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Abstract: We propose a robust localization of the highly-excited Rydberg atoms interacting
with doughnut-shaped optical vortices. Compared with the earlier standing-wave (SW)-based
localization methods, a vortex beam can provide an ultraprecise two-dimensional localization
solely in the zero-intensity center, within a confined excitation region down to the nanometer
scale. We show that the presence of the Rydberg-Rydberg interaction permits counter-intuitively
much stronger confinement towards a high spatial resolution when it is partially compensated
by a suitable detuning. In addition, applying an auxiliary SW modulation to the two-photon
detuning allows a three-dimensional confinement of Rydberg atoms. In this case, the vortex field
provides a transverse confinement, while the SW modulation of the two-photon detuning localizes
the Rydberg atoms longitudinally. To develop a new subwavelength localization technique, our
results pave a path one step closer to reducing excitation volumes to the level of a few nanometers,
representing a feasible implementation for the future experimental applications.

© 2020 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Recent years have seen a vast progress in the precise localization of atoms, with potential
applications in the fundamental and applied science. Some important examples are precise
addressing of ultracold atoms in optical lattices [1,2], patterning of Bose-Einstein condensates
(BECs) [3,4], optical lithography [5] or fluorescence microscopy [6]. The diffraction limit,
however, is a barrier to the possible resolution. For example, in an optical microscope, the highest
achievable point-to-point resolution is limited by diffraction. The diffraction restricts the ability
of optical instruments to distinguish between two objects separated by a distance smaller than a
half of the wavelength of light employed to image the sample.

Coherent-adiabatic light-matter interactions provide some ways to overcome the diffraction
limit by reducing the excitation volume in atom-light coupling schemes. The concepts are based
on spatially modulated dark-states created by the Electromagnetically Induced Transparency
(EIT) [7-10] or the Coherent Population Trapping (CPT) [11]. The space-dependent interaction
between the light field and the atomic internal states is produced by a standing-wave (SW) field.
New schemes have been proposed for the SW localization by applying different measuring ways,
e.g. absorption spectrum [12,13], level population [14—17], spontaneous emission [18-20], or
adopting complex energy-level structures [21,22]. Beyond the theory proposals, there are only
a few experiments on EIT-based localization [23-25], demonstrating an atomic localization to
regions of 60 nm, i.e. 13 times smaller than the wavelength of incident light [25]. The precision
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level better than 30nm has been achieved in imaging of molecules and biological dynamics
[26,27]. Yet improving the resolution of subwavelength atomic localization down to the range of
a single nanometer remains an important challenge.

A localization protocol with SW produces a periodic pattern of tightly localized regions.
This was fine for the first experimental demonstrations [23—-25], but it is not appropriate for
applications, which usually require single excitation regions. On the other hand, in the search for
systems suitable for quantum information and precision measurement [28—31], Rydberg atom
has emerged as one of the favorites mainly due to its strong long-range interaction that blocks the
possibility of multiple excitations [32-36]. However, this superiority also gives rise to a poor
quality of localizing Rydberg atoms because it is difficult to confine them in a small region with
a high density. Hence, it is still under way to precisely localize highly-excited Rydberg atoms
using currently available experimental techniques. Very recently we have studied the localization
of Rydberg atoms via SW beams that produce a periodic pattern of tightly localized atoms in one
dimension [37], however, the current work provides a progress towards single site confinement
of atoms.

In order to find atoms in a single excitation region, in the present work, we propose and
analyze a theoretical scheme of combining Rydberg atoms with a special space-dependent
doughnut-shaped beams which carry an orbital angular momentum (OAM) [38,39]. In contrast
to the earlier SW-based localization protocols, a doughnut beam geometry makes it possible to
detect atoms in a single spatial region with a 100% probability, where any fluctuations from
the laser noise can be largely suppressed. It should be noted that the localized excitation of a
four-level atom to a highly excited Rydberg state has been theoretically investigated in [40] by
considering the Laguerre-Gaussian (LG) beam spatial features. Yet, the dipole-dipole interaction
between the Rydberg atoms (which may induce the blockade) has been neglected, allowing in
[40] to focus on the single atom excitation mechanism. However, the work presented in this
paper is completely different. It is shown here that the strong Rydberg-Rydberg interaction
can be partially compensated by a suitable detuning, and a two-dimension (2D) transverse
confinement can be achieved with a localization precision ~11nm. To image the Rydberg atoms
in the three-dimensional (3D) space, in addition to the vortex beam, we employ an auxiliary
SW modulation to the two-photon detuning. Such a SW modulation yields the longitudinal
placement of Rydberg atoms along the propagation direction of the probe beam, while the atomic
excitation is spatially confined in a transverse plane due to application of vortex beams. In
addition, we explore an experimental implementation of our setup under realistic parameters,
strongly supporting the preservation of the robustness of our 3D Rydberg localization protocol,
even under the influences of non-negligible random intensity noise and frequency noise.

2. Theoretical formulation

Let us consider an ensemble of atoms characterized by a typical three-level ladder configuration
of energy levels as shown in Fig. 1. For each atom, states {|g), |¢), |r)} represent the ground, the
excited and the highly excited Rydberg states, respectively. The transition between |g) and |e) is
induced by a traveling-wave (TW) field characterised by the Rabi-frequency €, and the frequency
detuned by A, from |e). The upper transition between |e) and |r) is driven by a vortex control
field Q.(r, ¢) , which is detuned by A, with respect to |r). The control field detuning A.(z) can
be adjusted to be z-dependent enabling an auxiliary spatial confinement along the z-axis.

We assume a frozen-atom limit where the atomic center-of-mass motion is negligible due to the
fast operation of experiments ~ us [41-43]. Therefore, applying the rotating-wave approximation,
the Hamiltonian is given by (h = 1)

H :ﬂa+(vaf+(‘/x>dWs, (1)



Research Article Vol. 28, No. 24 /23 November 2020/ Optics Express 36938 |

Optics EXPRESS

\
|
60.
480nm ; 160512
vortex laser o i 0 (T, ¢) :
|
Q. ¢)ﬂ W o
' 1o ~ I5p3/2)
vl 1
probc laser 780nm \ : p :
\ .
v ¥ g |
=|5s1/2))
x | 1/2/),

Fig. 1. Schematic diagram for a collection of Rydberg superatoms interacting with a TW
field ©, as well as a LG field Q.(r, ¢). Both beams are propagating along the same direction
Z. The concept of superatom is that, within the blockade radius Rj, only one of the atoms
can obtain one excitation to the uppermost Rydberg state. Inset: Level structure of each
atom with states |g), |e), |r) denoting the ground, intermediate and Rydberg states, which
enables the transitions of |g) < |e) and |e) < |r). V4w, stands for the intrinsic ns — ns
type vdWs Rydberg interaction between the unique excited atoms of adjacent superatoms.
Other parameters are described in the text.
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are the unperturbed atomic Hamiltonian #{,,, the atom-field interaction Vs and the internuclear van
der Waals(vdWs)-type interaction V,4w;, respectively. Note that the electric dipole approximation
(EDA) is adopted while deriving Eqs. (1)—(4). In general the EDA is applicable if kr < 1, with
k = 2m/ A representing the wavevector of field and r the atomic size. For a higher Rydberg level
this condition is hard to meet automatically. Due to the special property of the LG beam the
Rydberg electron may "see" the light intensity variation, i.e. different parts of the atom interact
with different electric fields. The resulting quadrupole Rabi frequency related to the LG beam
and the Rydberg state can cause additional OAM exchange covering the center-of-mass and
internal motions [44,45]. By approximately neglecting the OAM transfer between light and
atomic internal degrees we focus on the intensity variation of the LG beam and will leave the
interesting physics of higher—order effects for a future work.

As for the jth atom, o’/ op = = |a) (B|; is the transition (@ # ) or projection (@ = ) operator,
while Cg denotes the vdWs coeflicient which depends on |7). Under the mean-field treatment
[46], one can safely replace V,qws with Z o-f, Zm# - | o”. The mean-field approximation

neglects the correlations of Rydberg-state atoms w1th1n a smgle superatom, which is enabled by
strong Rydberg blockade that prevents the excitation of a second atom within a superatom. The
correlation can be incorporated into the expression of s [Eq. (8)] via a short-range cutoff to the
spatial integral for the Rydberg interaction. For short excitation times, this method yields good
agreement with experiments [47,48]. The time evolution of operator 0}/1 B(t) of the jth atom is
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where c
S = Z —660':'; (6)
m#j |rj - rm|

is the accumulated vdWs-induced energy shift for the atom j induced by the adjacent Rydberg-state
atoms m, and yap = (Lo + Ig) /2 is the dephasing rate, with @, B € (g, e, r). If the spontaneous
decay rates obey the condition I', > I';, I, = 0, one has approximately y = v = Vg, [e = 2y
and y,- = I', = 0. The two-photon detuning is described by A, + A.. In addition, we will ignore
the superscript j for the sake of simplicity. Solving the system of Egs. (5) under the steady limit
(0 ap(t) = 0), one arrives at a steady-state solution o7, indicating the stable population for the
state |r):

I (I, +1.)
(I +1.)> =2, (Ap + Ac = ) I + (2 + A2+ 21,) (A, + Ac — 5)°

)

op(r) =

with the laser intensity I = |Q,,(L.)|2. For s = 0, the solution o7, has a Lorentzian dependence on

the two-photon detuning (A, +A,), with its half-peak width given by w = (I, +1.)/4 [y? + AIZ, + 21,
[49].

For estimating the Rydberg-Rydberg interaction between the neighboring excited atoms
belonging to different superatoms, the blockade radius is defined by R, = (Cg/w)'/® if assuming
hw = Cg /Rg (h = 1) [36]. Then only one atom can be excited within a single superatom volume
Vp. It is apparent that the blockade radius R} is also position-dependent due to the spatial
dependence of the control field and hence w. The Rydberg interaction s felt by the jth excited
atom within a single V}, is calculated by integrating over all excitation probabilities from the

volume V # V,, [47]
C
5= / =S frod’r. ®)
vy, I

Here p is the ground atom density and r = |r; - r,,| denotes the relative distance. The average
Rydberg excitation fraction f is described by [50,51]

fo

= - ©
where the Rydberg population fraction is fy = o, at s = 0, and Ny, = Vj,p represents the number
of atoms in a single superatom. Note that if Ny, = 1 we get fg = fy meaning that only one atom
inside can obtain a determined excitation; otherwise, assuming Ny, > 1/fy, one gets fg = 1/Ny,
indicating that the blocked volume definitely contains one Rydberg excitation and the Rydberg
excitation fraction for each atom is 1/Ny,. The resulting s becomes s = fv 2V fg /\f d*r. Tn
appendix A, we discuss the calculation of the shifted energy s(r;) with respect to the jth atom in
details.
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3. Transverse super localization

3.1. Atomic spatial resolution

Let us first consider a perfect antiblockade condition A, + A, — s = 0, where the two photon
detuning A, + A, compensates the Rydberg shift s. Without loss of generality in what follows
we assume A, = 0. As aresult, A, actually stands for the two photon detuning and A, —s =0
represents the perfect antiblockade condition. In this case, the population of the Rydberg state
given by Eq. (7) takes the form
1

T
Here n = I../1, represents a relative ratio between the two laser intensities. Equation (10) acquires
its maximum value in the core of the vortex beam where Q. = 0 and hence n = 0. Thus, ensuring
the perfect antiblockade condition and so long as the steady state is reached, monitoring the
population of Rydberg state is a sufficient tool to measure the position of atoms.

Inspired by this, we take the control laser Q.(r, ¢) to be a doughnut-shaped Laguerre-Gaussian
(LG) beam of the form [52]

10)

Orr

171

Qu(r.6) = Qo (L) eI, an
Wo

with a zero-intensity solely at the beam core » = 0. Other higher-order vortex fields with more

radial nodes may cause multi-site atom localization, and can be considered for a future study.

Here Q.o, Wy and [ are, respectively, the peak amplitude, the beam waist, and the winding number

of the vortex beam, while (r, ¢) are, respectively, the cylindrical radius and the azimuthal angle.

Under the perfect antiblockade condition, the system evolves into a position dependent dark state
D) = Q1) =Qc(r9)18))

\/912,+Q§(r,¢)

state. One can see that the dark state reduces to the excited Rydberg state |r) at the core of the

vortex beam where ;. ~ 0. Thus, a smooth adiabatic change of |D) can excite atoms to the

Rydberg state as Q.(r, ¢) passes through its zero intensity core, and hence the population of |r)

can be tightly localized. Besides the probe field denoted by €, describes a TW propagating

along the same direction Z as the LG laser beam with a constant amplitude Q,y. Note that the

spatial modulation of A.(z) has been ignored here for accomplishing an ideal 2D localization.
Using Eq. (11) for Q.(r, ¢), the intensity ratio i takes the form

r 21 2
n= K2 (_) e~ 20r/Wo) (12)

. As the position r changes, the system adiabatically follows such a dark

Wo

with k = Q. /€p0. One gets 7 = 0 at the beam core corresponding to r = 0. This yields a perfect
confinement with a 100%-probability of finding atoms at the vortex core.

The localization quality depends on a high spatial resolution characterized by a narrow
linewidth of steady Rydberg population o.(r). A very narrow linewidth indicates that the
position of the atoms can be well resolved within a very small excitation volume. For the
lowest-order mode of the LG beam with / = 1, n7 can be expanded around r = 0 in a Taylor series
up to the fourth order, giving

PIVSLARY) "\
~ -2 . 13
n~ Rl - 250" (13)
Then the full width at half maximum (FWHM) labeled by a, of o, can be approximated as

K2 -8
K

a, ~ Wor\[1 —

(14)

According to the symmetry, we have a, = a, = a, where a, and a, are the FWHM of the
excitation along X and y directions, respectively. From Eq. (14), it is intuitive that a, — 0 only
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when « > 2V2, indicating a high resolution peak. A very large « is obtained for sufficiently
weak probe pulses (2,0 < Qo). As confirmed by Fig. 2(a), starting from its peak value 1.0, o,
is found to decrease rapidly as r grows, allowing an ultra-precise confinement of center-of-mass
of Rydberg atoms as long as a sufficiently large « is adopted. However, for a larger value of «, the
time required for the steady state to be formed is longer, as Q,q is weaker. In contrast, a smaller
value of k e.g. « = 10, would cause a poor resolution although it may speed up the time to reach
the steady state. The full numerical results by solving Egs. (5) confirm the analytical predictions.
The relation between steady time and resolution for different x values will be discussed in section
5.2. Figure 2(b1-b3) shows the 2D imaging of the atomic localization with different « values. It
is clear that the localization quality becomes worse as k decreases, indicating the importance of a
sufficiently weak probe field for a tight 2D confinement of atoms.

0

k=10 k=100 k=500
04210 | 0.0416 | 0.0083
1.3934 | 0.4188 | 0.1866
21058 | 0.9122 | 0.5279
2.5790 1.3528 | 0.8919

2.8956 } 1.7160 | 1.2232

3
l

0

l'_/'/)\(.

Fig. 2. (a) Representation of the steady Rydberg probability o(r;) versus r;/Ac for [ = 1.
The subscript j means for the jth Rydberg atom. The full-width at half maximum of excitation
where o = 0.5 is defined by a,. Here a half-width a, /2 is labeled. (b1-b3) The 2D plot of
atom transverse localization with different « values. (c) The full-width a;, (in unit of A.)
with the increase of the winding number /. Detailed values a, (in unit of A.) are shown in
the inset. Here the beam waist and the wavelength are Wy = 1um, A, = 480nm. Cases of
« = 10,100, 500 are given by red-dotted, green-dashed and blue-solid curves, respectively.

The dependence of a, on the OAM number / is demonstrated in Fig. 2(c). One can see that
larger topological charge numbers destroy the spatial resolution, i.e., the larger the OAM number
1 is, the bigger the value of a, and the wider the localization widths are. This is understood by
the fact that when the OAM number / increases to larger numbers, the dark hollow center is
increased in size, as indicated by Eq. (11). For example when [ = 5 and for « = 10, a, becomes
1.39um(2.894,), in contrast to the best case where we achieved only a, = 4nm(0.00834,) for
I = 1. Therefore, in what follows we take / = 1 in order to get the best results.

3.2. Influence of the Rydberg shift s

Because of the position-dependent nature of the control field, the Rydberg shift s(r) is difficult to
be completely compensated by the detuning A, i.e. a perfect antiblockade condition by using an
appropriate A, that compensates s(r) at every position is impossible. Once A, — s(r) # 0 and
considering I. < I, (around r ~ 0), 0 can be approximated as

1
L+ [Ac = s(r) ]2 fw(r)?

O'rr(r) = (15)
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The resolution a, then can be obtained when |A. — s(r)| = w(r) corresponding to o = 1/2.
Luckily, as observed in Fig. 9(b) of appendix A, we see that s(r;) can be approximately a
constant when the localized atom j is placed within a short displacement 7; to the beam core,
i.e. if r; < R;,. Hence adopting the way of so-called partial antiblockade in which we let the
detuning A, compensate the Rydberg interaction s(r; = 0) exactly at the vortex core, is easy to
implement practically. While if ;>0, one obtains A. — s(r;) # 0 leading to a fast decrease of
steady population.

In Figs. 3(a) and (b) we numerically compare the results for the cases of perfect antiblockade
by A. = s(rj) (solid, the same as in Section 3.1) and the partial antiblockade (stars) featured by
A = s(r; = 0). Comparing Figs. 3(a) and (b) shows that one can get a better localization when
Wy = 1um. However, in this case, the partial antiblockade gives rise to the same results as the
perfect antiblockade (see Fig. 3(a)), since the Rydberg interaction s is approximately constant
and can be compensated by a specific detuning A, at every position. Therefore the degree of
localization can be well kept by an easier partial antiblockade condition, achieving the same
FWHMe.g. a, = 4.0nm for « = 500.

14

s (2)

0 : : 0 andie
107 107 10° 10 1072 10°
Tj/)\c Tj/)\c

Fig. 3. The influence of s on the steady Rydberg population o7,(r;) under different beam
waists (a) W = 1um and (b) Wy = Sum. Star points and solid curves are separately solved by
considering a partial antiblockade A, = s(r; = 0) and a perfect antiblockade A, = s(r;). Plots
corresponding to x = 10, 100, 500 are denoted by red, green and blue curves, respectively.

However, for a larger Wy (e.g., Wy = 5um) it is insufficient to compensate s(;) by a constant
A that equals to s(r; = 0), since the distortion and shrink of the blockade sphere caused by
a wider beam waist Wy can bring a significant variation to s(r;) making it spatial-dependent.
Hence, we follow the partial antiblockade condition by letting A, = s(r; = 0). In this way we find
that once r;>0, the steady Rydberg population o.(r;) reveals a faster fall due to the imperfect
compensation of s beyond the localized point ; = 0. One finally obtains a narrower FWHM as
compared to the case of perfect antiblockade, see Fig. 3(b).

Therefore, thanks to the hollow core laser beam we have realized an efficient scheme for
ultraprecise 2D Rydberg localization. Remarkably, once the partial antiblockade condition
A = s(r; = 0) is fulfilled, the Rydberg-Rydberg interaction counter-intuitively yields a better
spatial resolution. This condition would be easier to be carried out in experiments.

4. Longitudinal super localization

Getting rid of using a SW optical Rabi frequency that may add to the complexity of our protocol,
in the following we implement a spatial modulation to the detuning A.(z) that is directly connected
to |r). This modulation is enabled by the ac Stark effect from an external electric field to induce
a periodic energy shift of |r) [53], taking the form of

2
Ac(z) = Ano sin(/l—ﬂz) +0, (16)

C
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with its peak-peak amplitude A, and an extra frequency shift 6. In such a case, the partial
antiblockade condition changes to A, = s(r; = 0, z; = 34./4) at the localized point, giving

0 — Ao = 50, )

where s = s(r; = 0,z; = 34./4). Once Eq. (17) is violated, i.e., § — Ao # So, both the precision
and spatial resolution will be reduced significantly, as numerically demonstrated in Fig. 5. The
periodicity of the SW function A.(z) allows atoms to be localized at z; = (3/4+n)A. [n € integers].
Note that we have assumed n = 0 in the simulations.

Based on the findings in Fig. 9(c) of Appendix A, it is safe to assume s(r; = 0, z;) to be a
constant as s(z;) can be well kept with negligible oscillations. In this case, by following the
equality of A.(z) — so = w, the FWHM of 0,(z;) can be solved analytically, leading to

w
AcO

a; = [% —arcsin(1 — )/ 7] Ac. (18)
Figure 4 shows numerical simulations for the population distribution o.(z;) against z;. The
numerical results for a, are in a good agreement with the analytical solutions given by Eq. (18).
Increasing « from 10 to 500 reduces a, significantly, yielding a tighter longitudinal confinement.
Specifically, for a large control field detuning A.9/27n = 30MHz and « = 500, the localization
resolution can be enhanced, reaching a, = 0.00464, =~ 2.2nm (see Fig. 4(a) (blue-solid)).
However, if the peak-peak amplitude A is set to be orders of magnitude smaller, e.g. Acg = Q0
as in Fig. 4(b), it exhibits a dramatic broadening of a, due to a, o A:.Ol, as featured by Eq. (18).

1 s : .
5 I, *
08} il (a) A ,/2r=30MHz N 1
0.6 ioh a; N 1Az
e —> <~ —> |,
=04+ oy A [ 4
§ [ § "
o2} & I i\
0 ...... Sl e e 7l o e
05 -0.25 0 0.25 0.5 0.75 1
Zj/A(,
1 T
08 A00=on
&06
=04
b 02 "eresssamnmean L
0 ‘ ==="
05 -0. 0.25 0.5
Zj /e

Fig. 4. The periodic steady Rydberg distribution 0(z;) along z axis for x = 10(red-dotted),
100(green-dashed), 500 (blue-solid), under the peak-peak amplitudes (a) A.o/27m = 30MHz
(fixed) and (b) Ay = Q0 (tunable). Remember k = Q.9/Qp0 and Q.o/27 = 80MHz. a;
stands for the full-width at half maximal peak, i.e. o = 0.5 and A, = 480nm is considered.

5. Experimental feasibility

5.1.  Ultrahigh-precision 3D localization

Our localization protocol benefits greatly not only from a hollow-core vortex beam which enables
the confinement of atoms in a single site with a 100% detection probability, but also from the
presence of Rydberg-Rydberg interaction which efficiently speeds up the fall of probability in
space, finally improving the transverse localization resolution towards a subwavelength domain.
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Fig. 5. (color online). Isosurface plots of Rydberg excitation probability at half maxima
of o, versus (x,y,z) for different x values under the case of (a-c) partial antiblockade
condition: & — Ao = sp; as well as in (d-f) that the partial antiblockade breaks by letting
0 — Aqp = 2s¢. Other relevant parameters are described detailedly in the text.

In addition, applying a spatially-modulated two-photon detuning instead of an SW laser, enables
us for precisely localizing atom along the longitudinal direction.

Before proceeding, we now numerically estimate the relevant experimental parameters for
verifying the practical implementation of our protocol. In the calculations, we consider ground
87Rb atoms with energy levels (|g), |e), |r)) = (I551/2), 15p3/2), 16051 /2)) excited by a two-photon
process at the temperature of 20uK [54]. The upper transition of |e) — |r) is played by a vortex
LG beam with (Q.9, Wy, A.) = (2m X 80MHz, 1 um, 480nm) for the peak intensity, the beam
waist and the wavelength, respectively. The lower transition from |g) to |e) is characterized by
the continuous probe field with the Rabi frequency 2,0 = Q.0/« and the wavelength 780nm.
We introduced a tunable x which is manipulated by changing Q,o, when Q. /27n = 80MHz
is fixed. In general, we take Q,) = 27 X (8.0,0.8,0.16)MHz providing « = (10, 100, 500).
The average atom density is p = 6 X 103mm™, and the vdWs coefficient of state |60s; /2) is
Ce/2m = 140GHzumS[55]. The dissipation is dominated by a fast decay from the middle excited
state |e), given by I'. /27 = 6.05MHz [54] and other spontaneous decays are I',, = 0, leading to
the dephasing rates y = yer = Yge = I'e/2.

Besides, the two-photon detuning A.(z) (note that A, = 0) is modulated as a sinusoidal function
with its amplitude A.y/27 = 30MHz and periodicity .. Importantly, the shifted energy &
should be decided accurately according to the partial antiblockade condition Eq. (17), leading to
6 = A+ 59 =2mx(37.77,31.15,30.063)MHz for « = (10, 100, 500), where s is numerically
estimated from solving an integration Eq. (23) [see Appendix A and B] at r; = 0,z; = 34./4. If
k > 1, ¢ is closing to the value of A,y due to so/y — 0. Therefore, in a real implementation in
order to obtain an accurate ¢ for an optimal localization, one needs to scan the shifted frequency
¢ around Ag. A brief discussion for the determination of the shifted frequency ¢ is presented in
Appendix B.

Our final results for the 3D Rydberg atom localization are summarized in Fig. 5 with all
practical parameters, where a global isosurface at half maxima of o, is represented. Panels (a-c)
show the partial antiblockade case at the localized point: A. = s(r; = 0, z; = 34./4), leading to
an accurate relation 6 — A9 = so. The plots demonstrate a visible localization image with the
spatial resolution which can be optimized for a larger k. However, once this accurate relation is



Research Article Vol. 28, No. 24 /23 November 2020/ Optics Express 36945 |

Optics EXPRESS , NN

violated e.g. § — A,p = 25 as indicated in (d-f), the FWHM of o,(r) experiences a dramatic
broadening while decreasing its peak value. This confirms our theoretical predictions that the
sensitive partial antiblockade condition at the localized point is very important for realizing a
high-quality atom localization, especially in the presence of strong Rydberg-Rydberg interactions.
A slight shift of the partial antiblockade condition would cause the breakdown of our localization
scheme.

5.2. Selection of the parameter

As discussed in section 3, an ultra-precise localization relies on a sufficiently large k[~ 500].
However, the duration time T for reaching a steady localization is typically inversely proportional
to the absolute values of Rabi frequencies Q.o and Q0. As k = Q0/Qpo (Qco is fixed), T is
positively associated with . That means a large « leads to a sufficiently long time for the system
to be stationary. In reality, 7 is also limited by the Rydberg lifetime typically 7y < 1/ is
required. For that purpose a proper « is mostly favored. e.g. by numerically solving Bloch
Egs. (5), we find when « = 500 the steady time T reaches as high as 86us which is comparable
to the lifetime.

In order to get an optimal « value, Fig. 6 shows the opposite dependence of the width a, and
time T on « that confirms our analytical predictions. In an experiment, the parameter x should be
chosen properly by considering the precision of localization as well as the time duration to reach
steady state at the same time. For example, if x = 180, it gives T = 11us, which is 23 times
shorter than the lifetime of a Rydberg state. So this result can provide enough time for measuring
the steady Rydberg probability due to its localization. Also, for x = 180 the spatial resolution
is a, = 11nm ensuring a nanoscale-level localization precision. Therefore optimizing « is very
important for the success of ultra-precise localization. In general replacing with a Rydberg state
of higher principal quantum number can help to enhance «, giving rise to a higher localization
precision.

300 ‘ ‘ ‘ ‘ 300
L 1
2001, 1200 _
2 Z
<= N =

1001\ 1100

0
0

Fig. 6. The FWHM q,(blue-dashed) and the steady time Ts(red-solid) versus the change
of the ratio k. For [r) = |60s /) the Rydberg-state lifetime is 252us as denoted by the
dot-dashed line.

6. Scheme stability
6.1. Laser intensity noise

In order to explore the robustness of our scheme against external perturbations, we introduce now
a position-dependent random intensity noise to the peak amplitude Q. of the LG beam. In this
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case, the amplitude Q. turns to be position-dependent, defined by

Qeo(r) = Q) + Q/y(r) 19)

with Q7 ) being the unperturbed laser amplitude. Here the random noise term Q/, (r) is simulated
as a normal distribution, which has a zero expectation value and a standard deviation &;. We
only pay attention to the steady Rydberg distribution along x axis due to the symmetry of system,
in order to measure its variations under the effect of random fluctuations Q/(x). For reducing
the uncertainty during single measurement, each plot is simulated by averaging over ten-times
outputs.

Figure 7 demonstrates that suffering from the influence of the intensity noise, the steady Rydberg
population o-(x;) starts fluctuating and broadening. When the noise amplitude characterized by
G; is relatively small, e.g. 6; = 0.2Q, the population distribution is quite steady closing to the
case of ; = 0.0 (no noise). Neverthless, if &; is increased to be 0.5Q., 07+(x;) reveals a strong
fluctuation with its resolution (half-width at o, = 0.5) becoming worse. To our knowledge
the realistic intensity noise can be suppressed to a very weak level under current experimental
technique, which strongly supports the robustness of our localization protocol towards a new
ultra-precision standard.

1

) : ‘ ..‘_ e s
-0.08 -0.04 0 0.04 0.08
i/

Fig. 7. The position-dependent steady Rydberg population o7-(x) along x axis under random
laser intensity noise given by Q(’: o(X). The standard deviation of Qé o(X) is exemplified as
;i = 0.5Q.¢(red-dotted), 6; = 0.2Q.¢(green-dashed) and 6; = O(blue-solid). Each curve
of ; = (0.2,0.5)Q, is obtained by averaging over ten simulation trajectories and 6; = 0 is
for the case with no noise. Here x = 180, Q.9/27 = 80MHz and the beam waist Wy = 1um.

6.2. Frequency noise

Next, we explore the effect of frequency fluctuations to show the robust stability of our scheme.
A random frequency noise mainly contributed by the unavoidable laser-induced ac Stark effect
[56,57] is introduced to the frequency shift § of the level detuning A.(z), with a normal distribution
and a small deviation 6. Applying additional compensation laser fields may reduce this effect
[58]. Here the deviation & is modified to be with respect to so since so = 6 — Ao is small
and very sensitive to 6. As observed in Fig. 8, it is clear that the steady Rydberg population
o+(x;) sensitively depends on the deviation strength because of the partial antiblockade condition
0 — Ao = sp. If perturbed by a frequency noise &7 # 0 it leads to a significant influence on
0+(xj). Similar results are confirmed by Fig. 5.

However, different from Fig. 7, the frequency noise would cause a dominant variation of the
population in the vicinity of the beam core. As moving far away from the core, the effect of
frequency noise becomes negligible. The reason can be understood by using Eq. (7), which can
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Fig. 8. The steady Rydberg population oy,(x;) vs the transverse direction x; suffering
from a random noise of frequency shift d; in the periodically-modified detuning A.(z).
The standard deviation of the random noise is given by 6y = 500kHz(red-dotted), &7 =
100kHz(green-dashed) and & = O(blue-solid), where 6y = 0 means no frequency noise.
Here 59 = 6 — Aqg = 2mn X 0.42MHz stands for the Rydberg interaction at the localized points.
Other parameters are the same with Fig. 7.

be re-expressed as
1

(y2+21,) :
1+7+ —(1,y,+10)5,, (A —5)?

(20)

Opr =

Far from the beam core, the second term n = I./I, in the denominator is much larger than the

2
third term %(AC — 5)2. In this case, the influence of the frequency noise with respect to

~ (A — 5)* becomes negligible. On the other hand, if the atom is placed in the vicinity of the
beam core, 7 = I./1, goes to zero. The frequency noise then brings a remarkable fluctuation to
o, and reduces the steady population probability.

7. Concluding remarks

In conclusion, we have proposed a robust protocol for localizing the highly-excited Rydberg
atoms. The periodicity of the SW field in earlier schemes was an obstacle for detecting atoms in
single excitation regions. We have overcome this obstacle by applying an optical vortex, enabling
a super transverse localization of Rydberg atoms solely in the vicinity of the vortex core and with
a resolution down to the nanometer scale. The presence of the Rydberg-Rydberg interaction also
yields a better localization when it is partially compensated by a suitable detuning. We have also
demonstrated that a 3D localization is possible when applying simultaneously a vortex beam and
an auxiliary SW modulation to the two-photon detuning. The SW modulation of the detuning
provides a longitudinal confinement, while the vortex field localizes Rydberg atoms transversely.
The vortex based approach has unique advantages that may be especially useful for Rydberg
quantum computation in a nanometer-scale level, in which its robustness to the laser intensity
noise revealed will offer special applications for the high-precision operation of a stable quantum
logic gate.

Appendix A: Rydberg-Rydberg shifted energy s(r)

The position-dependent shifted energy s(r) can be solved for numerically. In the frame of
cylindrical coordinates, from Eq. (8) s(r;, z;) of the jth atom contributed by other surrounding m
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Fig. 9. (al) The position-dependent blockade boundary for atom j at r; = 0, z; = 34./4,
characterized by an anisotropic blockade radius R}, in the (r, z) space for k=10(red solid),
100(green-dashed), 500(blue dash-dotted) respectively. Inset: schematic diagram of
superatom ensembles illuminated by a localized LG field Q.(r, ¢), as well as a non-localized
TW field ©,,. (a2) A 3D visible plot of the anisotropic blockade sphere with blockade radius
Ry, and k = 100. Note that (al) is a cross-section of the blockade sphere, as denoted by the
red-dashed curve. (b) The Rydberg shifted energy s(r;) at z; = 34, /4 versus r; € [0,0.1]4c.
A wider range of r; € [0,20]A. is given in the inset, where s(rj) shows a slight change with
r;. Similarly to (b), (c) represents the relationship between s(z;) and z; € [0.25,1.25]A,
at r; = 0. Inset denotes a detailed image for s(z;), where tiny oscillations are preserved,
stemming from the SW periodicity of A.(z).

atoms has a reduced dual-integration form, described by

Y JrPX
s(ri,zj) = 27rC6/ / rdzdr, 21)
" 0 S (=17 + = 2P
where the azimuthal angle ¢ has been dropped out due to the symmetry. An adjustable coefficient
X

0 7 +7°<R?
x={ LT 22)

1 r2+222Ri

is introduced to control the interaction strength of adjacent atoms m. Hence, if the adjacent atom
m is placed inside the blockade sphere preventing all Rydberg excitations, then y = 0 and s = 0;
otherwise y = 1, leading to s # 0. The excited atom m will induce a finite Rydberg shift to the
atom j at (17, z;). In the calculations, the entire integration regime contains a computational lattice
with 10* x 10* points in (r, z)-directions, where the computational lengths and the lattice spacing
along each dimension are L, = L, = 1004, ~ 48um and ér = 6z = 0.014, ~ 4.8nm.

In Fig. 9(al) we study the position-dependent blockade radius Ry(r, z) for « = 10, 100, 500.
Explicitly, when the localized atom j is placed at the core of the LG field, R, is essentially
anisotropic and increases with k. The reason is, that near the beam core, where I. = 0, R}, is
inversely proportional to I,. However, a common dip occurs at the beam waist around r ~ 1.54,,
arising from the fact that at this point the intensity /. arrives at a same maximal value I,9. Due
to the dominant role played by the strong intensity /.o, the blockade radius tends to be the
same around r = 1.54, no matter what « is. The inset shows a visual picture of a collection of
superatom ensembles illuminated by the LG (red) and TW (amaranth) fields. A 3D plot of the
anisotropic blockade sphere is given in Fig. 9(a2) to visualize the imaging, in which the blockade
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radius R;, in three-dimension is stressed. Note that (al) is only a part of cross-section boundaries
as denoted by the red-dashed curve in the 3D blockade sphere.

Guided by the anisotropy of blockade radius, we further exploit the accumulated Rydberg shift
s(r}, zj) via the variation of positions, by considering z; = 31./4 (Fig. 9(b)) and r; = 0 (Fig. 9(c)),
separately. Note that the atom j is localized at (r,z;) = (0,(3/4 + n)A.) withn = 0,1,2---
denoting the periodic number coming from the SW modulation A.(z). Here we choose n = 0.
Based on Figs. 9(b) and (c), generally speaking the value of s(rj, z; = 34./4) or s(r; = 0, z;) can
be robustly preserved no matter how « is tuned, benefiting from the tiny localization regime
around r; = 0 and z; = 34./4. For example Fig. 9(b) shows the little variation of the interaction
s within r; < 48nm. That preservation property gives rise to a partial antiblockade relation by
6 — Ay = so where syp means the shifted energy at the localized point, and ¢, A, are related to
the modulation function A.(z). Beyond the localization regime an insufficient preservation due to
partial antiblockade effect can counter-intuitively speed up the fall of the excited-state probability,
making the atom position confined within a narrower area, as indicated in Sec. 3.2.

On the other hand, it is also confirmed that s(r;, z;) significantly decreases for a larger . The
reason is that, if « is large, the localized atoms placed around the core would suffer from a weaker
interaction from other atoms due to the sufficient size of the blockade radius. An extensive plot
in (b) supplementarily shows that the shifted energy s(r;) indeed changes slightly if the atom is
placed far from the beam core, where r; is a few micrometers as comparable as Ry, especially for
a small k. At the same time, the shifted energy s(z;) keeps a long-range and stable preservation
along the z axis in every period [see inset of (c)].

Appendix B: The shifted frequency §

To realize a robust 3D localization, we reveal the importance of the partial blockade relation
0 — Ao = 5o with A, being the peak-peak modulation amplitude. Here A is arbitrarily chosen
to be A,g/2n = 30MHz. The shifted frequency ¢ should be determined by ¢ = sg + A9. Here
so stands for the average Rydberg shift at the localized point (r, z;) = (0,34./4), which can be
solved by rewriting Eq. (21) into

(o] o0 X
so = 2nCepl r dzdr, 23
0 P /o .[oo [(r—r)*+(z-z)*’B )

2 2

the value § = sg + Ao for structuring the sinusoidal modulation A.(z). Fig. 10 plots the behavior
of 5o with respect to «. It is clearly shown that sy decreases significantly as k grows, and s also

. If so is numerically solved it is possible to apply

10’

107 :
10’ 102 108
R=Qe/ Qs

Fig. 10. The shifted energy sy at the localized point (77, z;) = (0,34./4) versus the change
of the ratio «.
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preserves a tiny value if « is very large. For example as «>100, so has entered the regime below
~ 0.1y or smaller. Owing to the use of a weak probe field €20, the poor Rydberg excitation
probability can lead to a smaller Rydberg shift sq.

However, although s is very small, the chosen ¢ should be sensitive to it. Once the relation of
6 = so + Ao breaks, a dramatic broadening of FWHM occurs, that can greatly reduce the spatial
resolution of the localization [see Figs. 5(d)-(f)]. In experiment one needs to scan the frequency
6 very precisely around Ao to improve the localization quality. For example, we numerically
obtain the values of 6 /27 = (37.77,31.15, 30.063)MHz for « = (10, 100, 500), confirming that §
becomes very close to A, = 30MHz when « is sufficiently large.
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