively. Assuming that the material is nonmagnetic, then we have
M = 0. In this case, by using Eqs. (2.112)-(2.117) we may obtain

∇× (∇×E) + 1
c2
∂2E

∂t2
= − 1

ε0c2
∂2P

∂t2
, (2.118)

which describes the most general form of the wave propagation equation. Us-
ing

∇× (∇×E) = ∇(∇.E)−∇2E = −∇2E, (2.119)

we arrive at the equation

∇2E − 1
c2
∂2E

∂t2
= 1
ε0c2

∂2P

∂t2
, (2.120)

where we have used ∇. D = 0 (Eq. (2.112)). Aassuming the field is traveling
along the z direction, the electric field and the induced polarization vectors can
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be written as

E(r, t) = êE(z, t); P (r, t) = êP (z, t), (2.121)

where ê is the unit polarization vector normal to the direction of propagation.
The wave equation (2.120) then reduces to

∂2E

∂z2 −
1
c2
∂2E

∂t2
= 1
ε0c2

∂2P

∂t2
. (2.122)

Introducing a classical electric field of the carrier frequency ω and wavevector
k = ω/c,

E(z, t) = A(z, t)ei(kz−ωt) + c.c., (2.123)

where A(z, t) represents a slowly varing in time and space envelope of the field,
the induced polarization becomes

P (z, t) = p(z, t)ei(kz−ωt) + c.c., (2.124)

with p(z, t) being a slowly varing in time and space function. Generally, both
A(z, t) = Aeiφ and p(z, t) = peiφ are complex functions, with A and p repre-
senting real amplitudes, while φ is the phase. Next we adopt the slowly varying
envelope approximation (SVEA)

∣∣∣∣∣∂A∂t
∣∣∣∣∣� ω

∣∣∣A∣∣∣ , ∣∣∣∣∣∂A∂z
∣∣∣∣∣� k

∣∣∣A∣∣∣ , (2.125)

∣∣∣∣∣∂φ∂t
∣∣∣∣∣� ω,

∣∣∣∣∣∂φ∂z
∣∣∣∣∣� k, (2.126)

∣∣∣∣∣∂p∂t
∣∣∣∣∣� ω |p| ,

∣∣∣∣∣∂p∂z
∣∣∣∣∣� k |p| , (2.127)
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which means physically that we consider light waves whose amplitudes and
phases vary little within an optical wavelength and optical period. Under the
SVEA and by substituting Eqs. (2.123) and (2.124) into Eq. (2.122), we arrive
at the following equation

∂A

∂z
+ 1
c

∂A

∂t
= i

k

2ε0
p, (2.128)

which is a starting point in many problems of quantum optics dealing with pulse
propagation in atomic media.

2.6.4.2 Nonlinear Schrödinger equation

As stated before, strong laser pulses can induce a nonlinear polarization in
matter. In this case the induced polarization P can be decomposed to its linear
and nonlinear parts as

P = P (L) + P (NL), (2.129)

where P (L) and P (NL) are the linear and nonlinear parts of P . Then the wave
equation (2.120) can be expressed as

∇2E − 1
c2
∂2E

∂t2
= 1
ε0c2

∂2P (L)

∂t2
+ 1
ε0c2

∂2P (NL)

∂t2
, (2.130)

which presents the general form of nonlinear propagation of light pulse. As-
suming that the polarization does not change during the propagation, then
the scalars can be used instead of vectors. Using the slowly varying envelope
approximation one can cast the Nonlinear Schrödinger equation (NLSE)

∂A

∂z
= −iβ ∂

2A

∂τ 2 + ik|A|2A, (2.131)

where the term with β is due to the group velocity dispersion, while the term
with k represents the effect of third order Kerr nonlinearity which is responsible
for soliton formation by inducing an index change directly proportional to the
light intensity. Equation (2.131) describes intense optical pulse propagation
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through nonlinear dispersive media which, depending on the sign of the group-
velocity dispersion β, has two distinct types of solutions, bright or dark solitons.
The full derivation of NLSE is extensively discussed in literature [81, 99].

2.6.4.3 Slow optical solitons

Laser-driven atomic media, as stated before, can be exploited to exhibit various
nonlinear optical phenomena [15, 20, 54, 86, 96, 100, 101, 102, 103, 104]. A
particular example is formation of optical solitons with applications for opti-
cal buffers, phase shifters [96], switches [105], routers, transmission lines [106],
wavelength converters [107], optical gates [108] and others. Solitons represent
a specific type of stable shape preserving waves propagating through nonlinear
media. They can be formed due to a balance between dispersive and nonlinear
effects leading to an undistorted propagation over long distance [100, 54, 108,
109, 110, 111, 99, 112]. Most of optical solitons are generated with highly intense
electromagnetic fields. Also, far-off resonance excitation schemes are required
to avoid any uncontrollable attenuation and distortion of optical waves propaga-
tion [16, 99]. As a result, optical solitons formed in this way popagate with the
speed close the speed of light in vacuum. Fortunately, the EIT effect can result
in significant reduction of the propagation velocity of an optical field [7, 17, 58].
The phenomenon of EIT leads also to the substantial enhancement of nonlinear
effects such as a large enhancement of the Kerr nonlinearity in highly resonant
media [15, 16, 20, 37, 95, 96]. The question of interest is if the coherent effect of
EIT can also be utilized in generation and propagation of optical solitons with
slow group velocity. Following a report of ultraslow optical solitons in a highly
resonant atomic medium by Wu and Deng [100], these solitary waves have re-
ceived a considerable attention [113, 114, 115, 116, 117, 118, 119, 120, 121, 122].
It was demonstrated that the significant probe field spreading and attenuation
due to group velocity dispersion can be precisely balanced by the Kerr nonlinear
effect in a highly resonant four-state atomic system [100]. Hang et al. showed
that stable spatial optical solitons with extremely weak-light intensity can oc-
cur in a highly resonant three-state medium through the mechanism of EIT
[115]. The formation and propagation of three-wave coupled vector optical soli-
tons with ultraslow group velocities in a lifetime-broadened seven-state triple-Λ
atomic system was also explored under Raman excitation [117]. Recently, the
storage and retrieval of ultraslow optical solitons in an ultracold ladder-type
three-level atomic gas was investigated by Chen and colleagues [120]. In our
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work, we report a new atom-light coupling scheme to realize such slow optical
solitons under the effect of EIT.
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An enhanced Kerr nonlinearity

Kerr nonlinearity, which is proportional to the refractive part of the third-
order susceptibility, plays an important role in optical data processing because
it can be used to control a signal of light by means of another light beam.
The optical Kerr nonlinearity also allows propagation of ultrashort soliton-type
pulses without spreading [54]. It is desirable to have large third-order nonlinear
susceptibilities under conditions of low light power and high sensitivities [23,
123] since it can be used for realization of single-photon nonlinear devices. This
requires that the linear susceptibilities should be as small as possible compared
to the nonlinear ones. For many years, experimental research on quantum
nonlinear optics has been limited because of a weak nonlinear response of even
the best materials. Fortunately, EIT [7, 124] has opened a possibility to achieve
large nonlinearities [4].

Recently, the self-Kerr-nonlinearity of a four-level N-type atomic system was
investigated near atomic resonance by Sheng et al. [15]. They showed that
the self-Kerr-nonlinear coefficient of the probe field can be greatly enhanced by
properly adjusting the switching laser intensity. In addition, they compared
both experimentally and theoretically the self Kerr-nonlinear coefficients for
different atomic energy-level configurations of the two-, three-, and four-level
cases. In particular, they found that the magnitude of the self-Kerr nonlin-
ear index for the four-level N-type atomic has the same value as that for the
three-level system. More recently, Khoa et al. [36] investigated theoretically
the possibility of obtaining an enhanced self-Kerr-nonlinearity under the EIT
condition for a five-level cascade system. They also made a comparison between
the behavior of self-Kerr nonlinearity for such a five-level atomic system with
that of four- and three-level cascade systems and observed the same magnitude
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of the self-Kerr-nonlinear coefficient among the three systems.

Due to its possible application in all-optical switching, quantum information
processing, and novel photonic devices, especially at the few-photon level [61,
125], it is expected that more experimental studies on this subject will be car-
ried out. Thus, practical schemes are needed to achieve the Kerr nonlinearity
enhancement.

In this chapter a five-level atomic system is proposed that was first introduced
by Kobrak and Rice [126] to establish a complete population transfer [127, 128]
to a single target of a degenerate pair of states. The Kobrak-Rice five-level
(KR5) system was also employed to show advantages of the coherent control
of atomic or molecular processes [129]. Moreover, by using intense laser fields,
a new quantum measurement has been introduced in the KR5 system [130].
Dispersion and absorption and optical bistability of this configuration have also
been investigated [131, 132]. However, the third-order nonlinear susceptibility
for this medium has motivated our study.

We show that an enhanced Kerr nonlinearity with a reduced absorption can
be obtained under the condition of slow light propagation for the KR5 atomic
system. We find that the Kerr nonlinearity is very sensitive to the relative phase
of the applied fields and explore the influence of the relative phase on the linear
and nonlinear optical properties of the medium. In particular, it is shown
that under the condition of the multiphoton resonance, one can enhance the
Kerr nonlinearity of such a medium by properly adjusting the amplitudes and
phases of the applied fields. In this case, the linear and nonlinear absorption are
reduced remarkably in the region of the subluminal light propagation. Also, we
make a comparison between the Kerr-nonlinear indices for this five-level system
with that of the existing four and three-level atomic systems. We find that the
magnitude of the Kerr nonlinearity of the KR5 system is larger than that of
four- and three-level systems. The influence of the Doppler broadening on the
Kerr nonlinearity is also studied. We find considerable changes in shape for
the Kerr nonlinearity for a small Doppler width below the natural linewidth of
the probe transition for which the linear susceptibility behaves very similarly
in shape to the nonbroadened case. In addition, it is observed that the effect of
the Doppler broadening can lead to a giant Kerr nonlinearity [43].

The main advantages of applying the considered five-level system over the
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atomic schemes proposed in Refs. [15, 36] are as follows. First, different from
the atomic schemes explored in those works, in the present study the higher
orders of nonlinearity are achieved by increasing the number of atomic lev-
els. This can be used for construction of nonclassical states of light as well
as coherent processing of quantum information. Second, due to the closed-loop
structure interacting with the ground level, this medium is phase sensitive. This
phase sensitive property provides an extra degree of freedom for controlling the
Kerr-nonlinear index, a feature that was absent in Refs. [15, 36]. This allows
us to present an analytical model to elucidate the phase control of the Kerr
nonlinearity. Third, in addition to the steady-state nonlinear susceptibilities,
the transient switching of the Kerr nonlinearity is also investigated, which may
provide results helpful for the realization of fast optical nonlinearities and op-
tically controlled optical devices. Finally, the effect of the Doppler broadening
effect on the Kerr nonlinearity is studied. In particular, it is found that the
effect of the Doppler broadening can lead to a giant Kerr nonlinearity. This
is an advantage of this type of Kerr nonlinearity enhancement over EIT tech-
nique (see, for instance, Refs. [15, 36, 16, 37]) because one does not need very
strong coupling laser fields. A disadvantage of this method is that the linear
and nonlinear absorption is not eliminated.

3.1 Model and equations

We shall consider the KR5 quantum system shown in Fig. 3.1(a). The system
consists of an excited state |1〉, two non-degenerate metastable lower states |3〉
and |5〉, as well as two intermediate degenerate states |4〉 and |2〉. The Rabi
frequencies Ω43, Ω32, Ω41, and Ω21 couple a pair of atomic internal states |1〉
and |3〉 to another pair of states |4〉 and |2〉 in all possible ways to form a
closed loop scheme of the atom-light interaction as depicted in Fig. 3.1(a). The
transition between the states |3〉 and |5〉 is dipole-allowed. Such a configuration
is equivalent to a cyclically coupled of four states |1〉, |2〉, |3〉 and |4〉, making
a diamond-shape closed-loop system. By applying a weak coherent probe field
with a Rabi frequency Ωp, the diamond-shape system is coupled to a ground
or metastable state |5〉. The spontaneous decay rates of the upper level |i〉 to
the lower level |j〉 are denoted by 2γij. Furthermore, we did not include the
spontaneous decay from the excited state |1〉 to the lower levels |3〉 and |5〉
assuming that the corresponding transitions are dipole forbidden.
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The total Hamiltonian of the system is given by

H5Levels = −~(Ωp |3〉 〈5|+ Ω41 |1〉 eiφ 〈4|+ Ω21 |2〉 〈1|+ Ω32 |3〉 〈2|+ Ω43 |4〉 〈3|)
+ H.c. , (3.1)

where φ = φ41 +φ43−φ32−φ21 is a relative phase accumulated after completing
a cyclic loop and φij represents the initial phase of the laser field which induces
the transition |i〉 ←→ |j〉. The equation of the motion for the density operator
of the atomic system is given by:

ρ̇ = − i
~

[H5Levels, ρ] + Lρ, (3.2)

where the damping operator Lρ represents the decay of the system and was
defined in Eq. (2.33). Applying the rotating-wave approximation, the equation
of motion (3.2) reduces to

ρ̇11 = −2(γ14 + γ12)ρ11 + iΩ41(eiφρ41 − e−iφρ14)− iΩ21(ρ12 − ρ21), (3.3)

ρ̇22 = 2γ12ρ11 − 2γ23ρ22 + iΩ32(ρ32 − ρ23) + iΩ21(ρ12 − ρ21), (3.4)

ρ̇33 = 2γ43ρ44 + 2γ23ρ22 − 2γ35ρ33 − iΩp(ρ35 − ρ53) + iΩ32(ρ23 − ρ32)
+iΩ43(ρ43 − ρ34),

(3.5)

ρ̇44 = 2γ14ρ11 − 2γ43ρ44 − iΩ43(ρ43 − ρ34)− iΩ41(eiφρ41 − e−iφρ14), (3.6)

ρ̇41 = =1ρ41 + iΩ43ρ31 − iΩ21ρ42 + iΩ41e
−iφ(ρ11 − ρ44), (3.7)

ρ̇42 = =2ρ42 − iΩ21ρ41 + iΩ43ρ32 − iΩ32ρ43 + iΩ41e
−iφρ12, (3.8)
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ρ̇43 = =3ρ43 + iΩ41e
−iφρ13 − iΩpρ45 + iΩ43(ρ33 − ρ44)− iΩ32ρ42, (3.9)

ρ̇45 = =4ρ45 + iΩ41e
−iφρ15 − iΩpρ43 + iΩ43ρ35, (3.10)

ρ̇21 = =5ρ21 + iΩ32ρ31 − iΩ41e
−iφρ24 + iΩ21(ρ11 − ρ22), (3.11)

ρ̇23 = =6ρ23 − iΩpρ25 + iΩ21ρ13 − iΩ43ρ24 + iΩ32(ρ33 − ρ22), (3.12)

ρ̇25 = =7ρ25 + iΩ21ρ15 + iΩ32ρ35 − iΩpρ23, (3.13)

ρ̇31 = =8ρ31 + iΩ32ρ21 − iΩ21ρ32 + iΩpρ51 − iΩ41e
−iφρ34 + iΩ43ρ41, (3.14)

ρ̇35 = =9ρ35 + iΩ43ρ45 + iΩ32ρ25 + iΩp(ρ55 − ρ33), (3.15)

ρ̇15 = =10ρ15 + iΩ41e
iφρ45 − iΩpρ13 + iΩ21ρ25, (3.16)

ρ11 + ρ22 + ρ33 + ρ44 + ρ55 = 1, (3.17)

where for simplicity we have defined =1 = −[i414 + (γ43 + γ14 + γ12)], =2 =
[i(412−414)− (γ43 +γ23)], =3 = [i443−γ43−γ35], =4 = −[i(443 +4p)−γ43],
=5 = −[i412 + (γ14 + γ12 + γ23)], =6 = [i(412 − 4) − γ23], =7 = [i(423 −
4 +4p) − γ23], =8 = −[i(414 +443) + (γ14 + γ12)], =9 = −(γ35 − i4p), and
=10 = [i(414 +443 +4p)− (γ14 + γ12)]. Here, 443 = ω4−ω43, 423 = ω2−ω23,
414 = ω3−ω14, 412 = ω1−ω12 and 4p = ωp−ω35 are the one-photon detuning
for the transitions |4〉 ←→ |3〉, |2〉 ←→ |3〉, |1〉 ←→ |4〉, |2〉 ←→ |1〉 and
|3〉 ←→ |5〉, respectively. The parameter 4 = 412 −414 +423 −443 defines
the frequency of multiphoton detuning and ωi shows the central frequency of
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Figure 3.1: Schematic diagram of the (a) five-, (b) four-, and (c) three-level quantum
systems. (d)–(f) General atom-field states in the new basis.

the laser fields.

In order to derive the linear and nonlinear susceptibilities, we need to solve the
density-matrix equations for the steady state. Under the weak-field approxima-
tion one can apply the perturbation approach

ρij = ρ
(0)
ij + ρ

(1)
ij + ρ

(2)
ij + ρ

(3)
ij + ..., (3.18)

where ρ(0)
ij , ρ(1)

ij , ρ(2)
ij , and ρ(3)

ij are the zeroth, first, second, and third orders in the
probe field Ωp. Due to the assumption Ωp � Ω43,Ω32,Ω41,Ω21, the zeroth-order
solution is ρ(0)

55 = 1, while other elements being zero (ρ(0)
ij = 0, where i, j 6= 5).

Using this condition and substituting Eq. (3.18) into Eqs. (3.3)–(3.17), the
equations of motion for the first-order density-matrix elements read
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ρ̇
(1)
35 = =9ρ

(1)
35 + iΩ43ρ

(1)
45 + iΩ32ρ

(1)
25 + iΩp, (3.19)

ρ̇
(1)
25 = =7ρ

(1)
25 + iΩ21ρ

(1)
15 + iΩ32ρ

(1)
35 , (3.20)

ρ̇
(1)
45 = =4ρ

(1)
45 + iΩ41e

−iφρ
(1)
15 + iΩ43ρ

(1)
35 , (3.21)

ρ̇
(1)
15 = =10ρ

(1)
15 + iΩ41e

iφρ
(1)
45 + iΩ21ρ

(1)
25 . (3.22)

Similarly, the equations of motion for the third-order density-matrix element
read

ρ̇
(3)
35 = =9ρ

(3)
35 + iΩ43ρ

(3)
45 + iΩ32ρ

(3)
25 + iΩp(ρ(2)

55 − ρ
(2)
33 ), (3.23)

ρ̇
(3)
25 = =7ρ

(3)
25 + iΩ21ρ

(3)
15 + iΩ32ρ

(3)
35 − iΩpρ

(2)
23 , (3.24)

ρ̇
(3)
45 = =4ρ

(3)
45 + iΩ41e

−iφρ
(3)
15 + iΩ43ρ

(3)
35 − iΩpρ

(2)
43 , (3.25)

ρ̇
(3)
15 = =10ρ

(3)
15 + iΩ41e

iφρ
(3)
45 + iΩ21ρ

(3)
25 − iΩpρ

(2)
13 . (3.26)

After some algebraic calculations, we obtain the following off-diagonal density-
matrix elements ρ(1)

35 and ρ
(3)
35 corresponding to Ωp:

ρ
(1)
35 = iΩp(Ω2

21=4 − Ω2
41=7 + =4=7=10)/<, (3.27)

and
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ρ
(3)
35 = Ωpρ

(2)
43 (Ω41Ω21Ω32e

iφ − Ω43Ω2
21 − Ω43=7=10)/<

+Ωpρ
(2)
23 (iΩ32=4=10 − Ω32Ω2

41 + Ω41Ω21Ω43e
−iφ)/<

+iΩpρ
(2)
55 (Ω2

21=4 − Ω2
41=7 + =4=7=10)/<

−iΩpρ
(2)
33 (Ω2

21=4 − Ω2
41=7 + =4=7=10)/<

−iΩpρ
(2)
13 (Ω43Ω41=7e

−iφ − Ω21Ω23=4)/<,

(3.28)

where

< = =4=10Ω2
32 − Ω2

41Ω2
32 − Ω2

43Ω2
21 −=7=10Ω2

43 −=4=9Ω2
21 + =7=9Ω2

41

−=4=7=9=10 + 2Ω41Ω32Ω43Ω21 cosφ.
(3.29)

Note that the second-order nonlinearity of Eq. (3.28) is solved to obtain ρ
(2)
ij ,

giving the steady-state results

ρ
(2)
41 = [iΩ41e

−iφ(ρ(2)
44 − ρ

(2)
11 )− iΩ43ρ

(2)
31 + iΩ21ρ

(2)
12 ]/=1, (3.30)

ρ
(2)
42 = [−iΩ43ρ

(2)
32 − iΩ41e

−iφρ
(2)
12 + iΩ32ρ

(2)
43 + iΩ21ρ

(2)
14 ]/=2, (3.31)

ρ
(2)
43 = [iΩ43(ρ(2)

44 − ρ
(2)
33 )− iΩ41e

−iφρ
(2)
13 + iΩ32ρ

(2)
42 + iΩpρ

(1)
45 ]/=3, (3.32)

ρ
(2)
23 = [−iΩ32ρ

(2)
33 + iΩ32ρ

(2)
22 − iΩ21ρ

(2)
13 + iΩ43ρ

(2)
24 + iΩpρ

(1)
25 ]/=6, (3.33)

ρ
(2)
21 = [−iΩ32ρ

(2)
31 + iΩ21(ρ(2)

22 − ρ
(2)
11 ) + iΩ41e

−iφρ
(2)
24 ]/=5, (3.34)

ρ
(2)
31 = [iΩ32ρ

(2)
21 − iΩ13ρ

(2)
41 + iΩ41e

−iφρ
(2)
34 + iΩ21ρ

(2)
32 − iΩpρ

(1)
51 ]/=8, (3.35)
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ρ
(2)
11 = [iΩ41e

iφρ
(2)
41 − iΩ41e

−iφρ
(2)
14 + iΩ21ρ

(2)
12

+iΩ21ρ
(2)
21 ]/(2γ14 + 2γ12),

(3.36)

ρ
(2)
22 = [2γ12ρ

(2)
11 + iΩ32ρ

(2)
32 − iΩ32ρ

(2)
23 + iΩ21ρ

(2)
12 − iΩ21ρ

(2)
21 ]/2γ23, (3.37)

ρ
(2)
33 = [2γ43ρ

(2)
44 + 2γ23ρ

(2)
22 − iΩ43ρ

(2)
34 + iΩ43ρ

(2)
43 − iΩ32ρ

(2)
32

+iΩ32ρ
(2)
23 − iΩpρ

(1)
35 + iΩpρ

(1)
53 ]/2γ35,

(3.38)

ρ
(2)
44 = [2γ14ρ

(2)
11 + iΩ43ρ

(2)
34 − iΩ43ρ

(2)
43

+iΩ41e
−iφρ

(2)
14 − iΩ41e

iφρ
(2)
41 ]/2γ43,

(3.39)

where

ρ
(1)
15 = −iΩp(Ω32Ω21=4 − Ω43Ω41=7e

iφ)/<, (3.40)

ρ
(1)
25 = Ωp(−Ω41Ω21Ω43e

iφ + Ω2
41Ω32 − Ω32=4=10)/<, (3.41)

ρ
(1)
45 = Ωp(−Ω41Ω21Ω32e

−iφ + Ω2
21Ω43 − Ω43=7=10)/<. (3.42)

Then, according to equations (2.110) and (2.111) the linear susceptibility χ(1)

and the third-order nonlinear susceptibility χ(3) of the medium for the weak
probe laser field are related to the atomic coherences as

χ(1) = 2N℘2
53

ε0~Ωp

ρ
(1)
35 , (3.43)

χ(3) = 2N℘4
53

3ε0~3Ω3
p

ρ
(3)
35 , (3.44)
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where N is the atomic number density matrix and ℘53 denotes the transition
dipole moment between the levels |3〉 and |5〉. The analytical expression for
first- and third-order susceptibilities depends on the controllable parameters
of the system such as the detunings and intensities of the driving fields as
well as the relative phase of applied fields. It is well known that the Kerr
nonlinearity corresponds to the refraction part of the third-order susceptibility
χ(3), while the imaginary part of χ(3) determines the nonlinear absorption [81].
The real and imaginary partsof χ(1) correspond to the linear dispersion and
absorption, respectively. The slope of the linear dispersion with respect to the
probe detuning represents the group velocity of a weak probe field.

3.2 An enhanced Kerr nonlinearity for the KR5 model

Now we focus on the third-order susceptibility behavior of the KR5 atomic sys-
tem through numerical simulation. For linear and nonlinear susceptibilities we
plot the curves in units of 2N℘2

53
ε0~Ωp

and 2N℘4
53

3ε0~3Ω3
p

, respectively. Here we are inter-
ested in the linear and nonlinear properties of the KR5 medium. The linear and
nonlinear susceptibilities can be modified by the controlling parameters such as
intensity and frequency detuning of coupling fields, i.e., Rabi frequencies, and
relative phase between applied fields. Therefore, the giant Kerr nonlinearity
with reduced linear and nonlinear absorption can be obtained under the condi-
tion of slow light.

The first- and third-order susceptibilities of a weak probe field are displayed in
Fig. 3.2 for various values of the intensity of the applied fields. Here we assume
that all of the coupling fields are in exact resonance with the corresponding
transitions, so the multiphoton resonance condition is fulfilled, i.e., ∆ = 0.
Figures 3.2(a) and 3.2(b) show that when φ = 0 and Ω21 = Ω32 = Ω43 = Ω41 =
γ, the first- and third-order susceptibility spectra have three linear and nonlinear
absorption peaks. Figure 3.2(b) shows that the maximal Kerr nonlinearity is
accompanied by large linear and nonlinear absorption around ∆p = 0. The
slope of linear dispersion is negative at zero probe field detuning, which suggests
superluminal light propagation. In this case, the group velocity is negative [Fig.
3.2(c)] and the medium is not suitable for application of low-intensity nonlinear
optics due to the absorption losses.
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Figure 3.2: Linear and nonlinear susceptibility as well as group index ng = c/νg versus
probe field detuning. (a) Linear absorption (dashed line) and linear dis-
persion (solid line), (b) nonlinear absorption (dashed line) and Kerr non-
linearity (solid line), and (c) group index. The parameters are γ14 = 0.8γ,
γ12 = γ23 = 0.1γ, γ43 = 0.4γ, γ35 = 0.02γ, Ω21 = Ω32 = Ω43 = Ω41 = γ,
∆43 = ∆23 = ∆14 = ∆12 = 0, and φ = 0. All the parameters are scaled
with γ.
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Figure 3.3 displays the curves for nonequal values of the coupling fields: Ω21 =
2γ, Ω41 = 1.1γ, Ω32 = γ and Ω43 = 1.9γ. One can see that the central peaks of
the linear and nonlinear absorption are split into four peaks in the absorption
spectrum. Compared to Fig. 3.2, now the linear and nonlinear absorption reduce
so that three reduced absorption windows appear around ∆p = 0, ±δ. Within
these reduced absorption regions the slope of linear dispersion becomes posi-
tive. This represents the subluminal light propagation with the positive group
velocity [Fig. 3.3(c)]. In addition, the increased Kerr nonlinearity appears in-
side reduced absorption windows. Thus, by properly adjusting the intensities of
driving fields, one could achieve the enhanced Kerr nonlinearity accompanied
by reduced absorption under the condition of slow light levels.

A comparison is also made in Fig. 3.4 between the Kerr nonlinear coefficients
of the five-level KR5 system with that of the existing four- and three-level
cascade-type atomic systems. Note that in the four-level system, level |2〉 is ne-
glected (Ω21 = Ω32 = 0) [see Fig. 3.1(b)], while for the three-level cascade-type
system, both atomic levels |2〉 and |1〉 are neglected (Ω21 = Ω32 = Ω41 = 0)
[see Fig. 3.1(c)]. It is realized that the magnitude of Kerr nonlinearity for
the five-level KR5 system is larger than that of four- and three- level systems.
This indicates an advantage of employing such a scheme in enhancing the Kerr
nonlinearity rather than its existing three- and four-level atomic counterparts.
Moreover, as mentioned earlier, another type of five-level atomic system has re-
cently been examined for exploring the Kerr-nonlinearity enhancement [36]. In
this type of five-level configuration, a weak probe field drives the lower transi-
tion, while an intense coupling beam couples simultaneous transitions between
the intermediate level and three upper closely spacing states. Then the magni-
tude of Kerr nonlinearity for such a five-level cascade-type scheme is compared
with that of the four- and three-level cascade-type systems. Although compared
to the existing four- and three-level schemes this type of five-level configuration
can exhibit a wider spectral region of enhanced Kerr nonlinearity with more
positive and negative peaks, its maximal Kerr nonlinearity is the same as that
of the existing three- and four-level cascade systems.

In fact, both types of five-level KR5 system proposed here and the cascade-type
system proposed in Ref. [36] are based on the ladder-type three-level system in
which the upper transition is driven by a strong field. However, in Ref. [36] the
single upper transition in the ladder-type system is replaced by simultaneous
transitions between an intermediate level and three upper closely spacing states.
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Figure 3.3: Linear and nonlinear susceptibility as well as group index ng = c/νg versus
probe field detuning. (a) Linear absorption (dashed line) and linear dis-
persion (solid line), (b) nonlinear absorption (dashed line) and Kerr non-
linearity (solid line), and (c) group index. The parameters are Ω21 = 2γ,
Ω41 = 1.1γ, Ω32 = γ and Ω43 = 1.9γ. The other parameters are the same
as in Fig. 3.2.
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Figure 3.4: Kerr-nonlinear indices in the case of the five-level KR5 system (solid line),
the four-level cascade system (dashed line), and the three-level cascade
system (dotted line). The parameters are the same as in Fig. 3.3, except
those for the four-level case where Ω21 = Ω32 = 0, whereas for the three-
level case one has Ω21 = Ω32 = Ω41 = 0.

In our proposal, the single upper transition is replaced by multiple transitions
driven by four laser fields that form a diamond-shape closed-loop structure. We
found that by increasing the number of levels in such a way that they form
a consequently coupled cyclic chain of four states coupled to the ground state
[Figs. 3.1(a)–3.1(c)], it is possible to realize higher orders of nonlinearity, while
the same magnitude of Kerr nonlinearity among the three systems was observed
in Ref. [36]. This shows an advantage of employing such a five-level system in
producing higher Kerr nonlinearity over that considered in Ref. [36].

We consider next the effect of coupling field detunings on the Kerr nonlinearity.
Figure 3.5 shows the real (dispersion) and imaginary (absorption) parts of linear
and nonlinear susceptibilities versus the relative phase between applied fields.
Illustrated in Figs. 3.5(a) and 3.5(b) is a situation where the applied fields are
in an exact resonance with the corresponding transitions, i.e., ∆43 = ∆23 =
∆14 = ∆12 = 0. One can see that the Kerr nonlinearity is accompanied by large
linear and nonlinear absorption. Furthermore, the linear dispersion is negative,
which corresponds to the superluminal light propagation. Using the supposition
that the fields Ω43 and Ω32 are not in resonance with the corresponding atomic
transitions (∆43 = ∆23 = 2γ), we plot the first- and third order susceptibility
spectra versus φ in Figs. 3.5(c) and 3.5(d). Note that the multiphoton resonance
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condition ∆ = 0 is still kept. One can see that the giant Kerr nonlinearity is
accompanied by the reduced linear and nonlinear absorption for all relative
phases φ. Also, the linear dispersion is now positive providing the slow light.

3.3 Phase control of Kerr nonlinearity

Expressions (3.27)–(3.29) and Fig. 3.5 show that the linear and nonlinear sus-
ceptibilities can be controlled by the relative phase of the applied fields. Now
we provide an analytical model to understand such phase control. Four driv-
ing fields Ω21, Ω41, Ω32 and Ω43 acting on the atom build a closed-loop level
scheme in which the relative phase φ between applied fields affects linear and
nonlinear optical properties of the medium. Excluding in Eq. (3.1) the ground
(or metastable) state |5〉, the Hamiltonian of the atom-light interaction for the
remaining atomic four-level closed-loop level scheme of diamond shape can be
rewritten as

H4Levels = −~Ω
[
|1〉 eiφ 〈4|+ Σ3

j=1 |j + 1〉 〈j|+H.c.
]
. (3.45)

In addition, the amplitudes of all Rabi frequencies in Eq. (3.45) are chosen to
be the same, i.e.,

Ω21 = Ω41 = Ω32 = Ω43 = Ω. (3.46)

The Hamiltonian (3.45) is equivalent to its counterpart involving an infinite
number of states

H4Levels = −~ΩΣ∞j=−∞ |j + 1〉 〈j|+H.c., (3.47)

as long as the coefficients cj entering any state vector |...〉 = Σjcj |j〉 obey the
boundary conditions
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Figure 3.5: (a) and (c) Linear and (b) and (d) nonlinear susceptibility versus relative
phase φ for (a) and (c) ∆43 = ∆23 = ∆14 = ∆12 = 0 and (b) and (d)
∆43 = ∆23 = 2γ and ∆14 = ∆12 = 0. The parameters are Ω21 = 5γ,
Ω41 = 3γ, Ω32 = γ, and Ω43 = 2γ. The other parameters are the same as
in Fig. 3.2.
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cj+4 = eiφcj. (3.48)

For φ = 0, Eq. (3.48) reduces to the usual periodic boundary conditions.
On the other hand, for φ = ±π, Eq.(3.48) represents the twisted boundary
conditions.

The Hamiltonian given by Eqs. (3.45)–(3.48) can be easily diagonalized [133]
and its eigenstates read

|n(r)〉 = 1
2Σ4

j=1 |j〉 eiqnj, (3.49)

with their corresponding eigenenergies

En = −2~Ω cos qn, (3.50)

where n = 1, 2, 3, 4. The dimensionless parameter qn takes a set of values that
depends on the relative phase φ,

qn = (n− 1)π
2 − φ

4 ; n = 1, 2, 3, 4. (3.51)

Let we now analyze the eigenenergies for different phase φ by taking Ω = 2γ.
For condition (i) φ = 0 ( Ω21 = Ω41 = Ω32 = Ω43 = Ω ), Eq. (3.50) becomes
En = −2~Ω sin(nπ2 ), so the eigenenergies are

E3 = −E1 = 2~Ω,
E2 = E4 = 0.

(3.52)

Three different eigenenergies shown in Fig. 3.1(d) can be attributed to three
peaks in the absorption profile in Figs. 3.6(a) and 3.6(b). In this case, the
interacting dark resonances will be established.
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For condition (ii) φ = π
2 (Ω21 = Ω41 = Ω32 = Ω43 = Ω) we have En =

−2~Ω sin(nπ2 −
π
8 ), providing the following eigenenergies:

E3 = −E1 = 4~Ω cos π
8 ,

E4 = −E2 = 4~Ω sin π
8 .

(3.53)

Now four different eigenenergies are obtained. Thus, four absorption peaks
appear for φ = π

2 , as one can see in Figs. 3.1(e), 3.6(c), and 3.6(d). In other
words, the central peaks of linear and nonlinear absorption profiles split and for
φ = π

2 we have four absorption peaks.

For condition (iii) φ = π (Ω21 = Ω41 = Ω32 = Ω43 = Ω) we have En =
−2~Ω sin(nπ2 −

π
4 ), giving the eigenenergies

E1 = E2 = −
√

2~Ω,
E3 = E4 =

√
2~Ω.

(3.54)

It is easy to see that there is a twice degenerate ground level (containing the
states with n = 1 and 2) and a twice degenerate excited level (n = 3 and 4), as
shown in Fig. 3.1(f). Therefore, two different eigenenergies are obtained, yield-
ing two peaks in the absorption profile in Figs. 3.6(e) and 3.6(f). Consequently,
the double-dark resonance structure is not established for φ = π and just two
side peaks are formed in the absorption spectrum.

A three-dimensional plot of the steady-state linear and nonlinear absorption
spectra versus ∆p and φ can provide a better perspective of this phenomenon,
as shown in Fig. 3.7. One can see that by changing the relative phase φ, the
medium can have three, four, and two absorption peaks. It should be noted
that in Fig. 3.6 the Kerr nonlinearity experiences a large nonlinear absorption.
Therefore, we find a wide range of tunability in the linear and nonlinear absorp-
tion and dispersion just by adjusting the relative phase of the applied fields.

Using the above analytical model, now we can explain the physical mechanism
of the Kerr nonlinearity enhancement obtained in Figs. 3.2 and 3.3. Figure 3.2 is
plotted for the parameters satisfying condition (i) (Ω21 = Ω41 = Ω32 = Ω43 = γ

and φ = 0). Therefore, three absorption peaks observed in Fig. 3.2 reflect
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Figure 3.6: Phase control of (a), (c), and (e) linear and (b), (d), and (f) nonlinear
susceptibility for (a) and (b) φ = 0, (c) and (d) φ = π/2, and (e) and (f)
φ = π. Here Ω21 = Ω41 = Ω32 = Ω43 = Ω = 2γ and the other parameters
are the same as in Fig. 3.2.
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Figure 3.7: Three-dimensional plot of phase control of (a) linear and (b) nonlinear
susceptibility Here the parameters are the same as in Fig. 3.6.

the eigenenergies given in Eq. (3.52). The central peaks in both the linear
and nonlinear absorption profiles separate two reduced absorption windows and
show a double-dark resonance structure, whereas two absorption peaks located
on both sides of the central frequency detuning ∆p = 0 represent one photon
transition. In fact, in such a scheme there is coherent population trapping
(CPT), which may lead to reduced absorption windows on the left- and right-
hand sides of ∆p = 0. Since an ideal CPT medium does not interact with
the light, it also cannot produce any nonlinear effects. When we change the
coupling fields to Ω21 = 2γ, Ω41 = 1.1γ, Ω32 = γ and Ω43 = 1.9γ (see the
parameter condition used in the plot of Fig. 3.3), the Rabi frequencies of the
applied fields exceed those in condition (i). Thus the CPT is disturbed, leading
to a strong nonlinear coupling between the electromagnetic fields interacting
with the atomic system. In this case, the eigenenergies for the Hamiltonian
(3.45) read
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E1 = −(y −m1/2)1/2

21/2 , (3.55)

E2 = (y −m1/2)1/2

21/2 , (3.56)

E3 = −(y +m1/2)1/2

21/2 , (3.57)

E4 = (y +m1/2)1/2

21/2 , (3.58)

where

y = Ω2
43 + Ω2

32 + Ω2
41 + Ω2

21,

m = y2 − 4(Ω41Ω32 − Ω43Ω21)2.
(3.59)

Evidently, the four eigenenergies given in Eqs. (3.55)–(3.58) correspond to four
absorption peaks in linear and nonlinear susceptibilities. This condition was
demonstrated in Fig. 3.3.

3.4 Time-dependent Kerr nonlinearity

In the following we discuss the temporal evolution of the Kerr nonlinearity in
the KR5 atomic system and investigate the optical switching time in the non-
linear regime by using the numerical result from the density-matrix equations
of motion. Figure 3.8 illustrates the transient behavior of the probe linear ab-
sorption and dispersion for various values of the detuning parameters ∆43 and
∆23. The selected parameters are the same as in Fig. 3.5, unless ∆p = 0.1γ
and φ = π. Figure 3.8 shows an optical switching process in which a weak
Kerr index with superluminal absorption switches to the EIT-based slow light
giant Kerr nonlinearity by changing ∆43 = ∆23 from 0 to γ. According to
Figs. 3.8(a) and 3.8(b), after a short oscillatory behavior, the linear absorp-
tion and dispersion curves reach the steady-state limit. However, when the
laser beams described by the Rabi frequencies Ω43 and Ω32 are in resonance
(∆43 = ∆23 = 0), the steady-state value of the linear absorption coefficient is
positive, while the steady-state value of the linear dispersion is negative. This
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condition suggests a superluminal absorption. Similar curves are plotted for
the case of nonresonant detuning (∆43 = ∆23 = γ). With an increase of time,
the steady-state value of the linear absorption is reduced and finally the EIT
appears. Furthermore, the steady-state linear dispersion changes its sign to a
positive value corresponding to the subluminal light propagation.

A temporal behavior of the Kerr nonlinearity is also displayed in Fig. 3.8(c). It
can be seen that the curves for the Kerr-nonlinear coefficient exhibit a transient
oscillatory behavior for a short time and then reach a steady-state value. Also,
for ∆43 = ∆23 = γ the steady-state Kerr nonlinearity is gradually enhanced
compared to the case ∆43 = ∆23 = 0. Therefore, by going out of resonance,
the enhanced Kerr nonlinearity accompanied by subluminal assistant EIT is
obtained.

Let us now analyze the phase-sensitive switching feature of the Kerr nonlinearity
in the pulsed regime for the KR5 atomic system. Figure 3.9 shows that the
oscillation frequency of the Kerr nonlinearity increases as the relative phase
changes from φ = π to φ = π/2. In a similar manner, the magnitude of the
steady-state value of the Kerr nonlinearity can be increased.

We now demonstrate that this system can be used as an optical switch for
nonlinear dispersion in which a weak Kerr nonlinearity can be converted to a
giant one. It can be seen from Figs. 3.8(c) and 3.9 that the switching time
needed to convert a weak nonlinear dispersion into an enhanced one and vice
versa equals approximately 15/γ. Considering the D1 line of the 87Rb atom
with the typical decay rate γ ' 36MHz, we can obtain a nonlinear switching
time equal to approximately 416ns.

Thus, we demonstrated that this KR5 medium can be employed as an optical
switch in which the propagation of the laser pulse can be controlled by an-
other laser field that is useful for an optically controlled optical device. The
results presented may be useful for understanding the switching feature of the
EIT-based slow light Kerr nonlinearity, have potential application in optical
information processing and transmission, and may be helpful for the realiza-
tion of fast optical nonlinearities and optically controlled optical devices. A
high-speed optical switch is an important technique for quantum information
networks [134].
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Figure 3.8: Switching process of the (a) linear absorption, (b) linear dispersion, and
(c) Kerr nonlinearity for different values of ∆43 and ∆23. Here ∆p = 0.1γ
and φ = π and the other parameters are the same as in Fig. 3.5.
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Figure 3.9: Switching process of the Kerr nonlinearity for different values of φ. Here
∆43 = ∆23 = γ and the other parameters are the same as in Fig. 3.5.

3.5 Doppler broadening and Kerr nonlinearity

At room or higher temperatures there is a broad distribution of atomic ve-
locities. Thus, the Doppler shift cannot be neglected and must be taken into
account [135]. The effect of the Doppler broadening due to the atom’s thermal
velocity ν can be included by replacing ∆23, ∆14, ∆12 and ∆43 by ∆23 − kν,

∆14 − kν, ∆12 − kν and ∆43 − kν, respectively. Here all the laser fields are
assumed to copropagate in the same direction k1 ' k2 ' k3 ' k4 ' kp = k,
where kp and ki (i = 1, 2, 3, 4) are the wave vectors of the probe and driving
fields, respectively.

Using the Maxwell velocity distribution, we have

Υ(ν) = (2π)−1/2$−1e−ν2/$2
, (3.60)

where $ = (2kBT
m

)1/2 is the Doppler width. Relating the probe susceptibility
χ to the coherence term ρ35 and utilizing Eq.(3.18), the linear and nonlinear
susceptibilities of the probe field then read

χ(1)(∆p) =
ˆ ∞
−∞

Υ(ν)χ(1)(∆p, ν)dν, (3.61)
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Figure 3.10: (a) Linear and (b) nonlinear susceptibility versus probe field detuning
∆p including the Doppler broadening k$ = 0.1γ. The parameters are
the same as in Fig. 3.2.

χ(3)(∆p) =
ˆ ∞
−∞

Υ(ν)χ(3)(∆p, ν)dν, (3.62)

which gives the first- and third-order susceptibilities in the Doppler-broadened
atomic system.

Now we can analyze the behavior of the absorption and dispersion as well as
the Kerr nonlinear coefficient inside the Doppler-broadened medium. Figure
3.10 shows the effect of Doppler broadening on the linear and nonlinear sus-
ceptibilities. The chosen parameters are the same as those we used to plot
Fig. 3.2. In Figs. 3.10(a) and 3.10(b) we chose the Doppler width below the
natural linewidth of the probe transition (k$ = 0.1γ). Obviously, the linear
susceptibility is very similar in shape to the case without the Doppler broad-
ening [see Fig. 3.2(a)], while a considerable change in shape is observed in the
nonlinear susceptibility so that the slope of Kerr nonlinearity becomes positive
around ∆p = 0. This indicates that, compared to the linear response of the KR5
system, the nonlinear response of the medium is more sensitive to the Doppler-
broadening effect. Moreover, although the Kerr nonlinearity in Fig. 3.10(b) still
experiences strong linear and nonlinear absorption, the Kerr nonlinearity index
is greatly enhanced compared to the nonbroadened case shown in Fig. 3.2.

This result is completely different from the Kerr-nonlinearity enhancement due
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to EIT, which was presented earlier in this chapter and in most of the relevant
studies (see, for instance, [37, 92, 93, 16, 15, 36]). Thus, we could achieve
a large nonlinear Kerr coefficient for the probe field while maintaining linear
and nonlinear absorption. The main advantage of this method over the EIT
is that in the present method there is no need to adjust the laser fields to
the strong intensities. However, the disadvantage is that the linear and the
nonlinear absorption do not cancel. It should be noted that in order to obtain a
Doppler-free arrangement in the room temperature cell, one can adjust the laser
direction. However, the best way to eliminate the effect of Doppler broadening
is to employ a cold-atom sample.
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Atom Localization in two and three dimensions

Precise localization of atoms has attracted considerable attention in recent
years. Earlier theoretical studies for the localization mostly consider 1D atom
localization (one-dimensional) based on the atomic coherence and quantum in-
terference effects [13, 26, 136, 137, 64, 75, 74, 76, 138, 66, 139, 140]. More
recently, some schemes have been put forward for two-dimensional (2D) atom
localization [32, 141, 142, 143]. Ding et al. [142] investigated the atom localiza-
tion by monitoring the probe absorption in a microwave-driven four-level atomic
medium affected by two orthogonal standing-wave fields. They found that the
localization behavior is significantly improved due to a joint quantum inter-
ference induced by a standing-wave and microwave-driven fields. In another
work, a M-type atomic system was proposed by the same group [32] to deal
with the 2D atom localization in the subwavelength domain via a controlled
spontaneous emission. Wan et al. [143] considered an atomic scheme based
on the controlled probe absorption and gain in a four-level double Λ-system.
They showed both numerically and analytically that the high-precision atom
localization achieved in such a scheme can be attributed to the interference be-
tween the one and three-photon excitations. A four-level tripod type atomic
system is also proposed to achieve a high precision two dimensional atom lo-
calization via measurement of the excited state population [144]. A scheme for
two-dimensional (2D) atom localization in a four-level tripod system under an
influence of two orthogonal standing-wave fields is also considerd by Ivanov and
Rozhdestvensky [141]. Yet the three dimensional (3D) atom localization has
been investigated only in few proposals [38, 39, 40]. Compared to the 1D and
2D localization, the 3D localization of an atom gives a more specific information
about the position of a moving atom.
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In this chapter we present the theoretical model of atom localization in two
and three dimensions. There are two different atom-light coupling schemes
considered in this chapter. The first one is a five-level atomic configuration in
which a diamond-shape subsystem is coupled to a ground level through a weak
probe field [44] and the latter is a a modified Λ-type four-level atomic system
with three driving fields and a weak probe field [45, 145].

4.1 Scheme 1: Five-level KR5 system

We investigate the 2D and 3D localization of an atom in a five-level configura-
tion in which the laser beams couple the ground level to a four-level closed-loop
system. Here we make use of the KR5 scheme to localize atoms in two and
three dimensions. We employ three different situations in which the atom could
interact with the position-dependent standing-wave fields. In the first two cases
all four laser fields represent the standing waves, whereas in the third case only
one of the fields is a standing wave, others being propagating waves. It is shown
that one can extract information about the position of the atom through mea-
suring the probe absorption. Since the KR5 atomic scheme is phase sensitive,
the phase control of atom localization is also possible by adjusting properly the
relative phase. In particular, by properly choosing the amplitudes and phases
of the driving fields, the atom-light Hamiltonian can have three, four, and two
eigenstates, resulting in different localization patterns in the probe absorption
spectrum. Subsequently it is demonstrated that the first two atom-field cou-
pling situations are not suitable to achieve a unique atom localization peak. In
order to obtain the maximum detection probability of the atom at a certain
position in the 2D space, we consider the next situation of coupling between
atom and standing waves fields, and illustrate that the maximal probability of
finding the atom in one period of standing waves reaches the unity. Eventually,
the phase control of the 3D atom localization for this five-level scheme is ex-
plored numerically in the 3D space. It is found that the detection probability
of finding the atom in a particular volume in 3D space and within one period
of standing waves can become 50% [44].
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Figure 4.1: (a) Schematic diagram of the five-level quantum system. (b), (c), (d) and
(e) Different situations considered in which the atom could interact with
the position-dependent standing-wave fields.

4.1.1 Model and equations

The proposed five-level model is similar to that shown in Fig. 3.1(a). Four
coherent laser driving components Λ43, Λ32, Λ41 and Λ21 are applied to couple
a pair of atomic internal states |1〉 and |3〉 to another pair of states |4〉 and |2〉
in all possible ways to form a closed loop scheme of the atom-light interaction.
The transition between the states |3〉 and |5〉 is dipole-allowed. By applying a
weak coherent probe field with a Rabi frequency Ωp, the diamond-shape system
is coupled to a ground or metastable state |5〉 (Fig. 4.1(a)).

The atom moves along the z direction and interacts with driving laser fields
propagating in the x−y plane. The laser radiation can be travelling or standing-
waves. In the latter case the strength of the interaction between the atom and
the standing-wave fields is spatially dependent. The atom is assumed to move
with a high enough velocity, so that its interaction with the driving fields does
not affect its motion in z direction. Thus, we may treat the atomic motion
classically characterized by a constant velocity in the z direction. On the other
hand, the center-of-mass position of the atom along the directions of standing
waves (in the x − y plane) can experience only the minor changes and thus
remains nearly constant. In this case, one can neglect the kinetic energy term
of the atom in the interaction Hamiltonian via the Raman-Nath approximation
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[80]. Then, applying the rotating-wave approximation, the resulting interaction
Hamiltonian for the whole system in the new notation can be written as

H5Levels = −~(Ωp |3〉 〈5|+Λ41 |1〉 eiφ 〈4|+Λ21 |2〉 〈1|+Λ32 |3〉 〈2|+Λ43 |4〉 〈3|)+H.c.,
(4.1)

where φ = φ41 + φ43 − φ32 − φ21 is a relative phase of applied fields. The
equation of the motion for the density operator of the atomic system is given
by Eq. (3.2). Substituting Eq. (4.1) into (3.2), one arrives at the optical Bloch
equations for density matrix elements of the five-level system [43, 44].

Our aim is to acquire information about the position of the atom passing
through the standing-wave fields from the absorption of the probe field

χ′′ = Im(χ), (4.2)

where
χ = 2N℘2

53
ε0~Ωp

ρ35, (4.3)

is a linear susceptibility of the system for the probe field, and N is the atomic
number density. Therefore the absorption measurements allow us to determine
the off-diagonal density matrix element ρ35 featured in Eq. (4.3).

For a weak intensity of the probe field, the atom populates predominantly the
ground state |5〉, so that ρ55 ≈ 1. Under this condition, the density matrix
equations can be simplified by writing them in the matrix form

Ṙ = −MR + A, (4.4)

where R, A, and M are given by

R =


ρ35

ρ45

ρ25

ρ15

 , (4.5)
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A =


iΩp

0
0
0

 , (4.6)

and

M =


S1 −iΛ43 −iΛ32 0
−iΛ43 S2 0 −iΛ41e

−iφ

−iΛ32 0 S3 −iΛ21

0 −iΛ41e
iφ −iΛ21 S4

 , (4.7)

with S1 = γ35 − i4p, S2 = i(443 +4p)− γ43, S3 = −[i(423 −4+4p)− γ23],
and S4 = −[i(414 +443 +4p)− (γ14 + γ12)] and the detuning parameters are
defined in previous chapter. The steady-state solution to Eq.(4.4) reads in the
matrix form

R = M−1A. (4.8)

Using Eq.(4.8), the coherence term ρ35 can be expressed as

ρ35 = iΩp
S2Λ2

21 + S3Λ2
41 + S2S3S4

Z
, (4.9)

where

Z = 2Λ41Λ32Λ43Λ21 cosφ+ S2S4Λ2
32 − S3S4Λ2

43 − S1S2Λ2
21 + S1S3Λ2

41

−Λ2
43Λ2

21 − Λ2
41Λ2

32 − S1S2S3S4.
(4.10)

It is apparant that the phase factor enters the absorption through the term
2Λ41Λ32Λ43Λ21 cosφ. Equation (4.9) represents a main result allowing one to
measure the position of the atom via the absorption of the atomic system given
by the imaginary part of ρ35 featured in Eqs. (4.2) and (4.3). Equation (4.9)
shows that the absorption depends on the parameters of the system i.e., the
amplitudes of the standing wave fields, relative phase of applied fields, as well as
the detunings of the probe and driving fields. In what follows we will discuss this
issue in more detail. We investigate the localization of atom through numerical
results by considering different cases of interaction of atom with the laser fields.
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The simulations are displayed in the units of 2N℘2
53

ε0~Ωp
. The selected parameters

are γ14 = γ12 = γ23 = γ43 = γ35 = γ , and all the parameters are scaled with
γ. Note that the wave number of optical waves are selected to be the same and
equal to k.

4.1.2 2D atom localization

4.1.2.1 First case: All control fields are position-dependent in one
dimension

Considering the case where the different atomic transitions are coupled by differ-
ent orthogonal standing wave fields (Fig. 4.1(b)), the resulting Rabi-frequencies
are

Λ43 = Λ43(x, y) = Ω43f11(x),

Λ41 = Λ41(x, y) = Ω41f11(x),

Λ32 = Λ32(x, y) = Ω32f12(y),

Λ21 = Λ21(x, y) = Ω21f12(y), (4.11)

with

f11(x, y) = sin(kx),

f12(x, y) = sin(ky). (4.12)
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It can be seen from Eqs. (4.2), (4.3), (4.9) and (4.11) that the probe absorption
χ′′ is position dependent. As a result, by measuring probe absorption spectra
χ′′ one can obtain information about the position of the atom in the x−y plane,
as it passes through the standing wave fields. The position of the peak in the
probe absorption specifies the location of the atom during its optical detection.
Four different patterns of 2D atom localization are illustrated in Fig. 4.2. As it
can be seen from Fig. 4.2(a), when Ω43 = Ω32 = Ω41 = Ω21 = 5γ and φ = 0, the
probe absorption maxima displays four crater-like patterns at each quadrants,
and the atom is localzied at these circles. For Ω32 = Ω21 = Ω1 6= Ω2 = Ω43 = Ω41

the crater-like patterns gradually move closer to each other and change to the
patterns with a shape resembling the number 8. When Ω2 > Ω1 (Fig. 4.2(b)),
the patterns are along the x-direction, while as shown in Fig. 4.2(c) for Ω2 < Ω1,
they are along the y-direction. As illustrated in Fig. 4.2(d), for φ = π, the 2D
atom localization pattern changes totaly with respect to Fig. 4.2(a). In all the
cases, the maximum probability of atom at a particular position is 1/4.

4.1.2.2 Second case: All control fields are position-dependent in two
dimensions

Let us consider now a situation where each standing wave field is obtained from
a superposition of two orthogonal standing-wave fields with the same frequency
along the directions x and y (Fig. 4.1(c)). As a result, the Rabi-frequencies of
standing waves are position dependent and are given by

Λ43 = Λ43(x, y) = Ω43f2(x, y),

Λ41 = Λ41(x, y) = Ω41f2(x, y),

Λ32 = Λ32(x, y) = Ω32f2(x, y),

Λ21 = Λ21(x, y) = Ω21f2(x, y), (4.13)
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Figure 4.2: Plots of probe absorption χ′′versus (kx, ky). The selected parameters
are (Ω43,Ω32,Ω41,Ω21, φ) = (a) (5γ, 5γ, 5γ, 5γ, 0), (b) (4γ, 6γ, 4γ, 6γ, 0),
(c) (6γ, 4γ, 6γ, 4γ, 0), (d) (5γ, 5γ, 5γ, 5γ, π). The other parameters are
γ14 = γ12 = γ23 = γ43 = γ35 = γ, 4 = 412 = 414 = 423 = 443 = 0, as
well as ∆p = 8γ, Ωp = 0.01γ.
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with
f2(x, y) = sin(kx) + sin(ky). (4.14)

In Fig. 4.3, we show our simulations for the 2D atom localization by proper
adjusting the four standing wave fields. As shown in Fig. 4.3(a), for the case
where Ω43 = Ω32 = Ω41 = Ω21 = 10γ, the probe-absorption maxima are dis-
tributed in all quadrants of the x − y plane and with a lattice like structure.
Setting (Ω43,Ω32,Ω41,Ω21) = (8γ, γ, 10γ, 10γ), the 2D spatial distribution of
the atom is almost the same as the one in Fig. 4.3(a), but with two spike-like
peaks located in quadrants I and III (Fig. 4.3(b)). We observe that for the
condition Ω43 = Ω32 = Ω41 = Ω21 = 25γ corresponding to Fig.4.3(c), the re-
sulting absorption spectrum is similar to that in Fig. 4.3(a). For all these cases
(Figs. 4.3(a)–4.3(c)), the information on the position of the atom in the x − y
plane is ambiguous. A better spatial resolution in the distribution of the probe
absorption of the atom can be obtained by adjusting the standing wave inten-
sities to Ω43 = Ω32 = Ω41 = Ω21 = 2.5γ. In this case, as it can be observed
from Fig. 4.3(d), the probe absorption shows two spike-like atom localization
peaks in the first and third quadrants. Therefore, the uncertainty in position
measurement of the atom is reduced compared to the previous cases shown in
Figs. 4.3(a)–4.3(c), and the detection probability of the atom in one period of
the standing-wave fields becomes approximately 1/2.

Next, we intend to investigate the influence of relative phase φ on precision in
the position measurement of the atom in the x− y plane. Equations (4.9) and
(4.10) show that the probe absorption is sensitive to the relative phase of the
applied fields φ through the term cosφ . Here, we present an analytical model
to elucidate such a phase-sensitive property. Four driving fields acting on the
atom provide a closed loop (ring coupling) level scheme in which the relative
phase between driving fields affects the probe absorption χ′′. As discussed in
previous chapter, excluding the ground (or metastable) state |5〉 in Eq. (4.1),
the eigenvalues for the remaining four-level Hamiltonian reads (see Eq. (3.50))

En = −2Ω cos qn(sin(kx) + sin(ky)), (4.15)

where we have assumed that all the position-dependent Rabi-frequencies are the
same; i.e. Λ43(x, y) = Λ23(x, y) = Λ41(x, y) = Λ21(x, y) = Λ(x, y) = Ω(sin(kx)+
sin(ky)), while the dimensionless parameter qn is given by Eq. (3.51).
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Figure 4.3: Plots of probe absorption χ′′versus (kx, ky). The selected parameters are
(Ω43,Ω32,Ω41,Ω21) = (a) (10γ, 10γ, 10γ, 10γ), (b) (8γ, γ, 10γ, 10γ), (c)
(25γ, 25γ, 25γ, 25γ), (d) (2.5γ, 2.5γ, 2.5γ, 2.5γ). Here, ∆p = 10γ, φ = 0 .
The other parameters are the same as Fig. 4.2.
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Let now analyze the eigenenergies for different phase φ. For condition φ = 0,
Eq. (4.15) changes to

En = −2Ω sin(nπ2 )(sin(kx) + sin(ky)), (4.16)

Eq. (4.16) results in three eigenenergies E3 = −E1 = 2Ω(sin(kx) + sin(ky)),
and E2 = E4 = 0. When φ = π/2, we obtain

En = −2Ω sin(nπ2 −
π

8 )(sin(kx) + sin(ky)), (4.17)

Eq. (4.17) gives the following four eigenenergies: E3 = −E1 = 4Ω(sin(kx) +
sin(ky)) cos π

8 , and E4 = −E2 = 4Ω(sin(kx) + sin(ky)) sin π
8 . Finally, for φ = π,

Eq. (4.15) reduces to

En = −2Ω sin(nπ2 −
π

4 )(sin(kx) + sin(ky)), (4.18)

In such a case one arrives at two pairs of degenerate eigenenergies E1 = E2 =
−
√

2Ω(sin(kx) + sin(ky)), and E3 = E4 =
√

2Ω(sin(kx) + sin(ky)).

Eqations (4.16)–(4.18) imply that there is a strong phase dependence of the
eigenvalues required to achieve maximum in the probe absorption. It can be
seen that the number of absorption peaks varies by changing φ. Obviously,
three, four and two absorption peaks appear for φ = 0 , φ = π/2, and φ = π ,
respectively (see Figs. 3.6(a)-(f)).

Another interesting illustration of our results can be described using the right
hand side of Eqs. (4.16)–(4.18). For a given probe detuning, the maximum con-
ditions would be satisfied just when the curves of the probe detuning intersect
with the curves obtained from the solutions of Eqs. (4.16)–(4.18). There are
certain positions in x− y plane at which probe absorption maxima take place.
The position of intersections depend strongly on the value of the arbitrary se-
lected detunings, as well as on the relative phase φ of the applied fields. In this
case, the positions of intersections correspond to the probe absorption maxima
in the 2D localization patterns illustrated in Fig. 4.4.
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The above discussion implies the dependence of probe absorption χ
′′ on the

relative phase φ resulting in different patterns in 2D localization profile of an
atom as demonstrated in Fig. 4.4. It is found from Figs. 4.4(a) and 4.4(b)
that for φ = 0 and φ = π/3, the behavior of the 2D atom localization is pretty
much similar to that presented in Figs. 4.3(a) and 4.3(b). For φ = π/2, two
crater-like patterns are formed within the half-crater patterns in the first and
third quadrants (Fig. 4.4(c)). For these cases, the absorption measurement
provide little information of the atomic position in the x− y plane. Adjusting
φ = π, the radii of the craters and half-craters are reduced and merge together
in the absorption profile so that two crater-like patterns appear in the first
and third quadrants, and the atom is localized at the circular edges of the two
craters (Fig. 4.4(d)). In this case, the uncertainty of the position probability
distribution is significantly reduced and the detecting probability of the atom
is increased compared to the cases illustrated in Figs. 4.4(a)–4.4(c). Yet the
spatial resolution of the atom position is not good enough, so this atom-light
coupling condition is not suitable for detecting with high probability in the 2D
atom localization.

In the following, we shall analyze another situation aimed at reducing the num-
ber of localization peaks in the x − y plane and achieving a unique detecting
probability of the atom in the x− y plane.

4.1.2.3 Third case: Only one control field is position-dependent

Let us next consider a case where only one of the control fields Λ21 = Λ21(x, y)
is position-dependent. This field is a combination of two orthogonal standing-
wave fields with the same frequency, other laser fields being the traveling-waves
(Fig. 4.1(d)):

Λ21 = Λ21(x, y) = Ω21(sin(kx) + sin(ky)),

Λ43 = Ω43,
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Figure 4.4: Plots of probe absorption χ′′versus (kx, ky). The selected parameters
are (a) φ = 0, (b) φ = π/3, (c) φ = π/2, (d) φ = π. Here,
(Ω43,Ω32,Ω41,Ω21) = (5γ, 5γ, 5γ, 5γ), ∆p = 5γ. The other parameters
are the same as Fig. 4.2.
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Λ41 = Ω41,

Λ32 = Ω32, (4.19)

where no phase factors are contained in the Rabi frequencies Λ43, Λ41 and Λ32 by
assuming that these fields propagate perpendicular to the x−y plane positioned
at z = 0.

Let us firstly explore an impact of the driving fields Ωij on the position-dependent
probe absorption. For Ω43 = Ω32 = Ω41 = Ω21 = 10γ, the maxima of the
probe absorption are situated mainly in the first quadrant, but with a low
precision (Fig. 4.5(a)), i.e. the absorption peak is blurred. The next plots of
χ′′ are presented for different values of Ωij. The plots are for Ω41 = 20γ and
Ω43 = Ω32 = Ω21 = 10γ (Fig. 4.5(b)), for Ω32 = 20γ and Ω43 = Ω41 = Ω21 = 10γ
(Fig. 4.5(c)), for Ω43 = 18γ and Ω32 = Ω41 = Ω21 = 10γ(Fig. 4.5(d)), as well
as for Ω21 = 14.8γ and Ω43 = Ω32 = Ω41 = 10γ (Fig. 4.5(e)). It is clear that
by increasing each of Ωij, different spatial distribution and localization patterns
are obtained. As one can see in Fig. 4.5(b), the probe-absorption maxima are
distributed on the diagonal in the second and fourth quadrants, with a lattice-
like pattern showing a uniform position probability distribution across diagonals
corresponding to kx+ ky = 2mπ (or kx− ky = (2n+ 1)π) ( m,n are integers).
When the intensity of driving field Ω32 is increased to Ω32 = 20γ, the maxima
of all absorption peaks are located in the third quadrant with a crater-like pat-
tern, and the atom is localized at the circular edge of the crater (Fig. 4.5(c)).
Increasing the Rabi frequency Ω43 to 18γ results in localization of the atom
in the first quadrant with a spike-like pattern, whereas in the third quadrant
there is a very weak crater-like pattern. Therefore the localization precision of
the first quadrant is much higher than that of the third quadrant (Fig. 4.5(d)).
Although compared to Figs. 4.5(a)–4.5(c), in the current situation there is an
improvement of the information of the atomic position in the x− y plane, but
there is still not a perfect atom localization. A best result appears in Fig. 4.5(e)
in which one can observe that by increasing the intensity of standing wave field
Ω21 to 14.8γ the probability of finding the atom is significantly increased and
the atom is localized nearly at a certain position (i.e., (kx, ky) ≈ (π/2, π/2)).
Therefore, the detection probability of finding the atom in one period of the
standing-wave fields reaches almost 100%.
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Figure 4.5: Plots of probe absorption χ′′versus (kx, ky). The selected pa-
rameters are (Ω43,Ω32,Ω41,Ω21) =(a) (10γ, 10γ, 10γ, 10γ), (b)
(10γ, 10γ, 20γ, 10γ), (c) (10γ, 20γ, 10γ, 10γ), (d) (18γ, 10γ, 10γ, 10γ),
and (e) (10γ, 10γ, 10γ, 14.8γ). Here, 412 = 414 = 423 = 443 = 10γ,
∆p = 0, and the other parameters are the same as Fig. 4.2.
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Finally, we discuss the phase dependence of atom localization in the KR5 quan-
tum system for the third situation described above. Figure 4.6 displays the
atom localization patterns of the probe absorption as a function of the posi-
tions (kx, ky) for different values of the relative phase φ. When φ = 0, one
spike-like localization peak appears in the first quadrant providing the high-
precision atom localization (Fig. 4.6(a)). In this case, the probability of finding
the atom within one period of the standing-wave fields reaches the unity. Ad-
justing the phase parameter to φ = π/4, as it can be seen in Fig. 4.6(b), the
spatial distribution of the probe absorption has a crater-like pattern located in
the first quadrant. As we further increase the relative phase to φ = π/2, it
can be observed from Fig. 4.6(c) that another crater-like localization peak ap-
pears in the third quadrant, so that the peak maxima of the probe absorption
exhibits two symmetric crater-like patterns, and the uncertainty of finding an
atom in one period increases accordingly. Thus we can find atom at circular
edges around (kx, ky) ≈ (π/2, π/2) or (kx, ky) ≈ (−π/2,−π/2) in quadrants I
or III, respectively. For the case φ = 3π/4 , it can be found from Fig. 4.6(d)
that the localization peak in the first quadrant has completely vanished, and the
detection uncertainty is reduced correspondingly. As can bee seen in Fig. 4.6(e),
for φ = π the localization peak shifts to the third quadrant and thus, the pat-
tern of the probe absorption becomes a mirror image of the localization pattern
for φ = 0 (illustrated in Fig. 4.6(a)) with respect to the line y = −x in the x−y
plane. Therefore, it is quite obvious that the relative phase plays an impor-
tant role to achieve the perfect detection probability of an atom at a particular
position within one period of standing-wave fields.

The origin of such an efficient localization stems from the quantum interfer-
ence induced by two possible ways of going from the ground level |5〉 to upper
level |1〉, involving |5〉 Ωp7−→ |3〉 Ω327−→ |2〉 Ω217−→ |1〉 and |5〉 Ωp7−→ |3〉 Ω437−→ |4〉 Ω417−→ |1〉
pathways. This affects the absorption of the probe field for such a closed-loop
quantum system and results in a perfect atom localization. In Eqs. (4.9) and
(4.10) for the susceptability, the quantum interference is represented by the term
2Λ41Λ32Λ43Λ21 cosφ playing the main role in formation of the atom localization
patterns.

In the first case where the atom-light coupling is described by Eqs. (4.11)
and (4.12), the interference term reduces 2Ω41Ω32Ω43Ω21 cosφ sin2(kx) sin2(ky).
The position-dependent absorption spectrum remains then unchanged under
the transformations (x, y) ↔ (−x,−y), (x, y) ↔ (x,−y), (−x, y) ↔ (x,−y),
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Figure 4.6: Plots of probe absorption χ′′versus (kx, ky). The selected parameters are
(a) φ = 0, (b) φ = π/4, (c) φ = π/2, (d) φ = 3π/4, (e) φ = π. Here,
(Ω43,Ω32,Ω41,Ω21) = (10γ, 10γ, 10γ, 14.8γ). The other selected parame-
ters are the same as Fig. 4.5.
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and (−x, y) ↔ (−x,−y). Thus for a given probe detuning the immaginary
part of the susceptibility reads χ′′(x, y) = χ′′(−x,−y), χ′′(x, y) = χ′′(x,−y),
χ′′(−x, y) = χ′′(x,−y), and χ′′(−x, y) = χ′′(−x,−y). In such a situation the
probe absorption is the same in each of four quadrants, so the localization is
not perfect.

In the second case described by Eqs. (4.13) and (4.14), the quantum interference
term reads 2Ω41Ω32Ω43Ω21 cosφ(sin(kx) + sin(ky))4. The resulting probe ab-
sorption spectrum is invariant only with respect to the transformations (x, y)↔
(−x,−y), and (−x, y)↔ (x,−y), giving χ′′(x, y) = χ′′(−x,−y), and χ′′(−x, y) =
χ′′(x,−y). Consequently the probability distribution is the same in quad-
rants I and III, as well as in quadrants II and IV, leading to a higher de-
tection probability than in the first case. Finaly in the third case of the
atom-light coupling corresponding to Eq. (4.19), the interference term reads
2Ω41Ω32Ω43Ω21 cosφ(sin(kx) + sin(ky)). In such a situation there is no sym-
metry under which the interference term (and hence the position-dependent
absorption spectrum) could remain unchanged. The probability distribution of
the absorption peaks is then not equal in all four quadrants, so one arrives at
a nealy perfect atom localization by properly adjusting the system parameters,
as one can see in Figs. 4.5(d), 4.6(a) and 4.6(e).

Let us now discuss the phase effects. When the relative phase of applied fields
is φ = π/2, the interference term vanishes in Eqs. (4.9) and (4.10). In the
third case the probe absorption spectrum then does not alter under the trans-
formation (x, y) ↔ (−x,−y), giving χ′′(x, y;φ = π/2) = χ′′(−x,−y;φ = π/2).
Therefore, one should observe two absorption maxima with the same proba-
bility distribution in the quadrants I and III (see Fig. 4.6(c)). On the other
hand, for φ = 0 and φ = π the interference term becomes maximum. Thus
the absorption spectrum remains again unchanged under the transformation
(x, y, φ = 0) ↔ (−x,−y, φ = π). That is why for φ = π the probe absorption
becomes a mirror image of the localization pattern for φ = 0, as one can see in
Figs. 4.6(a) and (e).

4.1.3 3D atom localization

Let us now investigate the phase control of atom localization in three dimensions
for our proposed scheme. For this situation, each standing wave field is obtained
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from a superposition of three orthogonal standing wave fields with the same
frequency (Fig. 4.1(e)). The Rabi-frequencies corresponding to such standing
waves read

Λ43 = Λ43(x, y, z) = Ω43f3(x, y, z),

Λ41 = Λ41(x, y, z) = Ω41f3(x, y, z),

Λ32 = Λ32(x, y, z) = Ω32f3(x, y, z),

Λ21 = Λ21(x, y, z) = Ω21f3(x, y, z), (4.20)

with
f3(x, y, z) = sin(kx) + sin(ky) + sin(kz). (4.21)

One can see from Eqs. (4.9) and (4.10) that the atom localization in 3D space
depends crucially on the atom-field coupling featured in Eq. (4.20) via the rel-
ative phase factor φ. Figure 4.7 illustrates the isosurface plot of the probe
absorption as a function of the position (kx, ky, kz) for different values of the
relative phase φ. It can be observed that the effect of the relative phase φ leads
to different absorptions structures in 3D space. When φ = 0, the probe absorp-
tion is distributed in eight different subspaces of the 3D space (Fig. 4.7(a)). In
particular, we observe that for φ = π/3, two spheres appear in the subspaces
0 6 kx, ky, kz 6 π and −π 6 kx, ky, kz 6 0 with maximum detecting probabil-
ity of the atom in one of these regions being approximately 1/2 (Fig. 4.7(b)).
By setting the relative phase φ to π/2, the volume of two spheres in each sub-
space becomes larger as can be seen in Fig. 4.7(c) so that the uncertainty in
position measurement of the atom is increased. Finally for φ = π, the probe
absorption spectrum is mostly located in the subspaces 0 6 kx, ky, kz 6 π and
−π 6 kx, ky, kz 6 0 with little in the other regions. Therefore, we could show
that different 3D localization patterns can be obtained in 3D space through
manupulating the relative phase φ. However, the maximum detection probabil-
ity of finding the atom in the particular region is around 1/2 for the atom-field
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coupling described by Eq. (4.20). Note that in this 3D scheme, the probe field
Ωp is assumed to propagate along the z direction allowing us to monitor the 3D
localization of an atom [39].

4.2 Scheme 2: Four-level system with twofold lower levels

Now we propose a scheme for phase sensitive 3D atom localization by the mea-
surement of the absorption of the weak probe field. The scheme is applied
to a four-level atomic system with three orthogonal standing wave fields and a
weak probe field. Because of the space-dependent atom-field interaction in three
dimensions, the position probability distribution of the atom passing through
the standing wave fields can be straightforwardly determined by measuring the
probe absorption spectra of the probe laser field. Focusing on the signatures of
the relative phase of applied fields stemming from the closed loop structure of
the system, we observe that different periodic isosurface patterns of localization
can be obtained in 3D space [45].

4.2.1 Model and equations

Figure 4.8(a) shows a four-level system interacting with a weak probe field and
three perpendicular standing wave fields. The probe field of Rabi-frequency Ωp

mediates the transition between the ground level |a〉 and the upper level |b〉.
The upper level |b〉 is coupled to the atomic level |c〉, and further the level |c〉
is connected to level |d〉, and then the level |d〉 is coupled to the upper level |b〉
via standing wave fields Ωc(x), Ωm(y) and Ωd(z), respectively. Such a scheme
is equivalent to a modified Λ-type level structure with an extra atomic level
and additional driving fields forming a complete loop of atom-light interaction
as shown in Fig. 4.8(a). We consider a situation in which three standing waves
drive different atomic tranistions. The coupling of the laser fields with the atom
is represented by the Rabi-frequencies (4.8(b))

Ωc(x) = Ωc sin kxx,
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Figure 4.7: Isosurface plots of probe absorption χ′′versus (kx, ky, kz). The selected
parameters are (a) φ = 0, (b) φ = π/3, (c) φ = π/2, and (d) φ = π. Here,
(Ω43,Ω32,Ω41,Ω21) = (10γ, 10γ, 10γ, 10γ),412 = 414 = 423 = 443 =
∆p = 10γ . The other selected parameters are the same as Fig. 4.2.

105



Chapter 4 Atom Localization in two and three dimensions

Figure 4.8: (a) Schematic diagram for the four-level atomic system with twofold lower
levels. (b) A situation in which the atom could interact with the position-
dependent standing wave fields.

Ωm(y) = Ωm sin kyy,

Ωd(z) = Ωd sin kzz, (4.22)

where kx, ky and kz are the corresponding wave vectors. Since the Rabi-
frequencies of the standing wave fields are position dependent, so the interaction
between the atom and laser fields becomes position dependent.

Under the Raman-Nath approximation [80] and applying the rotating-wave ap-
proximation, the resulting interaction Hamiltonian for the system reads

HI = −~(Ωp |b〉 〈a|+ Ωc(x) |b〉 〈c|+ Ωm(y) |c〉 〈d|+ Ωd(z) |b〉 〈d|) +H.c. (4.23)

Using the Liouville equation (2.33), the optical Bloch equations for the off-
diagonal density matrix elements for the system are given by
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ρ̇ba = −(γba + i∆p)ρba + iΩc(x)ρca + iΩp(ρaa − ρbb) + iΩd(z)ρda, (4.24)

ρ̇ca = −(γca + i(∆p −∆c))ρca + iΩc(x)ρba − iΩpρcb + iΩm(y)eiφρda., (4.25)

ρ̇da = −(γda+i(∆p−∆c−∆m))ρda−iΩpρdb+iΩm(y)e−iφρca.+iΩd(z)ρba, (4.26)

ρ̇bc = −(γbc + i∆c)ρbc − iΩc(x)(ρbb − ρcc) + iΩpρac − iΩm(y)e−iφρbd.
+iΩd(z)ρdc,

(4.27)

ρ̇bd = −(γbd + i(∆c + ∆m))ρbd + iΩc(x)ρcd + iΩpρad − iΩm(y)eiφρbc.
+iΩd(z)(ρdd − ρbb),

(4.28)

ρ̇cd = −(γcd + i∆m)ρcd + iΩc(x)ρbd − iΩm(y)eiφ(ρdd − ρcc)− iΩd(z)ρcb, (4.29)

where the detuning parameters are defined as ∆p = ωba− νp, ∆c = ωbc− νc and
∆m = ωcd− νm, while γij denote the spontaneous decay rates of the upper level
|i〉 to the lower level |j〉. Owning to the closed-loop structure of the subsystem
interacting with the ground level |a〉, such a medium is phase sensitive. The
relative phase of applied fields is determined by φ = φc + φm − φd, where
φi (i = c,m, d) denotes the initial phase of laser fields. Assuming the atom
is predominantly populated in the initial ground state |a〉, the steady state
solution of the coherence term ρba reads

ρba = iΩp(Y Z + Ω2
m(y))

Ω2
m(y)X + Ω2

d(z)Y + Ω2
c(x)−Q , (4.30)
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where
X = γba + i∆p,

Y = γca + i(∆p −∆c),
Z = γda + i(∆p −∆c −∆m),

(4.31)

with the quantum interference term represented by

Q = 2iΩc(x)Ωm(y)Ωd(z) cosφ. (4.32)

As shown in Fig. 4.8(a), there exist two possible transition pathways from
ground state |a〉 to upper state |b〉: the direct one |a〉 Ωp7−→ |b〉 and the indi-
rect one |a〉 Ωp7−→ |b〉 Ωc7−→ |c〉 Ωm7−→ |d〉 Ωd7−→ |a〉. Then the effect of the relative phase
φ on absorption characteristics of the weak probe field in such a configuration
with the closed-loop subsystem can be explained from quantum interference
term Q featured in Eq. (4.32).

4.2.2 Phase control of 3D atom localization

The coherence term ρba featured in Eq. (4.30) is directly related to the suscepti-
bility of the probe field χ = χ

′ + iχ
′′ = 2N℘2

ab

ε0~Ωp
ρba. It can be seen from Eq. (4.32)

that the phase φ enters the susceptibility expression through the quantity Q.

In what follows, we explore how the relative phase φ affects the 3D spatial
distribution of probe absorption. We take γba = γca = γda = γ, and re-
duce all the parameters to the dimensionless units through scaling by γ. Fig-
ure 4.9 illustrates the isosurface plot of probe absorption in 3D space for dif-
ferent values of φ. We have selected the detunings as ∆c = ∆m = 0 and
∆p = 5γ. It is clear that the 3D atom localization is very sensitive to the
relative phase of applied fields. When φ is zero, the isosurface plot of probe
absorption exhibits four spheres located at subspaces (0 6 kxx 6 π, 0 6

kyy 6 π, 0 6 kzz 6 π)), (−π 6 kxx 6 0, −π 6 kyy 6 0, 0 6 kzz 6 π)),
(−π 6 kxx 6 0, 0 6 kyy 6 π, −π 6 kzz 6 0)), and (0 6 kxx 6 π, −π 6

kyy 6 0, −π 6 kzz 6 0)). For this case, the maximum detecting probabil-
ity of the atom in one of these regions is approximately 1/4 (Fig. 4.9(a)). In
this case, the interference term becomes Q = 2iΩcΩmΩd sin kxx sin kyy sin kzz.
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The position-dependent absorption spectrum remains then unchanged under
the transformations (x, y, z)↔ (−x,−y, z), (−x, y,−z), and (x,−y,−z). Thus
for a given probe detuning the immaginary part of the susceptibility reads
χ′′(x, y, z) = χ′′(−x,−y, z) = χ′′(−x, y,−z) = χ′′(x,−y,−z). As we change the
relative phase φ to π/2 , eight diamond-like spheres take place (Fig. 4.9(b)).
In this case, the detection probability of finding the atom is reduced to 1/8.
For this situation, the quantum interfererence term vanishes, resulting in the
same detection probability in each of subspaces (±x,±y,±z). By setting φ = π,
the quantum interference term becomes Q = −2iΩcΩmΩd sin kxx sin kyy sin kzz,
making the probe absorption being a mirror image of the localization pattern
for φ = 0, as illustrated in Figs. 4.9(c). In this case, four spheres appears at
subspaces (−π 6 kxx 6 0, −π 6 kyy 6 0, −π 6 kzz 6 0)), (0 6 kxx 6 π, 0 6

kyy 6 π, −π 6 kzz 6 0)), (0 6 kxx 6 π, −π 6 kyy 6 0, 0 6 kzz 6 π)), and
(−π 6 kxx 6 0, 0 6 kyy 6 π, 0 6 kzz 6 π)) with the detection probability
again being 1/4. Results indicate that there is a strong correlation between 3D
atom localization and the relative phase of applied fields.
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Figure 4.9: Isosurface plots of probe absorption χ′′versus (kxx, kyy, kzz). The selected
parameters are (a) φ = 0, (b) φ = π/2, and (c) φ = π. The selected
parameters are γba = γca = γda = γ, ∆c = ∆m = 0, ∆p = 5γ and
Ωc = Ωd = γ and Ωm = 4γ.
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Chapter 5

Linear and nonlinear effects in five-level double-ladder systems

During the recent years there have been remarkable activities in studying the
slow light [10, 8, 58, 146] stimulated by applications to low-light-level nonlinear
optics [84, 86] and quantum information manipulation [147]. It was demon-
strated that a weak probe beam of light in an atomic medium driven by a
stronger control laser propagates as slowly as several of tens of meters per sec-
ond [58]. The resonant and opaque medium becomes transparent for the probe
beam in presence of the control laser beam due the effect of EIT [124, 7]. The
slow light forming due to the EIT can also enhance significantly the interaction
of light and matter enabling the nonlinear optical processes to achieve significant
efficiency even at single-photon level [86]. EIT effect can modify the propaga-
tion dynamics of the medium through altering the absorptive and dispersive
characteristics [144, 26, 10, 11, 148] and induces nonlinear optical phenomena
such as an enhanced Kerr nonlinearity [15, 16] as well as formation of stable
slow optical solitons [100, 114]. Probe field strength in such nonlinear optical
phenomena is assumed to be strong enough to consider the coherence only up
to the third order of the probe susceptibility.

The work presented in this chapter is concerned with linear and nonlinear optical
phenomena in a five-level double-ladder atom light coupling scheme. We explore
the effect of a control field Ωd on linear and nonlinear optical properties of a
probe field in such a medium by using the semi-classical density matrix method.
In the absence of the control field, it is realized that the system is opaque for
the probe field. When the control field is turned on, the medium switches to
transparency for the probe field. In this case, the subluminal light propagates in
the medium. In addition to analytical solutions, numerical results are given in
terms of a Gaussian intensity profile of the probe field to elucidate such optical
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switching [46].

This chapter is also aimed at modeling the enhanced Kerr nonlinearity for such
an atom light coupling scheme. We find that a giant Kerr nonlinearity can
be achieved along with zero absorption by properly manipulating the Rabi fre-
quency of control field [47].

5.1 Model and equations

We shall consider the light-matter interaction in an ensemble of atoms using
a five-level double ladder-type (inverted Y-type) coupling scheme illustrated in
Fig. 5.1(a). A weak probe field with the Rabi-frequency Ωp is applied to the
transition |1〉 ↔ |3〉. In addition, three strong laser beams wirh Rabi frequencies
Ωd, Ωc and Ωs induce atomic transitions |2〉 ↔ |3〉, |4〉 ↔ |3〉 , and |4〉 ↔ |5〉,
respectively. In the interaction picture, the resulting interaction Hamiltonian
describing the atom-field interaction for the system can be written as (~ = 1)

H = (∆p −∆d) |2〉 〈2|+ ∆p |3〉 〈3|+ (∆p + ∆c) |4〉 〈4|+ (∆p + ∆c + ∆s) |5〉 〈5|
−(Ωp |3〉 〈1|+ Ωd |3〉 〈2|+ Ωc |4〉 〈3|+ Ωs |5〉 〈4|+H.c.).

(5.1)

The detunings of the transitions from the corresponding laser frequencies are
defined as ∆p = ω31 − ωp, ∆d = ω32 − ωd, ∆c = ω43 − ωc, and ∆s = ω54 − ωs,
where the transition frequencies between the energy levels |3〉 and |1〉, |3〉 and
|2〉, |4〉 and |3〉, and |5〉 and |4〉 are ω31, ω32, ω43, and ω54, respectively.

Having determined the Hamiltonian Eq. (5.1) and under the rotating wave
approximation, the optical Bloch equations for density matrix elements of the
five-level atomic system are obtained by the Liouville equation (2.33)

ρ̇11 = γ31ρ33 + γ51ρ55 + iΩp(ρ31 − ρ13), (5.2)
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Figure 5.1: (a) Five-level atomic system in a double-ladder configuration. (b) The
atom–field states in the dressed state basis.

ρ̇22 = γ32ρ33 + γ52ρ55 + iΩd(ρ32 − ρ23), (5.3)

ρ̇33 = −(γ31 + γ32)ρ33 + γ43ρ44 − iΩp(ρ31 − ρ13) + iΩd(ρ23 − ρ32)
+iΩc(ρ43 − ρ34),

(5.4)

ρ̇44 = −γ43ρ44 + γ54ρ55 − iΩc(ρ43 − ρ34) + iΩs(ρ54 − ρ45), (5.5)

ρ̇21 = −i(∆p −∆d)ρ21 + iΩdρ31 − iΩpρ23, (5.6)

ρ̇31 = −
(
i∆p + γ31 + γ32

2

)
ρ31 + iΩp(ρ11 − ρ33) + iΩcρ41 + iΩdρ21, (5.7)

ρ̇41 = −
(
i(∆p + ∆c) + γ43

2

)
ρ41 + iΩsρ51 + iΩcρ31 − iΩpρ43, (5.8)
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ρ̇51 = −
(
i(∆p + ∆c + ∆s) + γ51 + γ52 + γ54

2

)
ρ51 + iΩsρ41 − iΩpρ53, (5.9)

ρ̇32 = −
(
i∆d + γ31 + γ32

2

)
ρ32 + iΩp(ρ22 − ρ33) + iΩpρ12 + iΩcρ42, (5.10)

ρ̇42 = −
(
i(∆p + ∆c) + γ43

2

)
ρ42 + iΩcρ32 − iΩdρ43 + iΩsρ52, (5.11)

ρ̇52 = −
(
i(∆d + ∆c + ∆s) + γ51 + γ52 + γ54

2

)
ρ52 + iΩsρ42 − iΩdρ53, (5.12)

ρ̇43 = −
(
i∆c + γ31+γ32+γ43

2

)
ρ43 + iΩc(ρ33 − ρ44) + iΩsρ53 − iΩpρ41

−iΩdρ42,
(5.13)

ρ̇53 = −
(
i(∆c + ∆s) + γ51+γ52+γ54+γ31+γ32

2

)
ρ53 + iΩsρ43 − iΩpρ51

−iΩdρ52 − iΩcρ54,
(5.14)

ρ̇54 = −
(
i∆s + γ51 + γ52 + γ54 + γ43

2

)
ρ54 − iΩcρ53 + iΩs(ρ44 − ρ55), (5.15)

ρ11 + ρ22 + ρ33 + ρ44 + ρ55 = 1, (5.16)

where the spontaneous decay rates between level |i〉 and level |j〉 are denoted
by γij. Also, the relaxation rates of coherence between level |1〉 and level |2〉
are neglected.
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5.2 Linear and nonlinear susceptibilities

It is required to obtain the steady-state solution of the density matrix equations
in Eqs. (5.2)–(5.16) in order to derive the linear and nonlinear susceptibilities
χ(1) and χ(3). Assuming that the coupling fields Ωc, Ωs, Ωd are much stronger
than the probe field Ωp and applying the perturbation approach (Eq. (2.109))
the zeroth order solution is ρ(0)

11 = 1, while other elements are equal to zero.
Then under the weak-probe field limit we get the first- and third-order density
matrix elements ρ(1)

31 and ρ
(3)
31

ρ
(1)
31 = −iΩpB3(B4B2 + Ω2

s)/W, (5.17)

ρ
(3)
31 = −iΩpB3(B2B4 + Ω2

s)(ρ
(2)
11 − ρ

(2)
33 )/W − iB3ΩpΩcΩsρ

(2)
53 /W

−ΩpΩd(B2B4 + Ω2
s)ρ

(2)
23 /W,

(5.18)

with

W = B1B2B3B4 +B2B4Ω2
d +B3B4Ω2

c +B1B3Ω2
s + Ω2

dΩ2
s, (5.19)

B1 = i∆p + γ31+γ32
2 ,

B2 = i(∆p + ∆c) + γ43
2 ,

B3 = i(∆p −∆d),
B4 = i(∆d + ∆c + ∆s) + γ51+γ52+γ54

2 .

(5.20)

Having obtained the first- and third-order density matrix elements ρ(1)
31 and ρ(3)

31 ,
the linear and nonlinear susceptibilities χ(1) and χ(3) can be determined by

χ(1) = 2N℘2
13

ε0~Ωp

ρ
(1)
31 , (5.21)
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χ(3) = 2N℘4
13

3ε0~3Ω3
p

ρ
(3)
31 , (5.22)

where ℘13 is the transition dipole moment between |3〉 and |1〉.

As the real and the imaginary parts of χ(3) (χ(1)) correspond to the nonlinear
(linear) dispersion and absorption, respectively, one can control the nonlinear
(linear) response of the medium by properly adjusting the system parameteres.
In what follows, we investigate the linear and nonlinear optical characteristics of
the five-level double ladder-type atom-light coupling scheme through equations
(5.21) and (5.22). Note that in all simulations for the first- and third-order
susceptibilities, the curves are plotted in the units of 2N℘2

13
ε0~Ωp

and 2N℘4
13

3ε0~3Ω3
p
, respec-

tively.

5.3 Dressed-states approach

To understand the physical origin of linear and nonlinear optical effects for
the probe field, it is useful to consider the dressed-state approach [Fig. 5.1(b)].
Under the resonance condition and assuming Ωs = Ωc = Ωd = Ω , we obtain
the eigenstates by excluding in Eq. (5.1) the ground level |1〉

|ψ1〉 = s1 |2〉+ t1s1 |3〉+
(
t21 − 1

)
s1 |4〉+

(
t1 −

1
t1

)
s1 |5〉 , (5.23)

|ψ2〉 = s3 |2〉+ t3s3 |3〉+
(
t23 − 1

)
s3 |4〉+

(
t3 −

1
t3

)
s3 |5〉 , (5.24)

|ψ3〉 = s4 |2〉 − t3s4 |3〉+
(
t23 − 1

)
s4 |4〉 −

(
t3 −

1
t3

)
s4 |5〉 , (5.25)

|ψ4〉 = s2 |2〉 − t1s2 |3〉+
(
t21 − 1

)
s2 |4〉 −

(
t1 −

1
t1

)
s2 |5〉 , (5.26)

with the corresponding eigenenergies
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e1 = Ω
(√

5
2 + 3

2

)1/2

, (5.27)

e2 = Ω
(
−
√

5
2 + 3

2

)1/2

, (5.28)

e3 = −Ω
(
−
√

5
2 + 3

2

)1/2

= −e2, (5.29)

e4 = −Ω
(√

5
2 + 3

2

)1/2

= −e1, (5.30)

where

s1 =
(

1 + t21 + (t21 − 1)2 + (t1 −
1
t1

)2
)−1/2

, (5.31)

s2 =
(

1− t21 + (t21 − 1)2 − (t1 −
1
t1

)2
)−1/2

, (5.32)

s3 =
(

1 + t23 + (t23 − 1)2 − (t3 −
1
t3

)2
)−1/2

, (5.33)

s4 =
(

1− t23 + (t23 − 1)2 − (t3 −
1
t3

)2
)−1/2

, (5.34)

and t1(3) = e1(3)/Ω. The dressed-states representation presented in this section
will be used below to elucidate the linear and nonlinear optical properties of
the medium for the weak probe field.
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5.4 Absorptive-dispersive optical characteristics

To trace the linear optical properties of the medium one has to investigate the
first order linear susceptibility of the medium featured in Eq. (5.21). Figure 5.2
illustrates typical linear probe absorption (Im(χ(1))) and dispersion (Re(χ(1)))
spectra against probe field detuning ∆p. Note that for simplicity in all numerical
results we take γ32 = γ31 = γ51 = γ52 = γ54 = γ43 = γ, and all the parameters
are scaled with dimensionless parameter γ.

First we consider the case in which the control field is absent (i.e., Ωd = 0). In
this situation the medium reduces to a four-level ladder-type system [12] involv-
ing four atomic levels |1〉, |3〉, |4〉 and |5〉. As can be seen in Fig. 5.2(a), three
absorption peaks appear with a low transmission at resonance which pertains
to double dark resonances [12]. In this case, the superluminal light propagates
through the three anomalous dispersive windows accompanied by noticeable
absorption. When the control field Ωd is introduced on the transition |2〉 ↔ |3〉
satisfying Ωd = Ωc = Ωs = 3γ, the central absorption peak is split into doublet
so that four absorption peaks occur (Fig. 5.2(b)). Hence, the medium switches
to the transparency on resonance. Subsequently, subluminality takes place at
zero probe detuning instead of superluminality. The corresponding dressed-
state representation is that the bare states |2〉, |3〉, |4〉 and |5〉 form dressed-
states |ψi〉 (i = 1, 2, 3, 4) (see equations (5.23)–(5.30)). The four absorption
peaks appear as a result of the interactions between the ground state |1〉 with
one of the four dressed states (through the pathways |1〉 Ωp→ |ψ1〉, |1〉

Ωp→ |ψ2〉,
|1〉 Ωp→ |ψ3〉 and |1〉 Ωp→ |ψ4〉 as can be seen in Fig. 5.1(b)).

5.5 Linear pulse propagation

It was shown in the previous section that the absorption of probe field on
resonance can be efficiently eliminated through the effect of control field Ωd.
This feature may be used to realize an optical switch where a laser field controls
absorption of another laser field. In this section we present numerical results by
solving Maxwell-Bloch equations to describe such an optical switching in terms
of a Gaussian intensity profile of the probe field.
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Figure 5.2: (a) Linear and (b) nonlinear susceptibility versus probe field detuning
∆p for (a) Ωd = 0, (b) Ωd = 3γ. The selected parameters are γ32 =
γ31 = γ51 = γ52 = γ54 = γ43 = γ, Ωp = 0.01γ, Ωs = Ωd = 3γ and
∆s = ∆c = ∆d = 0.

We study the linear propagation of probe field through the medium. The
Maxwell wave equation in the slowly varying envelope approximation is required
along the propagating direction of ẑ (see Eq. (2.128))

∂Ωp(z, t)
∂z

+ 1
c

∂Ωp(z, t)
∂t

= iβρ
(1)
31 (z, t), (5.35)

where β = 2Nωp|℘13|2
~c is the propagation constant. We use the retarded co-

ordinates where ζ = z and τ = t − z/c. Let us consider propagation of a
Gaussian-shaped probe pulse of the form

Ωp(0, τ) = Ω0
pe
−[(τ−τ0)/σ]2 ,

where Ω0
p is a real constant characterizing the maximal value of the Rabi fre-

quency before the pulse enters the medium, σ denotes the temporal width of the
input pulse and τ0 gives the peaks location. Figure 5.3 shows the propagation
of a Gaussian pulse through the medium. Obviously, when Ωd is not switched
on, the weak probe pulse propagates with significant absorption and broadening
inside the medium (Fig. 5.3(a)). As the control field is switched on satisfying
Ωd = Ωc = Ωs = 3γ, the output pulse remains equally intense as that of the
input pulse which is due to the transparency generated by the control field Ωd
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Figure 5.3: Plots of probe field intensity in the medium against retarded time and
distance for σ = 30/γ, τ0 = 180/γ and (a) Ωd = 0, (b) Ωd = 3γ. Here,
∆p = 0, and the other parameters are the same as Fig. 5.2.

(Fig. 5.3(b)). Obviously, the medium works as an optical switch where the
propagation of the weak probe field can be fully controlled by another coupling
field of larger intensity.

We observed in Fig. 5.2(b) that the absorption of the system for the probe
field is gradually increased by going out of resonance (Im(χ(1))|c > Im(χ(1))|b >
Im(χ(1))|a). In terms of the propagation of the Gaussian-shaped probe pulse, it
can be seen from Fig. 5.4 that there is overall broadening and loss of intensity
when increasing the value of the probe detuning. The probe pulse is attenuated
in shorter characteristic propagation distances as ∆p increases further to the
larger values.

5.6 Giant Kerr nonlinearity for the double-ladder model

Now, we study numerically the third-order susceptibility behavior of the five-
level double-ladder type atomic system. The selected parameters are γ32 =
γ31 = γ, γ51 = γ52 = γ54 = 0.02γ and γ43 = 0.13γ, while all the parameters are
scaled with the dimensionless parameter γ.
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Figure 5.4: Plots of probe field intensity in the medium against retarded time and
distance for (a) ∆p = γ, (b) ∆p = 2γ, and (c) ∆p = 5γ. The other
parameters are the same as Fig. 5.2.
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Chapter 5 Linear and nonlinear effects in five-level double-ladder systems

As shown in Eqs. (5.17)–(5.22), the linear and nonlinear susceptibilities depend
on the system parameters such as the intensity and frequency detuning of cou-
pling fields. This enables us to investigate the influence of system parameters
on the nonlinear response of the medium and explore the possible giant Kerr
nonlinearity along with negligible absorption for the weak probe field.

As known, EIT can suppress the absorption of the medium through destructive
quantum interference in an absorbing medium. Here, we show that suppression
of the probe absorption can be effectively used through the coherent field Ωd to
enhance the Kerr nonlinearity in the proposed five-level medium.

As illustrated in Fig. 5.5(a), for Ωd = 0.1γ and when the applied fields are in
resonance with the corresponding atomic transitions (i.e., ∆d = ∆c = ∆s = 0),
although the medium experiences four linear absorption peaks (dashed line), yet
the two central absorption peaks are not well seperated, and hence, the medium
experiences strong linear absorption at ∆p = 0. Figure. 5.5(b) illustrates that
the magnitude of the Kerr nonlinearity (dashed line) is about 0.4 × 10−4 at
line center. In this situation the medium is not suitable for the application
of low-intensity nonlinear optics due to field losses [20]. Setting Ωd to 3γ the
separation between two central absorption peaks increases (see solid line in
Fig. 5.5(a)) making the medium transparent at zero probe field detuning. Note
that the emergence of four absorption peaks can be underestood by means
of the dressed-state analysis given in equations (5.23)–(5.30). As shown in
in Fig. 5.5(b), the magnitude of the Kerr index enhances simultaneously and
reaches to about 0.8 × 10−4 resulting in an enhancement of Kerr nonlinearity
on resonance of the probe field, i.e., ∆p = 0. This is an important feature,
for instance, in generation of stable optical solitons where the distortionless
propagation of the probe pulse is possible via an enhanced Kerr nonlinearity.
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Chapter 5 Linear and nonlinear effects in five-level double-ladder systems

Figure 5.5: (a) Linear absorption and (b) nonlinear dispersion as functions of probe
detuning ∆p for Ωd = 0.1γ (dashed line) and Ωd = 3γ (solid line). Selected
parameters are Ωp = 0.01γ,Ωc = Ωs = 3γ, γ32 = γ31 = γ, γ51 = γ52 =
γ54 = 0.02γand γ43 = 0.13γ, and ∆d = ∆c = ∆s = 0 .
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Chapter 6

Electromagnetically induced transparency and nonlinear pulse

propagation

In this chapter, we consider propagation of a probe pulse in an atomic medium
characterized by a combined tripod and Lambda (Λ) clossed-loop atom-light
coupling scheme. Closed-loop quantum configurations [149, 43, 42, 150, 151,
152] represent a class of atom-light coupling schemes in which the driving fields
acting on atoms build closed paths for the transitions between atomic levels.
The interference between different paths makes the system sensitive to relative
phases of the applied fields. In our proposal illustrated in Fig. 6.1, the atom-
light coupling represents a five-level combined Lambda-tripod scheme, in which
three atomic ground states are coupled to two excited states by four control
and one probe laser fields. In other words, the scheme involves four atomic
levels coupled between each other by four control fields and interacting with a
ground level through a weak probe field. It is demonstrated that dark states
can be formed for such an atom-light coupling. This is essential for formation
of the electromagnetically induced transparency (EIT) and slow light. In the
limiting cases the scheme reduces to conventional Λ- or N -type atom-light cou-
plings providing the EIT or absorption, respectively. Thus the atomic system
can experience a transition from the EIT to the absorption by changing the
amplitudes or phases of control lasers. Subsequently the scheme is employed
to analyze the nonlinear pulse propagation using the coupled Maxwell-Bloch
equations. It is shown that generation of stable slow light optical solitons is
possible in such a five-level combined tripod and Λ atomic system.
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Chapter 6 Nonlinear pulse propagation

6.1 Formulation and theoretical background

6.1.1 The system

Let us consider a probe pulse described by a Rabi frequency Ωp. Additional laser
fields described by Rabi frequencies Ω1, Ω2, Ω3 and Ω4 control propagation of the
probe pulse. The probe and the control fields are assumed to co-propagate along
the z direction. We shall analyze the light-matter interaction in an ensemble of
atoms using a five-level Lambda-tripod scheme shown in Fig. 6.1. The atoms
are characterized by three ground levels |a〉, |c〉 and |d〉, as well as two excited
states |b〉 and |e〉. Four coherent control fields with the Rabi frequencies Ω1, Ω2,
Ω3 and Ω4 induce dipole-allowed transitions |b〉 ←→ |c〉, |b〉 ←→ |d〉, |e〉 ←→ |c〉,
and |e〉 ←→ |d〉, respectively. As a result, the control fields couple two excited
states |b〉 and |e〉 via two different pathways |b〉 Ω∗1→ |c〉 Ω3→ |e〉 and |b〉 Ω∗2→ |d〉 Ω4→
|e〉 making a four level closed-loop coherent coupling scheme described by the
Hamiltonian (~ = 1)

H4Levels = −Ω∗1|c〉〈b| − Ω∗2|d〉〈b| − Ω∗3|c〉〈e| − Ω∗4|d〉〈e|+ H.c. . (6.1)

Furthermore, the tunable probe field with the Rabi frequency Ωp induces a
dipole-allowed optical transition |a〉 ←→ |b〉. The total Hamiltonian of the
system involving all five atomic levels of the combined Λ and tripod level scheme
is given by

H5Levels = −
(
Ω∗p|a〉〈b|+ Ωp|b〉〈a|

)
+H4Levels . (6.2)

Note that the complex Rabi frequencies of the four control fields can be written
as Ωj = |Ωj|eiφi , with j = 1, 2, 3, 4, where |Ωj| and φj are the amplitude and
phase of each applied field. As it will be explored below, in this scheme the
destructive interference between different transition pathways induced by the
the control and probe beams can make the medium transparent for the resonant
probe beams in a narrow frequency range due to the EIT. We define φ =
(φ1−φ2)−(φ3−φ4) to be a relative phase among the four control fields forming a
closed-loop coherent coupling. By changing φ, one can substantially modify the
transparency and absorption properties for the probe field in such a Lambda-
tripod scheme.
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Figure 6.1: Schematic diagram of the five-level Lambda-tripod quantum system.

6.1.2 Equations of motion

The dynamics of the probe field propagating through the atomic medium is
described by the Maxwell-Bloch equations. To the first-order of Ωp the equations
have the form

ρ̇
(1)
ba = d1ρ

(1)
ba + iΩ1ρ

(1)
ca + iΩ2ρ

(1)
da + iΩp, (6.3)

ρ̇(1)
ca = d2ρ

(1)
ca + iΩ∗1ρ

(1)
ba + iΩ∗3ρ(1)

ea , (6.4)

ρ̇
(1)
da = d2ρ

(1)
da + iΩ∗2ρ

(1)
ba + iΩ∗4ρ(1)

ea , (6.5)

ρ̇(1)
ea = d3ρ

(1)
ea + iΩ3ρ

(1)
ca + iΩ4ρ

(1)
da , (6.6)

and

∂Ωp

∂z
+ c−1∂Ωp

∂t
= iηρ

(1)
ba , with η = 2Nωp|℘ba|2

~c
, (6.7)

where ρ(1)
u,v are the first-order matrix elements of the density materix operator

ρ = ∑ |u〉ρuv〈v|. The optical Bloch equations (6.3)–(6.6) imply the probe field
to be much weaker than the control ones. In that case most atomic population
is in the ground state |a〉, and one can treat the probe field as a perturbation.
Therefore, we can apply the perturbation expansion ρij = Σkρ

(k)
ij , where ρ(k)

ij

represents the kth order part of ρij in terms of probe field Ωp. Since Ωp � Ωi

(i = 1, 2, 3, 4), the zeroth-order solution is ρ(0)
aa = 1, while other elements being

zero (ρ(0)
bb = ρ(0)

cc = ρ
(0)
dd = ρ(0)

ee = 0). All fast-oscillating exponential factors
associated with central frequencies and wave vectors have been eliminated from
the equations, and only the slowly-varying amplitudes are retained.
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The wave equation (6.7) describes propagation of the probe field Ωp influenced
by the atomic medium, where ℘ba is an electric dipole matrix element corre-
sponding to the transition |b〉 ←→ |a〉, N is the atomic density and ωp is the
frequency of the probe field. The density matrix equations (6.3)–(6.6) describe
the evolution of the atomic system affected by the control and probe fields.
They follow from the general quantum Liouville equation for the density ma-
trix operator [18]

ρ̇ = − i
~

[H5Levels, ρ] + Lρ, (6.8)

where the damping operator Lρ describes the decay of the system described by
parameters d1 = −Γb/2+i∆p, d2 = i(∆p−∆2) and d3 = −Γe/2+i(∆p+∆3−∆2)
in Eqs. (6.3)–(6.6). We have defined the detunings as: ∆2 = ∆bc = ∆bd, and
∆3 = ∆ec = ∆ed, with ∆bc = ω1 − ωbc, ∆bd = ω2 − ωbd, ∆ec = ω3 − ωec,

∆ed = ω4 − ωed, and ∆p = ωp − ωba, where ωi is a central frequency of the
corresponding control field. Two excited states |b〉 and |e〉 decay with rates Γb
and Γe, respectively.

6.1.3 Transition to a new basis

The Hamiltonian for the atomic four-level subsystem (6.1) can be represented
as

H4Levels = −β|De〉〈b| − α|Be〉〈b| − Ω|Be〉〈e|+ H.c., (6.9)

where

|De〉 = 1
Ω (Ω4|c〉 − Ω3|d〉) , (6.10)

|Be〉 = 1
Ω (Ω∗3|c〉+ Ω∗4|d〉) , (6.11)

are the internal dark and bright states for the Λ-scheme made of the two ground
states states |c〉 and |d〉, as well as an excited states |e〉. One can also introduce
another set of dark and bright states corresponding to the Λ-scheme made of
the same pair of ground states states |c〉 and |d〉, yet a different excited state
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Figure 6.2: Five-level quantum system in the transformed basis for β 6= 0 and α 6= 0.

|b〉:

|Db〉 = 1
Ω (Ω2|c〉 − Ω1|d〉) , (6.12)

|Bb〉 = 1
Ω (Ω∗1|c〉+ Ω∗2|d〉) . (6.13)

In writing Eq. (6.9), the coefficient

β = 〈Db|Be〉 = 〈De|Bd〉 = 1
Ω(Ω∗1Ω∗4 − Ω∗2Ω∗3) (6.14)

represents the quantum inteference between the four control fields playing the
main role in tuning dispersion and absorption properties in the combined tripod
and Λ scheme. In addition, we define

α = 〈Db|De〉 = 〈Be|Bd〉 = 1
Ω(Ω∗1Ω3 + Ω∗2Ω4) (6.15)

and the total Rabi frequency

Ω =
√
|Ω3|2 + |Ω4|2 . (6.16)

By changing the quantum interference coefficient β and the coefficient α one
arrives at three different situations. For each of them we shall plot the level
schemes in the basis involving the transformed states |Be〉 and |De〉.
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6.1.3.1 Situation (a): β 6= 0 and α 6= 0

In the case when both coefficients α and β are nonzero, the five-level tripod and
Λ scheme shown in Fig. 6.2 looks similar to the original scheme (Fig. 6.1) in the
transformed basis, but the coupling between the states |De〉 and |e〉 is missing.
The coefficient β is nonzero when Ω1Ω4 6= Ω2Ω3. The condition β 6= 0 is valid
provided |Ω1||Ω4| 6= |Ω2||Ω3| and phase φ is arbitrary, or |Ω1||Ω4| = |Ω2||Ω3|
with φ 6= 0.

When both α and β are nonzero, one can define a global dark state |D〉 for the
whole atom-light coupling scheme

|D〉 = β|a〉 − Ωp|De〉 . (6.17)

The dark state is an eigenstate of the full atom-light Hamiltonian with a zero
eigen-energy: H5Levels|D〉 = 0. The state |D〉 has no contribution by the ground
state superpositon |Be〉, as well as no contribution by the bare excited states
|e〉 and |b〉. As a result, there is no transition from the state |D〉 to the excited
states |e〉 and |b〉, making the five-level closed-loop scheme transparent to the
electromagnetic field. This is a new mechanism for EIT transparency compared
with the Λ [7, 8], tripod [14, 25, 41], or double tripod schemes [42, 29].

It is known that the real and imaginary parts of ρ(1)
ba correspond to the probe

dispersion and absorption, respectively. A steady-state solution to the density
matrix element ρ(1)

ba reads under the resonance condition ∆2 = ∆3 = 0

ρ
(1)
ba = Ωp∆p

(
|Ω3|2 + |Ω4|2 + i∆p

(
−Γe

2 + i∆p

))

×
[
β2Ω2 + i∆p

(
−Γe

2 + i∆p

)
(|Ω1|2 + |Ω2|2)

+ i∆p

(
−Γb

2 + i∆p

)(
|Ω3|2 + |Ω4|2 + i∆p

(
−Γe

2 + i∆p

)) ]−1
, (6.18)

where the interference term β is involved.

A denominator of Eq. (6.18) represents the fourth order polynomial which con-
tains zero points at four different detunings ∆p of the probe field from the EIT
resonance. This provides four maxima in the absorption profile of the system,
as one can see in Fig. 6.5(a). Furthermore the EIT window is formed for zero
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detuning. In Appendix A we have presented eigenstates and the corresponding
eigenvalues of the Hamiltonian (6.9) describing the four-level subsystem. One
can see that all four eigenstates |ni〉 characterzed by the eigenvalues λi con-
tain contributions due to the excited state |b〉. This results in four peaks in
absorption profile of the system.

6.1.3.2 Situation (b): β = 0 and α 6= 0

The condition β = 0 is fulfilled if Ω1Ω4 = Ω2Ω3, or equivalently |Ω2||Ω3| =
|Ω1||Ω4| and φ = 0. In that case the state |De〉 is not involved, so the interaction
Hamiltonian Eq. (6.9) for the four-level subsystem can be rewritten as

H4Levels = −α|Be〉〈b| − Ω|Be〉〈e|+ H.c. . (6.19)

Consequently the five-level tripod and Λ scheme becomes equivalent to a con-
ventional N -type atomic system [15, 98] shown in Fig. 6.3.

Since the quantum interference term β vanishes, Eq. (6.18) simplifies to

ρ
(1)
ba = Ωp

(
|Ω3|2 + |Ω4|2 + i∆p

(
−Γe

2 + i∆p

))

×

i(−Γe
2 + i∆p

)
(|Ω1|2 + |Ω2|2)

+ i

(
−Γb

2 + i∆p

)(
|Ω3|2 + |Ω4|2 + i∆p

(
−Γe

2 + i∆p

))−1

. (6.20)

The denominator of ρ(1)
ba in Eq. (6.20) is now a cubic polynomial, providing

three absorption maxima. The eigenstates and eigenvalues corresponding to
this situation are presented in Appendix B. The eigenvector |n2〉 characterized
by a zero eigen-energy coincides with the dark state |De〉 and is decoupled
from the radiation fields. Only the remaining three eigenvectors |n1〉 , |n3〉 and
|n4〉 contain the contribution due to an excited state |b〉. This leads to three
absorption peaks displayed in Fig. 6.5(b). In this way, the absence of quantum
interference term β between the control fields destroys one of the peaks in the
absorption profile leading to three absorption maxima.
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Figure 6.3: The level scheme in the transformed basis for β = 0 and α 6= 0. The
ground state superposition |De〉 (now shown in the figure) is decoupled
from the remaining four states.

6.1.3.3 Situation (c): β 6= 0 and α = 0

When the coefficient β is nonzero but the coefficient α is zero, the interaction
Hamiltonian (6.9) can be represented as

H4Levels = −β|De〉〈b| − Ω|Be〉〈e|+ H.c. . (6.21)

As illustrated in Fig. 6.4, the five-level tripod and Λ scheme is then equivalent
to a conventional Λ-type atomic system [7, 19] which is decoupled from the
two-level system involving the states |Be〉 and |e〉.

In the following we consider a symmetric case where |Ω1| = |Ω2|, |Ω3| = |Ω4|
and φ = π. In such a situation the conditions β 6= 0 and α = 0 are fulfilled, with
β2 = 2|Ω2

1|. Equation (6.18) for ρ(1)
ba then is simplifies considerably, giving

ρ
(1)
ba = Ωp

∆p

|β|2 + i∆p

(
−Γb

2 + i∆p

) . (6.22)

Obviously, the polynominal in denominator becomes quadratic in ∆p resulting
in two absorption peaks or a single EIT window, which is a characteristic feature
of the Λ scheme ( Fig. 6.5(c)). Furthermore, the probe absorption and dispersion
do not dependent on Ω, only β contributes to the optical properties. This is
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Figure 6.4: Schematic diagram of the five-level quantum system associated with sit-
uation (c).

because the Λ-type scheme is now decoupled from the transition |Be〉
Ω→ |e〉,

and the system behaves as a three-level Λ-type scheme containing |a〉, |b〉, and
|De〉 (see also Appendix C).

In the following we summarize our results for the behavior of real and imag-
inary parts of ρ(1)

ba corresponding to the probe dispersion and absorption for
different situations (a)–(c) described above. Without a loss of generality, we
take Γe = Γb = γ for all the simulations. The other frequencies are scaled by γ
which should be in the order of MHz for cesium (Cs) atoms. Figure 6.5 shows
that our model provides a high control of dispersive-absorptive optical prop-
erties of the probe field. The absorption profile has four, three and two peaks
featured in Figs. 6.5(a)–6.5(c), respectively. There is the resulting change in the
sign of the slope of the dispersion at ∆p = 0 for different situations (a)–(c). This
gives rise to switching in the group velocity of the probe pulse from subluminal
to superluminal or visa versa. In particular, for the choice of parameters satis-
fying situation (a) and (c), there is the subluminality accompanied by EIT at
line center. On the other hand, the superluminality accompanied by a consider-
able absorption is observed for the parametric condition satisfying the situation
(b).
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Figure 6.5: Probe absorption (Im(ρ(1)
ba )) versus ∆p for (a) Ω1 = 0.9γ, Ω2 = 0.7γ, Ω3 =

0.4γ,Ω4 = 0.8γ, and φ = 0 corresponding to the first situation, (b)
Ω1 = Ω2 = 0.5γ, Ω3 = Ω4 = 0.7γ and φ = 0 corresponding to the
second situation, and (c) Ω1 = Ω2 = 0.2γ, Ω3 = Ω4 = 0.1γ and φ = π
corresponding to the third situation. Other parameters are Γe = Γb = γ ,
∆2 = ∆3 = 0, and Ωp = 0.01γ. Note that all frequencies are scaled by γ
which should be in the order of MHz, like for cesium (Cs) atoms.
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6.2 Linear and nonlinear pulse propagation in combined tripod and Λ

scheme

In this section we consider propagation of the probe pulse in the proposed tripod
and Λ scheme. Performing the time Fourier transform of Eqs. (6.3)–(6.7) one
can obtain

t1(ω)Fba + Ω1Fca + Ω2Fda + Λp = 0, (6.23)
t2(ω)Fca + Ω∗1Fba + Ω∗3Fea = 0, (6.24)
t2(ω)Fda + Ω∗2Fba + Ω∗4Fea = 0, (6.25)
t3(ω)Fea + Ω3Fca + Ω4Fda = 0, (6.26)

and

∂Λp

∂z
− iω

c
Λp = iηFba, (6.27)

where t1(ω) = ω + iΓb/2 + ∆p, t2(ω) = ω + ∆p −∆2, and t3(ω) = ω + iΓe/2 +
∆p − ∆2 + ∆3. Note that Fij and Λp represent the Fourier transforms of ρ(1)

ij

and Ωp, respectively, where ω is a deviation from the central frequency.

The solution of Eq. (6.27) is a plane wave of the form

Λp(z, ω) = Λp(0, ω)eiκ(ω)z, (6.28)

where

κ = ω

c
− ηS1(ω)

Q(ω) , (6.29)

describes the linear dispersion relation of the system. Expanding κ in power
series around the center frequency of the probe pulse (ω = 0) and taking only
the first three terms, we get
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κ = κ0 + κ1ω + κ2ω
2, (6.30)

where the detailed expressions for the coefficients κ0, κ1 and κ2 are given in
Appendix D, while S1(ω) and Q(ω) can be found in Appendix E. In Eq. (6.30),
κi = djκ(ω)

dωj |ω=0 with j = 0, 1, 2 are the dispersion coefficients in different or-
ders. In general, the real part of κ0 = Υ + iχ/2 defines the phase shift Υ per
unit length, while the imaginary part indicates the linear absorption χ of the
probe pulse. The group velocity vg is given by 1/κ1, whereas the quadratic
term κ2 is associated with the group velocity dispersion which causes the pulse
distortion.

In the linear regime, we take an incoming probe pulse to be of the Gausian shape,
Ωp(0, t) = Ω0

pe
−(t/τ0)2 , with a duration τ0. The subsequent time evolution is

obtained from Eq. (6.28) by carrying out an inverse Fourier transform [54, 100]

Ωp(z, t) =
Ω0
p√
Lz

exp
[
iκ0z −

(t− κ1z)2

Lzτ 2
0

]
, (6.31)

with Lz = s1(z)− is2(z), s1(z) = 1+4zRe(κ2)/τ 2
0 and s2(z) = 4zIm(κ2)/τ 2

0 . In
this way, even if there is no absorption due to EIT (Im(κi) = 0, i = 0, 1, 2), the
dispersion effects can contribute to the pulse attenuation and spreading during
propagation.

Our goal is to obtain shape preserving optical pulses which can propagate with-
out significant distortion and loss in our medium. The idea is to include the
optical Kerr nonlinearity of the probe laser field into the light propagation,
and show that the Kerr nonlinear effect can compensate the dispersion effects
and result in shape preserving optical pulses. To balance the dispersion effects
and optical nonlinearity, in the following a theoretical model is employed based
on the coupled Maxwell-Bloch equations for the nonlinear pulse propagation.
Following the Ref. [100], we take a trial function

Λp = Λ̃pe
iκ0z . (6.32)

Substituting Eq. (6.32) into wave equation (6.27) and using Eq. (6.30) we get
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∂Λp

∂z
eiκ0z = i(κ1ω + κ2ω

2)Λpe
iκ0z, (6.33)

where we have replaced Λ̃p with Λp for the sake of convenience. Here we only
keep terms up to the order ω2 in expanding the dispersion relarion κj.

In deriving the linearized wave equation (6.7), the nonlinear polarization due
to the optical Kerr nonlinearity of the probe field has been neglected. Now we
turn to investigate the nonlinear propagation of light due to the Kerr effect.
To incorporate the nonlinear optical terms in the pulse propagation, the right
hand side of wave equation (6.7) must be rewritten as iηρ(1)

ba − iηKerr. The Kerr
nonlinear term has an opposite sign than the linear term iηρ

(1)
ba and the probe

absorption and dispersion are proportional to imaginary and real parts of ρ(1)
ba ,

respectively. Consequently a large optical nonlinearity can cancel the dispersion
and suppress the absorption of probe field, effectively. The Kerr nonlinear term
is given by (see Appendix F)

Kerr = ρ
(1)
ba (|ρ(1)

ba |2 + |ρ(1)
ca |2 + |ρ(1)

da |2 + |ρ(1)
ea |2). (6.34)

As Fij is the Fourier transform of ρ(1)
ij , the coefficients for ρ(1)

ij can be obtained by
taking ω = 0 in the coefficients given in Appendix E. Replacing the coefficients
for ρ(1)

ij in this way into Eq. (6.34) yields

Kerr = −S1

Q|Q|2
(
|S1|2 + |S2|2 + |S3|2 + |S4|2

)
. (6.35)

Performing the inverse Fourier transform and using the expression (6.35) for
Kerr, we arrive at the nonlinear wave equation for the slowly varing envelope
Ωp

−i
[
∂

∂z
+ κ1

∂

∂t

]
Ωp + κ2

∂2

∂t2
Ωp = Θe−αζ |Ωp|2Ωp, (6.36)

where Θ = −ηKerr, and

α = 2Im(κ0) = 2ηIm
(
−S1

Q

)
, (6.37)
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Using new coordinates ζ = z and η = t−z/vg, Eq. (6.36) acquires the following
form

i
∂

∂ζ
Ωp − κ2

∂2

∂η2 Ωp = Θe−αζ |Ωp|2Ωp. (6.38)

Equation (6.38) contains generally complex coefficients. However, for suitable
set of system parameters, the absorption coefficent α may be very small, i.e.,
χ ' 0, and imaginary parts of coefficients Θ and κ2 may be made very small in
comparison to their real parts, i.e.,

κ2 = κ2r + iκ2i ≈ κ2r, (6.39)

and

Θ = Θr + iΘi ≈ Θr . (6.40)

In this case, Eq. (6.38) can be written as

i
∂

∂ζ
Ωp − κ2r

∂2

∂η2 Ωp = Θr|Ωp|2Ωp. (6.41)

This corresponds to the conventional nonlinear Schrodinger equation (NLSE)
which governs the nonlinear evolution of probe pulse and allows bright and dark
soliton solutions. The nature of the soliton solution is determined by the sign
of product κ2rΘr . A bright soliton is obtained when κ2rΘr > 0, and is given
by

Ωp = Ωp0sech(η/τ) exp
(
−iζΘr|Ωp|2/2

)
. (6.42)

When κ2rΘr < 0, one can obtain the dark solion solution of the form

Ωp = Ωp0tanh(η/τ) exp
(
−iζΘr|Ωp|2/2

)
. (6.43)

Note that here, Ωp0 represents an amplitude of the probe field and τ is the
typical pulse duration (soliton width). They are arbitrary constants subjected
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only to the constraint Ωp0τ =
√
|κ2r/Θr|.

In the following, we explore a possibility for the formation of the shape preserv-
ing optical solitons in this combined tripod and Λ scheme for a realistic atomic
system and present numeric calculations. The proposed scheme involving the
five-level combined tripod and Λ structure can be experimentally implemented
using the cesium (Cs) atom vapor. In our proposal, the levels |c〉, |d〉 and |e〉
can correspond to |6S1/2, F = 3,MF = +1〉, |6S1/2, F = 3,MF = +3〉 and
|6P3/2, F = 2,MF = +2〉, respectively. In addition, the levels |b〉 and |a〉 can
correspond to |6P3/2, F = 4〉 and |6S1/2, F = 4〉, respectively. The two excited
states are assumed to decay with the rates Γe = Γb = γ = 2π × 5.2 MHz.

Assuming the parameteric situation (a) described in the previous section, we
take |Ω1| = |Ω2| = 1.97 × 109 s−1, |Ω3| = 2.3 × 109 s−1, |Ω4| = 16.4 × 107 s−1,
∆2 = 6.4 × 109 s−1, ∆p = 5.9 × 109 s−1 and ∆3 = 82 × 107 s−1. Consequentlhy
we obtain κ0 ≈ (3.9− 0.008i) cm−1, κ1 ≈ (4.7− 2.1× 10−2i)10−9 cm−1 · s, κ2 ≈
(−8.06−3.6×10−2i)10−17 cm−1 · s2, and Θ ≈ (3.6−1.12×10−2i)10−19 cm−1 · s2.
In this case, the standard nonlinear Schrodinger equation (6.41) with κ2rΘr < 0
is well characterized, leading to the formation of dark solitons in the proposed
system. With this set of parameters, the fundamental soliton has a width
and amplitude satisfying |Ωp0τ | =

√
κ2r/Θr ' 4.7. As shown in Fig. 6.6, the

dark soliton of this type remains fairly stable during propagation, which is
due to the balance between the group-velocity dispersion and Kerr-type optical
nonlinearity. According to Eq. (5.9) in Appendix D, the group velocity vg has
a general form v−1

g = c−1 + η(−g1/Q + S1g2/Q
2), with all coefficients given in

Appendix D. With the above system parameters, one can find vg ≈ 7× 10−3c,

indicating that the soliton propagates with a slow velocity.
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Figure 6.6: Propagation dynamics of an ultraslow optical soliton with τ = 10−7 s,
l = 1 cm, and η = 1.0 × 1010 cm−1 · s−1 and the parameters given in the
main text.
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Conclusions and Outlook

1. The Kerr nonlinearity behavior of a five-level KR5 quantum system has
been investigated theoretically. It is shown that an enormous Kerr coef-
ficient with reduced absorption can be obtained under the condition of
the subluminal light propagation by properly tuning of the applied fields.
When the multiphoton resonance condition is established, one can achieve
large subluminal Kerr nonlinearities with a negligible absorption in a wide
range of relative phases by adjusting the detuning parameters. It is shown
that the nonlinear dispersion and absorption of this system involving the
closed-loop atomic transitions are strongly susceptible to the relative phase
of the applied fields. An analytical model is presented to elucidate such
phase control of the Kerr nonlinearity. We made a comparison between
the nonlinear Kerr coefficients for the five-level KR5 scheme with that of
the existing three- and four-level cascade-type systems. We found that
the magnitude of Kerr nonlinearity is larger than that of the three- and
four-level counterparts. This means that increasing the number of levels
can lead the higher orders of nonlinearity. Finally, the influence of the
Doppler broadening on linear and nonlinear susceptibilities was discussed.

2. We have proposed a scheme of high-precision 2D and 3D atom localiza-
tion in a five-level atom-light coupling configuration. A pair of atomic
internal states are coupled to another pair of states via four strong laser
components in all possible pathways in a closed loop (ring coupling) con-
figuration of the atom-light coupling. We considered situations where one
or more radiation field is position-dependent, so the imaginary part of the
probe susceptibility is also position-dependent. Therefore, it is possible
to acquire information about the position of atom through measuring the
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resulting absorption spectra. Specifically, the effect of the relative phase
of the applied fields due to the closed-loop structure of the diamond-shape
subsystem has been explored. An analytical solution is presented to elu-
cidate such a phase-sensitivity. It is found that there exists a significant
phase dependence of the eigenvalues required to obtain maxima in the
probe absorption spectrum. Through appropriate adjusting the ampli-
tudes and phases of the driving fields, the atom-light Hamiltonian can ex-
perience three, four, and two eigenstates, leading to different localization
patterns for the atom. The situations for the optimum atom localization
have been identified.

3. A four-level atomic system is proposed to investigate the 3D atom local-
ization. Since the interaction between the atom and the laser fields is
position dependent, the resulting probe absorption spectra gives informa-
tion about the position of atom in the 3D space of the standing wave fields.
It is demonstrated that he relative phase φ of applied fields can control the
3D atom localization behaviour of the system. In particular, we observed
that compared to the case of φ = π/2, the detecting probability of finding
the atom at a particular volume in 3D space is increased when φ = 0 or
φ = π.

4. We have demonstrated the possibility of coherent control of linear and
nonlinear optical properties of a weak probe field in a five-level double-
ladder atom light coupling scheme. We have shown that as the control
field Ωd is introduced on the transition |2〉 ↔ |3〉 satisfying Ωs = Ωc =
Ωd = Ω, a transparency window appears in the otherwise opaque medium.
As a result, the control field Ωd can work as a knob to switch from the
absorption to the transparency. We have presented numerical results in
terms of a Gaussian intensity profile of the probe field to explain such
optical switching. We further have investigated the possibility of giant
enhancement of Kerr nonlinear coefficient in such an atomic configuration.
It was found that an enhanced Kerr nonlinearity with negligible linear
absorption can be obtained by proper tuning of the control field.

5. We have demonstrated the existence of dark states which are essential for
appearance of electromagnetically induced transparency (EIT) for a sit-
uation where the atom-light interaction represents a five-level combined
tripod and Λ configuration. The EIT is possible in the combined tripod
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and Λ scheme when the Rabi frequencies of the control fields obey the
condition β 6= 0, α 6= 0, where β and α given by Eqs. (6.14)–(6.15) charac-
terize the relative amplitudes and phases of the four control fields. Under
this condition, the medium supports the lossless propagation of slow light.
It is analytically demonstrated that combined tripod and Λ scheme can
reduce to simpler atom light-coupling configurations under various quan-
tum interference situations. In particular, this scheme is equivalent to a
four-level N -type scheme when β = 0 and α 6= 0. On the other hand,
for β 6= 0 but α = 0, a three-level Λ-type atom-light coupling scheme can
be established. As a result, by changing the Rabi frequencies of control
fields, it is possible to make a transition from one limiting case to the
another one. This can lead to switching from subluminality accompanied
by EIT to superluminality along with absorption and visa versa. Based
on the coupled Maxwell-Bloch equations, a nonlinear equation governing
the evolution of the probe pulse envelope is then obtained. This leads to
formation of stable optical solitons with a slow propagating velocity due
to the balance between dispersion and Kerr nonlinearity of the system.

In 2014, a group of researchers from Taiwan and Lithuania suggested a novel
five-level double-tripod (DT) atom-light coupling scheme to realize the spinor
(two-component) slow light based on the EIT effect [29]. The DT scheme in-
volves three atomic ground states coupled to two excited states by two probe
fields as well as four control fields. An interesting idea is to investigate the
possibility of formation of slow light soliton pairs in the DT system.

Recently, much attention has been paid to optical vortices since the pioneering
experiment by Gramila et al. [153]. Indeed, beams carrying orbital angular
momentum (OAM) [154, 155, 156] possess remarkable potential applications
in quantum computation and quantum information [154, 156, 157]. The in-
tensity of optical vortices vanishes at the beam center and, at the same time,
the beam remains localized propagating in the form of a ringlike beam. The
OAM represents a new degree of freedom and provides additional possibili-
ties in manipulating the slow light [158, 159, 19, 14, 42]. Several proposals have
been suggested for the vortex slow light [19, 14, 42]. Vortex spatial solitons have
been demonstrated experimentally in Kerr [160], photorefractive [161], and pho-
tovoltaic [162] nonlinear media. Yet it would be appealing to realize existence
of the vortex spatial solitons in the cold multi-level atomic configurations.
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Appendix A

Eigenstates and eigenvalues for situation (a)

The expressions for the eigenstates and their corresponding eigenvalues for situ-
aion (a) are:

|n1〉 = α∗(S − Y )
Ω(X − Y ) |b〉 −

√
S − Y√

2Ω
|Be〉 −

α∗β
√

2(S − Y )
Ω(X − Y ) |De〉+ |e〉 , (A.1)

|n2〉 = α∗(S − Y )
Ω(X − Y ) |b〉+

√
S − Y√

2Ω
|Be〉+

α∗β
√

2(S − Y )
Ω(X − Y ) |De〉+ |e〉 , (A.2)

|n3〉 = α∗(S + Y )
Ω(X + Y ) |b〉 −

√
S + Y√

2Ω
|Be〉 −

α∗β
√

2(S + Y )
Ω(X + Y ) |De〉+ |e〉 , (A.3)

|n4〉 = α∗(S + Y )
Ω(X + Y ) |b〉+

√
S + Y√

2Ω
|Be〉+

α∗β
√

2(S + Y )
Ω(X + Y ) |De〉+ |e〉 , (A.4)

with eigenvalues

λ1 = −
√
S − Y√

2
, (A.5)

λ2 =
√
S − Y√

2
, (A.6)

λ3 = −
√
S + Y√

2
, (A.7)

λ4 =
√
S + Y√

2
, (A.8)
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where

S = |α|2 + |β|2 + Ω2 , (A.9)
X = |α|2 − |β|2 + Ω2 , (A.10)

Y =
√
S2 − 4|β|2Ω2 . (A.11)
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Appendix B

Eigenstates and eigenvalues for situation (b)

The expressions for the eigenstates and their corresponding eigenvalues for situ-
aion (b) are:

|n1〉 = −Ω
α
|b〉+ |e〉 , (B.1)

|n2〉 = |De〉 , (B.2)

|n3〉 = α∗

Ω |b〉 −

√
|α|2 + Ω2

Ω |Be〉+ |e〉 , (B.3)

|n4〉 = α∗

Ω |b〉+

√
|α|2 + Ω2

Ω |Be〉+ |e〉 , (B.4)

with eigenvalues

λ1 = 0 , (B.5)
λ2 = 0 , (B.6)

λ3 = −
√
|α|2 + Ω2 , (B.7)

λ4 =
√
|α|2 + Ω2 . (B.8)
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Eigenstates and eigenvalues for situation (c)

|n1〉 = −|b〉+ |De〉 , (C.1)
|n2〉 = |b〉+ |De〉 , (C.2)
|n3〉 = −|Be〉+ |e〉 , (C.3)
|n4〉 = |Be〉+ |e〉 , (C.4)

with eigenvalues

λ1 = −β , (C.5)
λ2 = β , (C.6)
λ3 = −Ω , (C.7)
λ4 = Ω , (C.8)
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Appendix D

Explicit expressions for κ0 , 1/vg and κ2

Expressions for κ0 , 1/vg and κ2 read

κ0 = η
S1

Q
, (D.1)

1
vg

= 1
c

+ η

(
−g1

Q
+ S1g2

Q2

)
, (D.2)

κ2 = η

(
−g3

Q
+ 1
Q2 (2g1g2 − S1g4)− S1g

2
2

Q3

)
, (D.3)

with

g1 = t22 + 2t2t3 −
(
|Ω3|2 + |Ω4|2

)
, (D.4)

g2 = (t2 + t3)
(
|Ω1|2 + |Ω2|2

)
+ (t1 + t2)

(
|Ω3|2 + |Ω4|2

)
− t1t22 − t3t22 − 2t1t2t3,

(D.5)

g3 = −6∆2 + 2∆3 + 6∆p + iΓe, (D.6)

g4 = −2
(
|Ω1|2 + |Ω2|2 + |Ω3|2 + |Ω4|2

)
+ 2 (2t1t2 + t1t3 + t2t3) + 2t22, (D.7)

where t1, t2, t3, S1 and Q can be obtained by substituting ω = 0 in coefficients
t1(ω), t2(ω), t3(ω), S1(ω) and Q(ω), respectively.
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Explicit expressions of Fba, Fca, Fda and Fea

After some algebraic calculations, the solutions of Eqs. (2.24)–(2.27) can be
obtained as ,

Fba = −ΛpS1(ω)
Q(ω) , (E.1)

Fca = ΛpS2(ω)
Q(ω) , (E.2)

Fda = ΛpS3(ω)
Q(ω) , (E.3)

Fea = ΛpS4(ω)
Q(ω) , (E.4)

where

S1(ω) =t22(ω)t3(ω)− t2(ω)
(
|Ω3|2 + |Ω4|2

)
, (E.5)

S2(ω) =|Ω1||Ω4|2 − |Ω2||Ω3||Ω4|e−iφ − |Ω1|t2(ω)t3(ω), (E.6)
S3(ω) =|Ω2||Ω3|2 − |Ω1||Ω3||Ω4|eiφ − |Ω2|t2(ω)t3(ω), (E.7)

S4(ω) =t2(ω)
(
|Ω2||Ω4|+ |Ω1||Ω3|eiφ

)
, (E.8)

Q(ω) =t2(ω)t3(ω)
(
|Ω1|2 + |Ω2|2

)
+ t1(ω)t2(ω)

(
|Ω3|2 + |Ω4|2

)
− t1(ω)t22(ω)t3(ω)− |Ω2|2|Ω3|2 − |Ω1|2|Ω4|2 + 2|Ω1||Ω2||Ω3||Ω4| cos(φ).

(E.9)
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Kerr nonlinear coefficient

One may write the Maxwell equations under the slowly varying envelope ap-
proximation as

∂Ωp

∂z
+ c−1∂Ωp

∂t
= iηΦbΦ∗a, (F.1)

where ΦbΦ∗a = ρba, as well as Φa and Φb (together with Φc, Φd and Φe ) represent
the amplitudes of atomic wavefunctions for each atomic state and satisfy the
relation

|Φa|2 + |Φb|2 + |Φc|2 + |Φd|2 + |Φe|2 = 1. (F.2)

Initially all atoms are assumed to be in the ground state |a〉. As the Rabi-
frequency of the probe field is much weaker than that of the control fields, one
can neglect the depletion of ground level |a〉, and one has Φa ≈ 1. Adopting a
perturbation treatment of the system response to the first order of probe field,
we can take ΦL = ΣLΦ(k)

L (L = a, b, c, d, e). Here Φ(k)
L is the kth order part of

ΦL in terms of Ωp, where Φ(0)
b = Φ(0)

c = Φ(0)
d = Φ(0)

e = 0, and Φ(0)
a = 1, while

Φ(1)
a = 0. Thus, to the first order in Ωp we may write
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Φa = Φ(0)
a , (F.3)

ΦbΦ∗a = Φ(1)
b Φ(0)∗

a = Φ(1)
b Φ(0)

a = Φ(1)
b = ρ

(1)
ba , (F.4)

ΦcΦ∗a = Φ(1)
c Φ(0)∗

a = Φ(1)
c Φ(0)

a = Φ(1)
c = ρ(1)

ca , (F.5)

ΦdΦ∗a = Φ(1)
d Φ(0)∗

a = Φ(1)
d Φ(0)

a = Φ(1)
d = ρ

(1)
da , (F.6)

ΦeΦ∗a = Φ(1)
e Φ(0)∗

a = Φ(1)
e Φ(0)

a = Φ(1)
e = ρ(1)

ea . (F.7)

In this limit Eq. (F.2) reduces to

|Φ(0)
a |2 + |Φ(1)

b |2 + |Φ(1)
c |2 + |Φ(1)

d |2 + |Φ(1)
e |2 = 1. (F.8)

Using Eqs. (F.3)–(F.8), the right hand side of wave equation (F.1) can be rep-
resented as

iηΦbΦ∗a = iηΦ(1)
b |Φ(0)

a |2

= iηΦ(1)
b

[
1− (|Φ(1)

b |2 + |Φ(1)
c |2 + |Φ(1)

d |2 + |Φ(1)
e |2)

]
= iηρ

(1)
ba − iηρ

(1)
ba (|ρ(1)

ba |2 + |ρ(1)
ca |2 + |ρ(1)

da |2 + |ρ(1)
ea |2) . (F.9)

The first term iηρ
(1)
ba shows the linear part of the right hand side of wave equa-

tion (F.1) which was featured in Eq. (6.7). In addition,−iηKerr = −iηρ(1)
ba (|ρ(1)

ba |2+
|ρ(1)
ca |2 + |ρ(1)

da |2 + |ρ(1)
ea |2) represents the nonlinear part of the right hand side of

wave equation (F.1). From this expression, the explicit form of the nonlinear
coefficient Kerr given in Eq. (2.38) can be readily derived.
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