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C(C+ 1) − I(I+ 1)J(J+ 1)

2I(2I− 1)J(2J− 1)
B ¶ =3·
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The aim of the thesisb WYX	hYC/@,h.A5O,XJAZk�?1WYX	hY@,XaO,XQ>2?on�AG@,^�E O�?8A�k�C/@(?1WYXQ@�X[y-?1X[>UB�?1WYX	cdCYRe?8E D[AZ>%fU_ZCY@+Pa?1EFAZ>jDQPSRFD[CYR�Pa?1EeAG>AZk ?1WYX�W-r-h.XQ@(fU>YX�O,?8@8C/D4?8CY@8Xd?1AjD[AZc�hYRFX4yczPS>-r2��X[RFXQD4?1@,AG>�Pa?1AZczOIPT>/B½EeAG>/O H b W/Xd?1WYXaO,EFOlPTEFc�OPa?uB%XQO8Ee_G>YEF>Y_ÈP¿O,r#O,?8XQczPT?8E DcmX[?8W/A-BÕn�WYE D1W¥cVPT^GXaOVEe?¨h.A5O8O,EF\YRFX½?8AAZ\Y?+PSEe>¤?1WYX½EFcmh.AG@(?0PT>-?D4AG@,@8XQR PT?8EFAZ>UOmPT>/B�?8A½XQO,?8EFczPT?8Xz?1WYX�C/>/D4XQ@,?+PSEe>2?(r¿AGk�?8W/X�@8XQO8CYR:?+O�AGk�?8W/X�W-r#h.X[@,f/>YXjO,?8@8C/D4?8CY@8Xk6P]D0?1AZ@1Ook�AG@�PT?8AGcmE DJO,r#O,?8XQc�O�n�Ee?1WjcVPT>-rzAGC%?8XQ@ ¶ pZPSReXQ>/D[XT·�XQReXaD0?1@8AZ>/O H
The main tasks of the thesisb AVPSD+WYEeXQpGXK?8WYE OªPTEFc¨©/c�AZ@8XI?8EFcmXKX[Ö�D4EFXQ>2?«hY@8AG_Z@+PTczO[©UPSBYpZPT>/D[XaBuD4AGcmhYCY?8EF>Y_mk6P]D4EFRFE:?1EeXaOªPT>UBgPcmX[?8WYA#Bgk�AG@	?1WYX�B%X[?0PTEFReXaB§O,?8C/BYruAZk ?8WYX�D[AG@,@8X[R�Pa?1EFAZ>/O	?1WUPa?lPT@8XdEFcmh.AG@(?0PT>-?	ksAG@	?8WYX�W-r-h.XQ@,f/>YXO(?8@8C/D4?8C/@,XKPS@,XI>/X[XaB%XaB H b WUPT?�RFXaP]BYOo?8A�?1WYXJksAGReRFATn�Ee>Y_�?0PSO,^%O µ

M H�º BUPTh%?�?8W/XJW-r-h.XQ@(fU>YXIO(?1@,C/D4?1CY@,XJAGh.XQ@1PT?8AG@1O�?1Ad?8W/XJ>YXQn¥B%X[p5X[RFAZh/cmXQ>2?1O�EF>¨O,h/Ee>%�*PT>/_ZCYR�PT@EF>2?8XQ_G@1PT?8EFAZ>È?8XaD1W/>YEFv-CYXQO H b WYXu@8X[RFX[pGPT>2?zX[y#hY@8XQO1O,EeAG>/O�k�AG@m?1WYX
A

PS>/B
B

k6P]D0?1AG@8OmWUPQpGX?1Aj\.X�?1@1PS>/O,ksAZ@8cmXaB§k�@8AZc¾D[A2AG@1B%Ee>.Pa?1X�Ee>-?8AuO,XaD4AG>/B½v-CUPT>2?1EFw[XaB½hUPT@,?8E D[ReXm@8X[hY@8XaO,X[>-?+PT?8EFAZ>n�Ee?8W¸PSBYBYE:?1EeAG>UPSR v-CUPSO,E O,hYEF>ÀO,hUP]D4X H�× O8Ee>Y_¨_Z@+PThYW/EFDaPTR cmX[?1WYA-B/OJD[ReA5O,XaB§X[y#hY@8XQO8O8EeAG>/OIk�AG@?1WYX
A

PS>/B
B

k6P]D0?1AZ@1O�k�AG@�PT>-rzD4AGcmh/ReX[y�czPT>#r2�<XQRFXQD4?8@8AG>�Pa?1AZcÉAG@�EFAG>Vn�Ee?8W¨PS>¨PT@8\YEe?8@+PT@8r>-CYc�\.XQ@ÇAGk%AZh.XQ>dO,W/X[RFRFO�E OÇ?8A«\¦X°AG\%?0PTEF>YXQBK?1WUPa?�E O�\UP]O,XQBlAG>K?1WYX�O,cVPTRFReXaO(?�O8X4?�AGkYO(?0PT>/B/PS@8Bv2CUPS>2?1E:?1EeXaO[©%?8W/XJ@8XQBYC/D4XaBjD[A2X[Ö�D[EeXQ>2?+OoAGk�ks@1P]D0?1EFAZ>UPSR�hUPS@,XQ>2?0PT_GX H
` H =�c�hYRFX[c�X[>2? ?8WYXª_GX[>YXQ@+PTRUCY>/BYX[@8Rer#Ee>Y_¹?8XaD1W/>YEFv-CYX«EF>�?1WYX«ksAZ@8c�AGk¦?8WYXªO8r-cd\.AGRFEFD�hY@8AG_Z@+PTcm�cmEF>Y_JR�PT>Y_GCUPS_ZXI� v��~x�|j³ Maxa´ k�AG@�?8WYX�PT?8AGcmE D�PTh/hYReE DaPa?1EeAG>�B%X[p5X[RFAZh/cmXQ>2? O,r#O(?1XQc�O�ØoÙ-Ú-ÙYÛ
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PT>UB£ÜSÝ%Ú2Þ/ß H× O,XV?8WYXaO,X�X[>YW.PT>/D[X[c�X[>-?1Ol?1A§hY@,AG_G@1PScà?1WYX�W-r-h¦X[@,f/>YXjO(?8@8C/D4?8C/@,X�C%?8EFRFE:?(rá�â ßI?8W.Pa?lPTRFRFATn�OJ?1WYX�X[Ö�D4EFXQ>2?IcVPT>YEFhYCYR�Pa?1EFAZ>ÀPT>/B�DQPSRFD[CYR�Pa?1EeAG>�AZk°W-r#h.X[@,f/>YX�O,?8@8C/D4?8CY@8XX[y#hY@8XQO8O8EeAG>/O H
{-H ��PSO,XaB£AG>£?8WYXX[y#h.XQ@,EFXQ>/D4X§k�@8AGcã?8WYX½O,r-c�\.AZRFE D á�â ß�h.PSD+^ZPT_GXZ©«EFcmh/ReXQcmXQ>2?z?8WYX½O,hYEF>%�PT>/_ZCYR�PT@�EF>2?1X[_G@1PT?8EFAG>�?1XaD1WY>/EFv2C/XIEe>-?8A�?1WYX á ß â c�A-B%C/ReXIAZk�?1WYXlä�å«æ#ç¸h.PSD+^ZPT_GXJksAG@oR�PT@8_ZXO8DaPTRFXKDaPTR D4CYR�Pa?1EFAZ>/O H
�%H =�>UO(?+PSReR-PS>/BJ?1XQO,?�?8W/X O,AGk ?(noPT@8X�ksAZ@ÇAZ\%?0PTEF>YEF>Y_�cdCYRe?1EFD[AZ>Yf/_ZC/@1PT?8EFAZ>¹PT?8AGcmE D�O,?+PT?8X�k�C/>/D0?1EFAZ>/OAG>�?1WYXdè éGê%ë/ì2í.ß+î:í.ß	ï�îñðaî:ò%í.ßIó�ÙZô%éGë/ì2íUß«D4RFC/O(?1XQ@�PT?���EFRe>/EeC/O	õÇXQB/PS_ZAG_GEFDaPTR × >YEFpGXQ@8O8E:?(r H
L2H ��XQO8Ee_G>½?1WYXmO,r%O(?8XQczPT?8E D¹c�X4?1WYA#B?1WUPa?KAZ\UO,X[@8pGXaOJ?8WYX�D4AG@,@8XQR PT?8EFAZ>UO[©Ç?8W.Pa?KXQO(?1EFczPa?1XaOª?1WYXD[AZ>-p5X[@8_ZXQ>/D[X�PT>/B£?1WUPa?uPSReRFATn«O�AZ>/X?8A¬P]O8O,EF_Z>öPS>ÕXQ@8@,AG@V?1A¸?1WYX§W-r-h.XQ@,f/>YX§O,?8@8C/D4?8CY@8XDaPTR D4CYR�Pa?1EFAZ> H b XaO(?�?8WYXIcmX[?1WYA-B H

The scientific innovationsM H b WYX«>/X[nÈX4y%hY@,XaO8O,EFAG>�ksAZ@ ?1WYX«cVPT_G>YX4?1E D�BYEeh.AGRFXJPT>/B�XQReXaD0?1@8EFD«v2C.PSB%@8CYh.AGReXªk�PSD4?8AG@ E O°pZPSReE BksAZ@VPS>-rAGh.X[>Y��O,W/X[RFR	Pa?1AZc�EFDuO,r#O(?1XQcãPT>/B�E O�\UPSO,XaB�AZ>�?8W/XgO,czPSReRFXQO,?zO,X[?�AGkIO(?0PT>/B/PS@8Bv2CUPS>2?1E:?1EeXaO[©%?8W/XJ@8XQBYC/D4XaB¨D4A-X[Ö�D4EFXQ>2?1OoAGk�k�@+PSD4?1EeAG>UPTR�hUPS@,XQ>2?0PT_GX H
` H b WYX�Pa?1AZc�EFD�PShYhYRFEFDaPa?1EeAG>lBYX[pGXQRFAZhYc�X[>-?ÇO,r#O(?1X[czOÇØ�Ù#Ú2ÙYÛKPT>/B�ÜSÝ%Ú2Þ/ß�PT@8X�X[y-?8XQ>/B%XaBJ\-rª?1WYXp-Ee?+PSR%h.PT@,?�AGk/AG>YX4��hUPS@(?1EFD[RFXoO,hYEF>%�*PT>Y_GCYR�PT@�EF>2?1X[_G@1PT?8EFAG> H �°P]O,XaBdAZ>d?1WYX�>/X[n¬B%XQpGX[RFAGhYcmXQ>2?+OEF>hY@8AZ_G@+PTcmc�Ee>/_mhUPS@1P]B%Ee_Gc¨©.?8WYXdO,r-c�\.AGReE DKh/@,AG_Z@+PTc�cmEF>Y_Y©/?8WYXQruPS@,X¹>/A]?	AZ>/RergPT\/ReXl?1AhY@8ATp#EFB%X¹?8WYXdO(?0PT>/BUPT@1Buv2C.PT>2?1E:?1EFXQOªks@,AGc÷?1WYXdPT?8AGcmE DKO8WYX[RFR�?1WYXQAZ@8rj\YC%?IPTR O,A�?8AVO,CYh/h.AZ@,??1WYX�O,r-cd\¦AZRFEFD¹cVPT>YEFhYCYR�Pa?1EeAG>/OJPT>UBg?8WYXd>-C/cmXQ@,E DQPSR�D4AGcmhYCY?+PT?8EFAZ>UO«AZk X[y#hY@8XQO1O,EeAG>/Oªks@,AGc?1WYXlPa?1AGcmE D	O(?1@,CUD0?1CY@8X	?1WYXQAZ@8r H
{-H b WYXlDaPTR D4C/R PT?8EFAZ>UOªPT@8XKh.XQ@,ksAG@,c�XQBjAG>gP¹f/p5XI>/A-B%XlD[ReCUO(?8XQ@ªPSReRFASn�Ee>/_�k�AG@�R PS@,_GXlO8DaPTRFXlDaPTRe�D[CYR PT?8EFAG>/O H b AZ_GX[?8WYXQ@dn�E:?1W�?1WYXV>YXQntpGXQ@1O,EeAG>AZk�?8WYX�W#r-h.XQ@(f/>/X�O(?1@,CUD0?1CY@8XVhY@8AZ_G@+PTcøPcmX[?1WYA-B�ksAZ@�?1WYX�B%X[?+PSEeRFXQBmO(?1C/B%rdAZkU?8W/XoW-r#h.X[@,f/>YX«O(?8@8C/D4?8C/@,XoAGk¦D[AZc�hYReX[ydczPT>#r2�<XQRFXQD4?8@8AG>Pa?1AGc�OdE OdksXaP]O,EF\YReX H � AGcmh.PT@8XQB¸n�Ee?1WX4y%EFO(?1EF>Y_�PThYh/@,A2PSD+WYXaOdRFXQO1Ou�%Í¬ù¦�ZÏmPSO1O,CYcmhY?8EFAZ>UOPT\¦AZC%?�Eec�h.AG@(?0PT>2?�D4AG@,@8XQR PT?8EFAZ>UOÇWUP[pGX ?8A�\.X°czP]B%X°PT>UBKcmAG@,X BYX4?0PTEFReXaBKEF>Yk�AG@8czPa?1EFAZ>dPT\.AGC%??1WYXIEF>%ú/CYXQ>/D[XKPS>/BjD[AZ>-p5X[@8_ZXQ>/D[XJAGk�?8WYXKD[AZ@8@,XQR�Pa?1EeAG>/O�EFO�AG\%?0PTEF>YXQB H
�%H b WYX�B%X[?0PTEFReXaB�Ee>Yú/CYXQ>/D4XmAZkoD[AZ@8@,XQR�Pa?1EeAG>/OKAG>½?1WYXmW-r-h.XQ@(fU>YX�O(?8@8C/D4?8C/@,X�AGk���PS>UPSB%EFCYc¾E ODaPTR D4CYR�Pa?1XaB�CUO,Ee>/_�cdCYRe?1EFD[AZ>Yf/_ZC/@1PT?8EFAZ>uPTh/hY@,ATy#EFczPT?8EFAZ>UO H
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Statements to be defendedM H b WYX�X[y#hY@8XQO1O,EeAG>/O�AZkY?1WYX�W-r-h.XQ@(fU>YXoO(?8@8C/D4?8C/@,X�k�PSD4?8AG@8O�PT@8X�pZPTRFEFB�ksAZ@�PT>#rlAZh.XQ>%�3O,WYXQReRYPT?8AGcAG@�EFAZ> H � AZc�hUPT@8XaBV?1Am^->YASn�>uX[y#hY@8XQO8O8EeAG>/O[©/RFXQO8O«D4AGcmh/C%?+PT?8EFAG>�?1EFcmXIE O«O,h.XQ>/BjksAG@o?1WYXQEe@XQpZPTRFCUPa?1EFAZ> H

` H b WYXKPa?1AZc�EFDJPShYhYRFEFDaPa?1EeAG>¨B%XQpGXQReAGhYc�X[>2?�O,r%O(?8XQc�O�Ø�Ù#Ú-ÙYÛVPS>/BÜSÝ%Ú2Þ/ßo?1AZ_GX4?1WYXQ@�n�Ee?1WV?1WYXW-r-h¦X[@,f/>YXKO(?1@,C/D4?1CY@,XIhUP]D1^ZPS_ZX á�â ßªPT@8XJAGk�WYX[RFh¨k�AG@o?1WYXQAZ@8X4?1E DQPSR�n�AG@8^�P]O�n�X[RFR�P]OoksAG@�?1WYXX[y#h.XQ@,EFcmXQ>2?0PTRFEFO(? H �%AZ@�?1WYXJW-r#h.X[@,f/>YXIO,?8@8C/D4?8CY@8XG©-?1WYX[rjPTRFReASn¤AG>�?8W/X	ú/r�XQpZPSReCUPT?8EFAG>¨PS>/BhY@8XQO8X[>2?0Pa?1EFAZ>�AGk�W-r#h.X[@,f/>YX�O(?1@8C/D0?1CY@8X�B/PT?+PPT>/B¸X[y#hY@8XQO1O,EeAG>/O[© \.AZ?1W�Ee>¬O,XQcmEFX[c�hYEe@8E DQPSRPT>UB¿�%���������<�,�KPShYhY@8A5P]D1W H º k�PSO(?ªPSB/PSh%?1EeAG>�?1AmO,EFcmEFR PS@ohYW#r#O,E DQPSR�hY@8AZ\YRFXQc�OoEFO�h.A5O8O,EF\YRFX H
{-H b WYX¹hY@8AZh¦AGO,XaBgcmX[?8W/A-Buk�AG@«?8WYXdcdCYRe?8E D[AZ>%fU_ZCY@+Pa?1EFAZ>gW#r-h.XQ@(f/>/X¹O(?1@8C/D0?1CY@8X¹DaPTR D[CYR PT?8EFAG>/OPTRFRFATn�O�AZ>YXV?1AcVPT^GX�X4ÖzD4EFX[>-?mPTh/hY@,ATy#EFczPT?8EFAZ>UOdAZ>�?8W/XjD4AG>%f/_GCY@+Pa?1EeAG>O(?0Pa?1XVksCY>/D4?8EFAZ>O,hUP]D4XG©o?8A¿cmAG>YEe?8AG@m?8W/XgD4AG>-pGXQ@,_GXQ>/D4XPS>/B�EF>%ú/CYXQ>/D[XuAGkJpZPS@,EFAZCUOzD[AG@,@8X[R�Pa?1EFAZ>/O�PT>/B¬?1APSO1O,Ee_G>uPS>jXQ@8@,AG@�AG>�?8W/XKDQPSRFD[CYR�Pa?1EeAG> H
�%H«� y#hY@8XQO1O,EeAG>�©ZhY@,AG_G@1PSc�O�PT>/Bl?1WYX�cmX[?1WYA-Bl_GEepGX�?8WYX�h.A5O8O,EF\YEFReEe?*rK?8AJO(?8CUB%rIW-r-h¦X[@,f/>YX�O(?1@,C/D4�?1CY@,XªO,hYRFE:?8?1Ee>Y_lAGk�D[AGcmhYRFX4y�Pa?1AZczO°PS>/BmEeAG>/O�PT>/BmCUO,Ee>/_lcmA#B%X[@8>�D[AGcmhYC%?1EF>Y_Kk6P]D4EFReEe?1EeXaO�?1APSD+WYEFX[p5XJk�PTEF@,RFrjP]D[D[CY@+Pa?1XJ@,XaO,CYRe?+O H

Organization of the thesisb WYX�?8W/XQO,E O�E O�AG@,_2PT>/EewQXQB�EF>2?8A	f/pGX�D1WUPSh%?1X[@1O H � WUPSh%?1X[@ M hY@,XaO,XQ>2?+O�P«WYE O(?8AG@8EFDaPTR%ASpGXQ@,p-EFXQn�AGkY?1WYXB%X[p5X[RFAZh/cmXQ>2?1O�EF>g?8W/XKf/XQR BuAZk�W-r-h¦X[@,f/>YXdO(?1@,C/D4?1CY@,X¹DaPTR D[CYR PT?8EFAG>/O H b WYX�D4AGcmc�AZ>PThYhY@8A2PSD+WYXQOPT@8X	@8X[p-EFXQn�XQB¨PT>UBz?8WYX	?8W/X[AG@,X[?1EFDaPTR�\UP]D1^#_Z@8AZC/>/BVAZkÇ?8W/X	cdC/R:?1EFD[AG>%f/_GCY@1PT?8EFAG>jPTh/hY@,A2PSD+W¨PSO�n�X[RFRPSO¹O,r-cmc�X4?1@8r2�3P]B/PThY?8XaB½noP[pGX�ksCY>/D4?1EeAG>/OlEF>¸v2CUP]O,E O,hYEF>¸O8hUPSD[XVPT@8X�X[y#hYR�PTEF>YXaBÀEF>¿c�AZ@8X�BYX4?0PTEFR H�°P]O,XaBlAG>¹?1WYE O�?1WYXQAZ@8rG©Z>YXQn¸X[y#hYRFEFD[Ee?�X[y#hY@8XQO8O8EeAG>/O�AGk%?1WYX�W-r-h.XQ@,f/>YX�O(?1@8C/D0?1CY@8X�czPa?1@8E:ylXQReXQcmXQ>2?+OPT@8XIB%X[@8EFpGXQB�EF> � WUPThY?8XQ@ ` H b WYXJX4y%hYReE D[E:?�X4y%hY@,XaO8O,EFAG>/O�ksAG@�PK?*n�A]�3O,WYXQReR�O8r#O(?1X[c÷PT@8XJhY@8XQO,XQ>2?1XQB Hb WYX	?8W/Ee@1B�D1W.PTh%?1X[@�O,WYASn�O°?1WYXJEec�hYReXQcmXQ>2?0Pa?1EeAG>zAGk�?1WYX	CY>/B%XQ@8Rer-EF>Y_d?1WYXQAZ@8rG©#EF>�hUPS@(?1EFD[CYR�PT@�?1WYX_ZXQ>YXQ@1PSR/X[y#hY@8XQO8O8EeAG>�k�AG@�?1WYX«W-r-h.XQ@(fU>YX«O(?1@8C/D0?1CY@8XZ©2Ee>VD[AZc�hYC%?1X[@°D[A-B%XaO H =�> � WUPSh%?8XQ@ � ?8W/X�>YXQncmX[?8WYA#BlksAZ@�W-r-h.XQ@,f/>YXoO(?1@,C/D4?1CY@,XoDaPTR D4C/R PT?8EFAZ>�E O�B%XQpGXQReAGh.XaB H =6?�E O�PThYh/ReEFXQBd?1A«?1WYXo_Z@8AZC/>/B�O(?0Pa?1XW-r-h.XQ@(fU>YXzO(?1@,C/D4?1CY@,XzDaPTR D[CYR PT?8EFAG>¿AZko� PT>UP]B%EFCYc¨©�EF>¿\¦A]?1WÀc�CYRe?8E D4AG>%f/_GCY@+Pa?1EeAG> N PT@,?1@,XQX4�*�%A-D+^PT>/Bu��EF@1P]D0�*�%A-D+^�PShYhY@8Aay#EFczPT?8EFAG>/O H b WYXJ?1WYXQO8EFOoXQ>/BYO�n�E:?1Wj?8W/XID[AZ>UD4RFC/O,EFAZ>UO�PS>/B�AGC%?1ReA-AZ^ H
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Contributions made by the authorb WYXKPSC%?1WYAZ@�DQPS@,@8EFXQB�AZCY?o?8WYX	?8W/X[AG@,X[?1EFDaPTR�Ee>-p5XQO(?1EF_5PT?8EFAZ>UO�hY@8XaO,X[>-?8XaBVEe>�?1WYXJB%E O8O,XQ@,?+PT?8EFAZ> H b WYXX4y-?1XQ>/O,EFAZ>/O°?1A¹?8WYXJB/PT?+PT��O,?8@8C/D4?8CY@8XaO�PT>/Bz?8W/X	O8hYEe>Y�3PS>Y_ZC/R PS@�EF>2?1X[_G@+Pa?1EeAG>�AZk�?8WYXdÜSÝ%Ú2Þ/ßohUP]D1^GPT_GXPSO�n�XQReR¦PSO�?8W/X á�â ß°hUP]D1^GPT_GX�n�XQ@,X�n�@8E:?8?1X[>�\-r¹?8WYXªPSC%?8W/AZ@ H N X�B%XQpGXQReAGh.XaB�?1WYX�c�X4?1WYA#B�k�AG@�?1WYXW-r-h.XQ@(fU>YXoO(?1@8C/D0?1CY@8XoDQPSRFD[CYR�Pa?1EeAG>/O[©Gh¦X[@8k�AG@8cmXaBK?1WYX�DQPSRFD[CYR�Pa?1EeAG>/O PT>/B�PS>UPTRFr#O,E O�PT>/B�ksAZ@8cdCYR�Pa?1XaBD4AG>/D[ReC/O8EeAG>/O H
� AG>2?1@,EF\YC%?1EeAG>/O�czP]B%XJ\-r�?1WYXKD[AZ�3PSC%?8W/AZ@1O µõ�@8AGk H û�H-Â C/B%wQEe^ZP]O µ�ü XQ>YXQ@1PSRUO,CYh.XQ@,p#EFO,EFAG>�©-D4AG>/O,C/R:?0PT>2?°AZ>m?8WYX�cmA#B%X[@8>zPSO,h¦XQD4?1O�AGkU?1WYX«Pa?1AGcmE D?8WYXQAG@,r�PS>/B�?8W/XIv2C.PSO,E O,hYEF>gPThYhY@8A2PSD+W Hõ�@8AGk H ü H ü PSEe_2PTR�PSO µ¨ü XQ>YXQ@1PSR�D[AG>/O,CYRe?+PS>2?�AG>�?8WYXjO,hYEF>%�*PT>Y_GCYR�PT@�Ee>2?1XQ_Z@+Pa?1EeAG>�?8XaD1W/>YEFv-CYXZ©°AZ>?8WYX�c�CYRe?8E D4AG>%f/_GCY@+Pa?1EeAG>�PTh/hY@,A2PSD+WÀPS>/BAG>§?1WYX�DaPTR D4CYR�Pa?1EFAZ>/O H N XmD[AZ>2?1@8Ee\YCY?8XaBc�C/D+W?8AV?1WYXn�@,Ee?1Ee>Y_mAGkÇ?1WYX á�â ß«hY@,AG_G@1PSctksAG@�?1WYXlä�åªæ#ç¸hUP]D1^ZPS_ZX Hb WYX¨Ee>/O,?+PSReR�Pa?1EeAG>¬AGk«?1WYXuä�åªæ-çýPT>/BÕþ	Øoä	æ-ç±hUPSD+^ZPT_GXaO�n�XQ@,X¨BYAZ>YX¨Ee>ÈD4AGReR�PT\¦AZ@+Pa?1EeAG>¬n�E:?1W� H � H ��E O8D1W/X[@Q©UÃ�Pa?1EeAG>UPSR�=�>/O,?8Ee?8CY?8XIAZk ¡ ?+PS>/B/PT@1BYO�PS>/B b XQD+WY>YAGRFAZ_Gr H�#C/@(?1WYXQ@�B%X[p5X[RFAZh/cmXQ>2?1O�AGk/?1WYXJÜSÝ%Ú5Þ/ß°hUPSD+^ZPT_GXon�XQ@,X�BYAZ>YX�EF>mD4AGRFR PS\.AZ@+Pa?1EFAZ>mn�Ee?8W ¡ H �%@,Ee?8waO8D+WYXG©b XaD1W/>YEFO1D1WYX × >/EepGXQ@1O,E:?TÿPa? Á PSO8O,XQR H¡ CY_G_GXQO(?1EFAZ>/O�ksAZ@�?8WYX á�â ß°hUPSD+^ZPT_GX�ksAZ@ X4y#h¦X[@8Eec�X[>-?+PSRYW-r-h.XQ@,f/>YX�O(?1@8C/D0?1CY@8X�cmXTPSO8CY@,XQcmXQ>2?+O�PT>/B?8WYXgEF>-pGXaO(?8EF_2Pa?1EeAG>/OzAZ>È?1WYXgW-r#h.X[@,f/>YXO(?1@,CUD0?1CY@8XgAZk¹Ã�EFAG\YEeC/c n�X[@8XB%AG>YXgEF>ÕD[AGReR�PT\.AG@+Pa?1EeAG>n�E:?1W ¡ H-Á @aÿAG_GX[@Q© b XQD+WY>YE O8D+WYX × >YEFpGXQ@8O8E:?TÿPa?���XQ@8ReEF>VPT>/B ü H ü C%?1W�ÿAGWY@,RFXQEe>�© × >YEFpGX[@1O,Ee?TÿPT?�B%XQ@�� CY>%�B%XQO8n�X[W/@ N PTcd\/CY@,_ H
List of author’s publicationsb WYXI?8WYXaO,E OoE Oo\.PSO,XaB�AG>�?8W/XJksAZRFRFATn�EF>Y_zPT@,?1EFD[ReXaO�hYCY\YRFE O,WYXaBV?1AG_ZX[?8W/X[@�n�Ee?8WuD[A]�*PTC%?1WYAG@8O µ

M H ¡ H%Á @aÿAG_ZXQ@Q© � H ¡ D1W.PT@8k�PT>UB ü H ü C%?1W�ÿAGWY@,RFXQEe> H ÃoX[n¤PT>/Bm@8X[p#EFO,XaB�X[>YXQ@8_Zr�ReXQpGXQRFO°AGk�Pa?1AGcmE DÃ�EFAG\YEeC/c H � ÎUÌa����ù����4�,Ï��	��Ña�3�8Ñ[Ìa©
66(3)

µ h/h H {]�G��
z{]� q © ` }G}]�%H` H ü H ü PTEF_2PTR�PSO[© û�H�Â CUB%w[EF^ZP]OVPT>/B � H ¡ D1W.PT@8k H N r-h.XQ@,f/>YX ¡ ?1@,CUD0?1CY@8X � h.XQ@1PT?8AG@�EF>�?1WYXb X[>/O8AZ@8E PSR��%AZ@8cÅAGk ¡ XaD[AZ>/B�ªCUPS>2?1EewTPa?1EeAG> H�� Ñ[�Ç�<Ì[�-Ó � ÎUÌQ���¦Ñ4�G���U�ZÎUÌQ���-Ó�������ù����4�,Ï��[©
2

µ hYh H xG` }�
 x { i © ` }Z}]�%H
{-H ü H ü PSEe_2PTR�PSO[© � H ¡ D1WUPS@,kIPS>/B ¡ H �%@8E:?1waO8D1W/X HÕ� PThYRFX¨hY@,A#D[XQB%C/@,XaO�k�AG@�?8WYXuD4AGCYhYRFEe>/_½AGkPT>/_ZCYR�PT@�c�AZc�X[>-?+P H �ª=,=(= H ¡ hYEF>%�*PT>Y_GCYR�PT@�D[A2X[Ö�D[EeXQ>2?+O¹ksAZ@�O,EF>Y_GReX[��O8WYX[RFR�D[AZ>%fU_ZCY@+Pa?1EFAZ>/O H

� �����¦Î¦�8Ñ[Ì���ù����4�,Ï�� � ������ÎU���,Ï4�2�<�,�Z���¹©
166

µ hYh H M � M 
 M[iGq © ` }Z}5L-H
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Ë,�Ç�<Ìa�]ÍGÎ�Ïa�<�,�Z�
�%H � H ¡ D+WUPS@,k*© ü H ü PTEF_5PSR P]O[© ¡ H �%@8E:?1waO8D1W/XZ© �§H ü XQBYp-EeR�PSOQ© �oH ü PTE B/PTcVPTC/O,^GPSOKPT>/B ü H�Á Ee@,�O1PS>/O,^ZP]O HJº hYhYRFEFDaPa?1EeAG>§AGk�?8W/X Â PSDaPTWh.PSD+^ZPT_GXlksAG@	BYXaPSReEF>Y_Vn�Ee?8W?1WYX¹X[y#hY@8XQO1O,EeAG>/Oªks@,AGc?1WYX�PT?8AGcmE D�O8WYX[RFRYc�A-B%XQR H�� Î�ÏTÓ�Ñ4�GÌIË8���Q�<ÌQÎ��½Ñ[�Ç� �l�G��Í"!�Ña��ù¦�]Í#�ª�����ù����4�,Ï��%$JÑ��]Ñ4�GÌaÏQù

&ª©
235

µ hYh H M {5L'
 M { q © ` }Z}5L2H
L2H ü ü PTEF_5PSR P]O[© � H ¡ D+WUPS@,k«PS>/B ¡ H �%@8E:?1wQO1D1WYX H N r-h¦X[@,f/>YX�O(?1@,CUD0?1CY@8X�hUPS@1PScmX[?8@8EFwaPT?8EFAZ>¸EF>

� PTh/ReX H'� �����¦Î¦�8Ñ[Ì���ù����4�,Ï�� � ���(�jÎU���,Ï4�2�<�,�Z���[©
174 ¶ { · µ h/h H ` } ` 
 `G`%M © ` }G} i H

i H � H ¡ D1WUPS@,k/PT>/B ü H ü PTEF_5PSR P]O H*) PS@,_GX°O8DaPTRFX cdCYRe?1EFD[AZ>Yf/_ZC/@1PT?8EFAZ> N PS@(?1@,XQX[�3�%A#D1^IDQPSRFD[CYR�Pa?1EeAG>AGk�?8WYX�W-r-h.XQ@,f/>YX�O,?8@8C/D4?8CY@8X�AGk�?1WYX�_Z@8AGCY>/B¿O(?+PT?8X�AZko��PS>UPSB%EFCYc H+� Ñ[�Ç�<Ì[�-Ó � ÎUÌa���¦Ñ4�G�
�/�ZÎUÌQ���-Ó°������ù����4�,Ï��[©

4
µ hYh H � ` 
�L x © ` }G} i H

b WYX�@8XaO,CYRe?1OKAGk�?8W/EFOK?8W/XQO,E OKn�XQ@,X�h/@,XaO,XQ>2?8XaB¿Pa?l?1WYX�k�AGReRFASn�Ee>/_gD[AZ>/k�XQ@,XQ>/D[XQO ¶ n�Ee?8W¿hYCY\/ReE O,WYXaBPT\/O(?1@+PSD4?1O+· µ
M H«{5L ?1W � AG>Yk�XQ@8X[>/D[X	AGkÇ?1WYX � CY@8AZh¦XaPS> ü @8AGCYh�ksAG@ º ?1AZc�EFD ¡ h.XaD4?8@8AGO1D4AGh-rG©U��@8C%y#XQRFReXaO ¶ � X[Re�_GEeCYc�·+©�,]CYRer M L ?1W 
 M � ?8W�© ` }Z}G{-H
` H«� ?8W � CY@8AZh.XTPT> � AZ>/k�XQ@,XQ>/D[X°AG> º ?1AZc�EFD�PT>UB � AGRFXQD[CYR�PT@�õ�W-r#O8EFDQO[© Â XQ>Y>YXaO ¶ �#@+PT>UD4XS·+©#,SC/Reri ?8W 
 M } ?8WÇ© ` }Z}]�YH
{-H Ma` ?1Wö=�>-?8XQ@,>.Pa?1EeAG>UPTR � AG>Yk�XQ@8X[>/D[X§AG>Õ?8W/XÀõ�W-r#O8EFDQOVAGk N EF_GWYRer � W.PT@8_ZXaB¥=�AG>/O[©	��EFRe>YEFC/O

¶ ) Ee?1W-CUPT>/E PG·+© ¡ XQh%?1X[c�\.XQ@ i ?8W 
 MZM ?8WÇ© ` }Z}]�YH
�%H«{ i ?1W ) Ee?8W#CUPT>YE�PT>£Ã�Pa?1EFAZ>UPSR«õ�W-r%O,EFDQO � AZ>/k�XQ@,XQ>/D[XZ©°��EFRe>/EeC/O ¶ ) E:?1W-CUPS>YE PG·+©-,SCY>YX MQi ?1W 
M � ?1W�© ` }G}GL-H
L2H«{ x ?1W � AG>Yk�XQ@8X[>/D[XVAGk�?1WYX � CY@,AGh.XTPT> ü @8AZCYhksAZ@ º ?8AGcmE D ¡ r#O(?1X[czO[©���CY\YRFEF> ¶ =<@,XQR�PT>/BU·0©

º C/_ZC/O,? { @8B 
 i ?1W�© ` }G}5L2H
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1 Historical and theoretical background

¢§AZRFk�_2PT>/_�õ�PSCYRFEJEF>2?1X[@8hY@8X4?1XQB�©ªEe> M[q5` � ©«?8WYX§cVPT_G>YX[?8E DgEF>2?1X[@+PSD4?8EFAG>ÕhUPS@(?¨AGkI?1WYX§W-r-h.XQ@,f/>YXO(?8@8C/D4?8C/@,X H°º >-CUD4RFX[CUO�WUP]O�P¹cVPT_G>YX[?8E DJBYEeh.AGRFXIc�AZc�X[>-?oEF>¨?8WYXlB%Ee@8XaD0?1EeAG>¨AGk�Ee?1O�O,h/Ee>%�*PT>/_ZCYR�PT@cmAGcmXQ>2?8C/c H b WYX§XQReXaD4?8@8AZ>¤O8WYX[RFRJksAZ@8c�O�PT>ÕX[®¦XQD4?8EFpGX§czPT_G>YX[?8E D¨f/XQR BÕB%Ee@8XaD0?1XQB¥PTRFAG>Y_¿?1WYXX[RFXQD4?1@,AG>¹v-CUPT>2?1EFwaPT?8EFAZ>�Pay%EFO H b WYX°czPS_Z>YX[?1EFD hUPT@,?�AZk#?8W/X°W-r-h.XQ@(fU>YX°O(?1@8C/D0?1CY@8X ?8W/X[@8X[ksAG@,X°@,XaO,CYRe?1Ok�@8AZcÊ?1WYXoczPT_G>YX[?8E D�D[AZC/hYReEF>Y_ ¶ AZ@8EFX[>2?0Pa?1EFAZ>UPSR%X[>/X[@8_Zr/·�\¦X4?(n�XQX[>d?1WYX�>-C/D[ReXQC/O�PS>/B¹?1WYX�XQReXaD0?1@8AZ>/OReXTPSB%EF>Y_m?8A�?1WYX
A

k�PSD4?1AZ@ H ¡ EF_Z>YEefUDaPT>2?ªB%XQp-E�Pa?1EeAG>/O�ks@,AGc»?1WYXI?8WYXQAG@,X[?8E DaPTRÇhY@8XQB%E D4?8EFAZ>UO�?8W-CUO�k�PT@ReXaB ¡ D1W�ÿCYRFX[@oPT>UB ¡ D+WYc�EFB#?°?1AlEF>2?8@8A#B%C/D[X	v2CUP]B%@,C/h.AZRFX	D4AGCYhYRFEe>/_¹Ee>-?8Al?8W/X�?1WYXQAZ@8r�EF> M[q {5L2H b WYX>-C/D[ReXQC/OlE OlcmA#B%XQReXaB¸PSOdPT>¿Xav2CUPT?8AG@,E�PTRoO,r-cmc�X4?1@8EFDmD+WUPT@8_ZXzBYEFO(?1@8Ee\YCY?8EFAZ>PS@,AGCY>/BÀEe?+Ol>-C/D[ReXTPT@Pay#E O H b WYXmXQReXaD0?1@8AGO(?0Pa?1E D�h.AZ?8XQ>2?1E PSR°PT?I?1WYX�XQReXaD0?1@8AZ>Àh.AGO8E:?1EeAG>�©�B%C/X�?8Aj?1WYX�>-CUD4RFX[CUO[©ÇRFXaP]BYOJ?1APSBYB%Ee?1EeAG>UPTR#X[RFXQD4?1@,E D h.XQ@(?1CY@8\UPa?1EeAG>�PS>/B¹B%X[f/>YXaO�?8W/X
B

k�PSD4?8AG@ H b WYX�W-r-h.XQ@,f/>YX°XQ>YX[@8_GrIX4y%hY@,XaO8O,XaB\-r�?1WYXQO8XJk�PSD4?8AG@1O�RFXaP]BYOo?8A � PSO,EFcmEF@[²~OoksAZ@8cdC/R P-© � v H =�AGk�?8W/XJEF>2?1@,A#B%C/D4?8EFAG> H=�>?1X[@8c�O	AZk�PT>Y_GCYR�PT@	?8WYXQAG@,rG©�?1WYXdW-r#h.X[@,f/>YX�Ee>-?8XQ@1P]D0?1EFAZ>½D[AZC/hYReXaOª?1WYXdXQReXaD4?8@8AZ>½D[AG@,X�c�A]�cmXQ>2?8C/c
J

n�XaPS^-RFrun�Ee?1W?1WYXd>#C/D4RFXTPT@JcmAGcmXQ>2?1CYc
I

?1Az?1WYXdf/>UPTR PT?8AGcmE Dlc�AZc�X[>2?1CYc
F H =�>?8WYX�cdCYRe?1EFD[AZ>Yf/_ZC/@1PT?8EFAZ> N PT@,?8@8XQX4�*�%A-D+^½PShYhY@8Aay#EFczPT?8EFAG>�©�?1WYX�f/>/X�O(?1@,CUD0?1CY@8X�O,hYRFEe?,?1Ee>/_uAGk�?1WYXX[>YXQ@8_Zrl?8XQ@8c�O�E O�?8@8XaPT?8XaB�PSO P�f/@1O(?�AG@8BYX[@�h.XQ@,?8CY@8\UPT?8EFAZ> H b WYXocVPa?1@,Eey¹X[RFXQcmXQ>2?�AZk/?8WYXoAGh.XQ@1PT?8AG@EFO«DQPSRFD[CYR�Pa?1XQBjn�Ee?8Wu@,XaO,h.XaD4?�?8A�?8WYXKw[XQ@,AZ��AZ@1B%XQ@�noP[p5XIksCY>/D4?1EeAG> H � AG>/O,Xav2CYXQ>2?1Rer5©%?8W/XIW-r-h.XQ@,f/>YXO,hYRFE:?8?8EF>Y_Y©�PSO¹PT>�X[p5X[>ÀO,cVPTRFReXQ@Ih.XQ@(?1CY@8\UPa?1EFAZ>�©�DaPT>À\.X�?1@,XTPa?1XaB§EF>½?1WYX�O1PScmXmPTh/hY@,ATy#EFczPT?8EFAZ> Hb WYXIPT>Y_GCYR�PT@�c�AZc�X[>2?1CYc�D[AZC/hYReEF>Y_d\.X[?*n�X[XQ>�?1WYX«XQRFXQD4?8@8AG>VD[AG@,XJPS>/B�?8W/X«>-CUD4RFX[CUO°E O�@,XQ_2PT@1B%XQBPSO�\¦X[EF>Y_zO,Amn�XTPT^V?1WUPa?�?1WYX¹PS>Y_GCYR PS@�c�AZc�X[>2?0P

J
PT>UB

I
PS@,XlEe>/BYX[h.XQ>/B%XQ>2?1Rer�AG\/O,XQ@8pZPT\YRFX¹P]O�E O?8WYXQEF@dD4AGCYhYRFXaBÀcmAGcmXQ>2?1CYc

F H b WYXzh¦A]?1X[>-?8E�PTR OlAGk�?1WYXzX[RFXQD4?1@,E DVPT>UBÀczPS_Z>YX[?1EFD�f/XQR BYOlAGk�?1WYX>-C/D[ReXQC/O[©�DaPTC/O,XaBg\-rj?1WYXdBYEFO(?1@8Ee\YCY?8EFAZ>§AZk >-C/D[ReXTPT@JD+WUPT@8_ZXaOJPT>/BD[CY@8@,XQ>2?+O[©�PT@8X¹X[y#hUPS>/B%XaBgEe>2?1AcdCYRe?8EFh.AGReX�c�AZc�X[>-?+P�AGk°@1PS>Y^
k

PS@,AGCY>/B
I H b WYX�W-r-h.XQ@,f/>YX�O(?1@,CUD0?1CY@8X�X[>YXQ@8_Zr

E ��¾È� DaPT>§?1WYX[>\.XmDaPTR D4CYR�Pa?1XaBÀPSOJ?1WYXmB%XaD[AZCYh/ReXaB½hY@8A#B%C/D4?KAZk�Pz>-CUD4RFXaPS@KhUPT@,?
M(k) PT>/B¿PT>�XQReXaD0?1@8AZ>YE D�hUPT@,?

T (k) \-r½³ M � ´�µ
E ��¾È� = 〈 JIF ||M(k) ·T (k) || JIF 〉

=
∑

k=1

(−1)J+I+F

{
J I F

I J k

}
〈 I ||M(k) || I 〉 〈 J || T (k) || J 〉 . ¶ M H M ·
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.0/ �1�Q�8�ZÌa�,Ï4�-Ó��G��Íu��ù¦Ñ[�ZÌQÑa�<�,Ï4�-Ó��[�YÏ�243GÌQ�ZÎU��Í
b WYXoX4y%hYReE D[E:?�ksAZ@8cdC/R P]O�ksAZ@�?8WYXo>-C/D[ReXTPT@�c�CYRe?8EFh.AGReXocmAGcmXQ>2?1O�PT@8X�B%XQ@,EFpGXaBdEF>g³ MQqT´ H b WYXo>-C/D[ReXTPT@czPT_G>YX[?8E Dªc�CYRe?8EFh.AGReXIcmAGcmXQ>2?1CYcÉAZk�AG@8B%XQ@

k
E Oo_GEep5X[>¨\-r

M  (k) = (−1)k
[
∇(1)
{
rkC(k)

} ·
(
2

k+ 1
glL

(1) + gsS
(1)

)] ¶ M H ` ·
PT>/BV?1WYXI>-C/D[ReXTPT@�X[RFXQD4?1@,E DJcdC/R:?1Eeh¦AZRFXJc�AZc�X[>-?8CYcÉ\#r

M � (k) = rkC(k) . ¶ M H { ·
b WYX	D[AZc�h.AZ>/X[>2?+O�AGk�?8WYX	O,hYW/X[@8EFDaPTRU?1X[>/O8AZ@

C(k) PT@8X«@8X[R�Pa?1XaBm?8Al?1WYXªO8hYWYXQ@,E DQPSRUW.PT@8cmAG>YEFD�ksCY>/D4�?8EFAZ>�5
kq

\-r
C

(k)
q =

(
4π

2k+ 1

)1/2 5
kq . ¶ M H � ·

b WYX_Z@+PSB%EFXQ>2?�Ee> � v H M H ` AG>YRFr�PShYhYRFEeXaOz?1AÀ?8W/XgX4y%hY@,XaO8O,EFAG>ÈEF>È?1WYXD[CY@8ReXaBÈ\/@1P]D1^GX[?+O H b WYX_Zr-@8AGczPT_G>YX[?8E DJ@1PT?8EFAGOªPT@8XKXQv2C.PTR�?8A
gl = 1

PT>UB
gs = 5.58

ksAZ@�h/@,AZ?8AG>/OªPT>/B
gl = 0

PT>/B
gs =

−3.82
k�AG@�>YX[CY?8@8AZ>UO H � >/XIEec�h.AG@(?0PT>2?«AZ\/O8X[@8pZPa?1EFAZ>uDaPT>¨\¦XIcVPSB%XIks@,AGc � v H M H ` PS>/B � v H M H {-Hº O�EF>-pGXQ@8O,EFAG>gO,r#cmcmX[?1@,rzE OªD4AG>/O,XQ@,p5XQBgPS>/Bj?8W/XK>-C/D[RFX[C/O«WUP]O ¶ ?1AmpGXQ@8r�_ZA-A-BPTh/hY@,ATy#EFczPT?8EFAZ>¦·n�X[RFRUBYX4f/>/XQB�EF>-pGXQ@8O,EFAG>zO,r-cmc�X4?1@8rG©]?8W/X�cVPT_G>YX[?8E D�c�CYRe?8EFh.AGReXaO�WUPQpGXo?1AK\.X�w[XQ@,AKksAZ@ XQpGXQ>

k
PS>/B?8WYXIXQReXaD0?1@8EFDJcdCYRe?1Eeh.AGRFXQOoW.P[pGXJ?1A�\.XJwQXQ@,A�ksAG@oA#BYB

k Hb W/X�f/@1O(?�?8XQ@8c�AZk�?1WYX«cVPT_G>YX[?8E D�cdCYRe?1Eeh.AGRFX«cmAGcmXQ>2?8C/c|EFO ?1WYXªczPS_Z>YX[?1EFD«B%EFh.AGReX	cmAGcmXQ>2?WUP[p-EF>Y_
k = 1 H �#AG@�Pg>-C/D[ReXQC/O�PT\Y\/@,XQp-E�Pa?1XQB�\#r

| IMI 〉 © ?1WYXjczPS_Z>YX[?1EFD�B%EFh.AGReX¨c�AZc�X[>2?�E OB%X4fU>YXQB¨PSOo?1WYXIczPa?1@8E:yVX[RFXQcmXQ>2?�n�Ee?8Wj?1WYXJh/@,A76*XaD0?1EeAG>
MI = I

AZk�?1WYX	?1AZ?+PSR�O,h/Ee>
I
©

µI ≡ 〈 IMI = I |M  (1) | IMI = I 〉 . ¶ M HñL ·
b WYE O�v2CUPS>2?1E:?(r�E OdB%EF@8XQD4?8RFrÀAG\/O,XQ@,pZPS\YRFXVEF>�X4y#h¦X[@8Eec�X[>-?1OdPS>/B¸AGk ?1X[>¸^->/ATn�>¸?1An�Ee?8WYEF>¬P¨ksX[ncmEFReRFEe>#C/D4RFXTPT@JczPS_Z>/X4?1AZ>UO ¶ µN = 5.0507866(17) · 10−27 º c 2 · H b WYX¹f/@1O(?JXQReXaD0?1@8EFDdc�CYR:?1EFh.AZRFXcmAGcmXQ>2?�n�E:?1W

k = 0
E O�?1WYXlC/O,C.PTR � AGCYRFAZc�\uEe>2?1XQ@1P]D0?1EeAG>gn�E:?1W§P�h.AGEe>-?,��ReEF^GX¹>-C/D[ReXQC/O	PTRF@,XTPSBYrEe>/D[RFC/B%XaBmEe>m?1WYXªPa?1AZc�EFD N PScmEFR:?1AG>YE PS>�©-D[AZc�hUPT@8X � v H M H x H b W/X�>/X4y-? ?1X[@8c|n�Ee?8W

k = 2
B%X[f/>YXaO?8WYXIXQReXaD0?1@8EFDIv2CUP]B%@,C/h.AZRFXKcmAGcmXQ>2?a©

Q ≡ 2 〈 IMI = I |M � (2) | IMI = I 〉 . ¶ M H i ·
º O«cmXQ>2?8EFAG>YXQB¨Ee>u?1WYXlEe>-?8@8A-BYC/D0?1EFAZ>�©/?1WYXQ@,XlE O«>YAzB%EF@,XaD0?ªX[y#h.XQ@8Eec�X[>2?�?1A�cmXTPSO,C/@,XI?1WYEFO«pZPSReCYX Hb WYX§X[RFXaD0?1@,E Dv-CUPSB%@8CYh.AGRFXcmAGcmXQ>2?+OmAG\%?0PTEF>YXaB£\-rÈB%Ee®.XQ@,XQ>2?uPTC%?1WYAG@8OVAZk�?8XQ>ÕBYE:®¦X[@¨PS>/B¤PT@8X
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C/O,CUPSReRFr�AZ>/Rer�^->/ATn�>Õn�E:?1WYEF>¤O,AGcmXgcmEFRFReEF\UPT@8> ¶ b = 10−28 c 2 · H N EF_GWYX[@�AZ@1B%XQ@Vc�CYR:?1EFh.AZRFXcmAGcmXQ>2?1O�PT@8XV\UPS@,XQRer¿AG\/O,XQ@,pGXaB † H b WYE O�n�AG@8^�?0PT^GXaOl?1WYX�>-C/D[ReXTPT@�hUPS@(?+Odks@,AGc X[y#h.XQ@8Eec�X[>2?+O H� y#?8XQ>/O,EFpGXl?0PT\YRFXaOªAGk�>-C/D[ReXTPT@	cVPT_G>YX4?1E DlB%EFh.AGReXmPT>/BX[RFXaD0?1@,E Ddv2CUP]B%@,C/h.AZRFXdc�AZc�X[>-?1O�AGk�czPS>-rPa?1AZczOoDQPS>j\¦XJksAZC/>/B�EF>¿³ ` } ´ H
�%AZ@J?8W/X�DaPTR D4C/R PT?8EFAZ>�AGk ?1WYX�W-r-h.XQ@,f/>YXmO(?8@8C/D4?8C/@,XG©ÇO,AGhYWYE O(?1EFDaPa?1XQB�O,X[c�EeXQcmh/Ee@8EFDaPTR<©�h.XQ@,?8CY@,�\UPa?1EeAG>UPSR«PS>/BcdCYRe?1EFD[AZ>Yf/_ZC/@1PT?8EFAZ>ÈPShYhY@8A5P]D1WYXaO�WUP[p5Xj\.XQX[>�B%XQpGXQReAGh.XaB H b WYX ¡ PS>/B/PS@8O(�(� XQD+^X4®¦XQD4?1EepGX[��AZh.XQ@+Pa?1AZ@�k�AG@,c�CYR�Pa?1EeAG>�AZk	?1WYX¨?1WYXQAZ@8r�AGkJW-r-h¦X[@,f/>YXgO(?1@8C/D0?1CY@8X¸³ `#M0´ PTRFRFATn�OzAZ>YX¨?1AEe>2?1XQ@,hY@8X[?I?8W/X�W-r-h.XQ@,f/>YXmO(?1@8C/D0?1CY@8XmB/PT?+PzksAZ@lD4AGcmhYRFX[yczPS>-r2��X[RFXQD4?1@,AG>�PT?8AGc�OKPT>UB§EFAG>/O H =<>%�?8XQ@,c�XQBYE PT?8XªD4AGCYhYRFXQBznoP[pGXªksCY>/D4?8EFAZ>UO°k�AG@°?8WYX«f/>YXªO,?8@8C/D4?8CY@8X	O(?+PT?8XaO AGk�EF>2?1X[@8XQO,?oPS@,X	DQPSRFD[CYR�Pa?1XQBn�E:?1WYEF>¿?8WYXVO,XQcmEFX[c�hYEF@,E DQPSR hUPS@1PScmX[?8@8E D�fY?,?1EF>Y_PThYh/@,A2PSD+W H b WYXQO8X�noPQpGXzk�CY>UD0?1EeAG>/OdPT@8X�CUO,XQB?8AÀDaPTR D4CYR�Pa?1X¨X4y%hUPT>/O8EeAG>�D[A2X[Ö�D[EeXQ>2?+O�AZkª?1WYX ¡ PS>/B/PT@1O(�(� XQD+^¿@+PSB%E�PTR«EF>2?1X[_G@1PSRFO�?8W.Pa?a©�EF>?1CY@8>�©PT@8X�?8@8XTPa?1XQB¸P]O�PSB�6*CUO(?+PS\YRFXzhUPT@+PTc�X4?1XQ@8O�³ `%M0´ H b WYE O�PSReRFATn«O¹AG>YX�?1Ag@,XQhY@8XQO8X[>2?dczPS>-r½X[y#h.XQ@,Ee�cmXQ>2?+PSR�B/Pa?0PzEF>§?1XQ@,czO	AGkoP�ksXQn�ksCY>/BUPTcmXQ>2?0PTR�hUPS@1PScmX[?8XQ@1O H b W/X�Ee>/WYX[@8XQ>2?KhY@8AZ\/ReXQcÄAGk°?1WYEFOPThYhY@8A2PSD+W�EFOd?8W/XzR�PSD+^¿AZkªB%X4?0PTEFRFXQB¸CY>UB%X[@1O(?0PT>/BYEe>Y_§AGk�?8W/XVEF>2?8XQ@+PSD4?8EFAZ>UOd@,XaO,h.AG>/O,EF\YRFX�k�AG@¹?1WYXW-r-h.XQ@(fU>YX«O(?8@8C/D4?8C/@,X�AG\/O,XQ@,pGXaB H �%AZ@�D4AGcmh/ReX[ymPa?1AZczO[©5hUPT@+PTc�X4?1X[@1O PS@,X«AZk�?8XQ>mEF_G>YAZ@8XaB�?8A¹P[p5AZE B>YAZ>/hYW-r#O,E DaPTR¦D4AG>/B%Ee?8EFAG>/OI³ `G`a´ PS>/B�ksCY@,?8WYXQ@°?8WYXQAG@,X[?8E DaPTR.cmA#B%X[RFEF>Y_lEFO�>YXQD[XaO8O1PT@8rg³ ` { © ` � ´ H ¢�WYEFReXO(?8EFRFR�hY@,ASp-E B%EF>Y_d?8W/X	\.XaO(?�v2CUPS>2?8Ee?0Pa?1EepGXJ@,XQhY@8A-BYC/D0?1EFAZ>jAZk�PKR�PT@8_GXJ\.A-BYr�AZk�X4y#h¦X[@8Eec�X[>-?+PSR.EF>YksAZ@,�czPa?1EFAZ>�©�?8WYE OKPShYhY@8A5P]D1W�WUP]OJ\.XQX[>�D+WUPSReRFX[>/_ZXaB½n�E:?1WYEF>½?1WYX�hUPSO(?KksX[n�r5XaPS@8OJ\#ru?1WYX�%���������<�,�PThYhY@8A2PSD+WYXQO Hb W/X�cVPTEF>�\Y@8XaPS^2?1WY@,AGCY_GWmEe>m?8WYE O�fUX[R B�WUPSO�\.XQX[>�?1WYX�EF>2?1@,A#B%C/D4?8EFAG>mAGk.czPS>-r2��\.A-BYrlh.XQ@,?8CY@,�\UPa?1EeAG>j?8W/X[AG@,r H b WYXJ?1XaD1WY>/EFv2C/XQO«PT@8XKO,EFcmEFR�PT@o?1A�?1WYAGO8XJEF>2?1@,A#B%C/D[XQB¨\-rj�%X[r->/czPT>jEF>j?1WYXJn�AZ@8^AZ>¿v2CUPT>-?8CYcÄXQReXaD4?8@8A-BYr->UPTc�EFDQO Hzº O,r%O(?8XQczPT?8E Ddh.XQ@(?1CY@8\UPa?1EFAZ>ÀX4y#h.PT>/O,EFAG>½E OJ?0PT^5X[>�?8Aj@8XQhY@,X[�O,X[>-?«?1WYX¹noPQpGX¹k�CY>UD0?1EeAG> H8) EF>/B%_G@,XQ>½PS>/B � AG@,@8E O,AZ>�³ ` L ´ _ZEFpGXdczPS>-rjBYX4?0PTEFRFOªAGk�?1WYX�PShYhY@8A5P]D1WEe>¬?8WYXQEF@�\¦A2AG^ H b WYX¨h.XQ@(?1CY@8\UPa?1EFAZ>¬cmX[?1WYA-BWUPSO�?1WYXj_G@,XTPa?zP]B%pZPS>2?+PS_ZXj?8WUPT?mAG>YX¨DaPT>?+PS^GXP�D[XQ@(?0PTEF> ¶ O,cVPTRFR�·«hY@,AGh.XQ@(?(rG©�RFEF^GX�W#r-h.XQ@(f/>/XdEF>2?8XQ@+PSD4?8EFAZ>Ç©�PSOKP�h.X[@,?1CY@,\.Pa?1EeAG>ÀPT>UB�©�C/O,EF>Y_V?1WYXczPT>#r2�<\¦A-B%rÀB%E PS_Z@+PTc�czPT?8E DzPT>UPSRer%O,EFOQ© DQPSRFD[CYR�Pa?1XVAZ>YRFr�?1WYXVcmA#B%E:f.DQPT?8EFAZ>UOlAZk�?8WYXz?1A]?0PTR�noPQpGXk�CY>UD0?1EeAG>zn�WYE D1W�D[AZ>2?1@8Ee\YCY?8X�?1AK?8W/X«pZPSReC/X«AGk¦?8W.Pa?�hY@8AZh¦X[@,?*r H õ�PT@,?1O°AGk¦?8WYX«n�P[pGXªk�C/>/D0?1EFAZ>�?8W.Pa?B%A�>YAZ?�D[AZ>2?1@8Ee\YCY?8XKPS@,XJEF_Z>/AZ@8XQB H b WYXID[AZCYh/ReXaB�D[RFC/O(?1X[@�?1WYXQAZ@8r�EFO�Pl>YXQn¤B%XQpGXQReAGhYc�X[>2?oEF>�?1WYEFOf/X[R B Hº >�PSR:?1X[@8>UPT?8EFpGXdc�X4?1WYA#B�©�B%XQpGX[RFAGh.XQB½PT?	?8WYX�O1PScmXl?1EFcmX�PSOª?8WYXdcVPT>-r2��\.A#B%rgPThYh/@,A2PSD+WE O?8WYX�cdCYRe?8E D[AZ>%fU_ZCY@+Pa?1EFAZ>mksAZ@8czPSReE O,c H b WYX N PS@(?1@8X[X[�3�%A#D1^dc�X4?1WYA#B�P]O8O,CYc�XQO�?1WUPT? XaP]D1WmXQReXaD4?8@8AZ>
† 9�:<;%=?>1:<@-ACBED(AGF7HJIKBL=�MONPHJMRQ4A'STMRBRUV=�DWQ4HJDXNPHJMRQ�:Y;ZIK;G[XAG> =�M\NPHJMRQ�]-:Y;^Q4_WH'>1:�A1HJMRHJIK>1BR:<D0;1_4MRHJA^`WBEU<`4Ha;^:<;1QWHK;

@b_4M\>1BRF7:<MRHJAcId=�DZe7Hf:YePAGHK;GgVHJQ#h
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.0/ �1�Q�8�ZÌa�,Ï4�-Ó��G��Íu��ù¦Ñ[�ZÌQÑa�<�,Ï4�-Ó��[�YÏ�243GÌQ�ZÎU��Í
EFOoAZ@8\YEe?8EF>Y_�Ee>gPT>¨D4XQ>2?1@1PSR¦f/X[R B�Ee>/BYX[h.XQ>/B%XQ>2?1RerzAGkÇ?8WYXJ>#C/D4RFXQC/O�PS>/BV?8WYXJ@8XQczPTEF>YEF>Y_dXQRFXQD4?8@8AG>/O Hb WYXD[AZ@8@,XQR�Pa?1XQB£D[AZ>/O8EFO(?1XQ>2?zcmASpGXQcmXQ>2?1O�AGk	?1WYXgX[RFXaD0?1@,AG>/OVPS@,XEe_G>YAG@,XaB H ��CY?�?1WYXaO,Xuc�ATp5X4�cmXQ>2?1OQ©�DaPTC/O,EF>Y_¨?8WYXzP]BYB%Ee?8EFAZ>.PTR�O,AZ��DaPTRFRFXQBÀD[AZ@8@8X[R�Pa?1EeAG>ÀXQ>YX[@8_GrG©�PS@,X�Ee>UB%EFO8h.X[>UO1PT\YRFXmksAG@KczPS>-rPa?1AZc�EFD	hY@8AGh.X[@,?1EeXaO H � AG@,@8X[R�Pa?1EFAZ>gDQPS>¨\.XIEF>/D[ReCUB%XQB¨C/O,EF>Y_�PdcdCYRe?1EFD[AZ>Yf/_ZC/@1PT?8EFAZ>gPa?1AZc�EFDIO(?0Pa?1Xk�CY>UD0?1EeAG> H b WYX�PT?8AGcmE D¹noP[pGX�k�C/>/D0?1EFAZ>§EFOJX4y%hY@,XaO8O,XaB§P]OJPmc�E:y#?8CY@8X ¶ O8CYh.XQ@,h.A5O,Ee?8EFAG>.·�AGk noPQpGXk�CY>UD0?1EeAG>/O AGk�B%Ee®.XQ@,XQ>2?�XQReXaD4?8@8AZ>/EFDªD4AG>%f/_GCY@+Pa?1EeAG>/O AGk¦?8W/XªO1PTc�X�h.PT@8E:?(r H =<> MQq L ` ,SCUD4r#O�B%XQ@,EFpGXaB?8WYX�cdC/R:?1EFD[AG>%f/_GCY@1PT?8EFAG> N PS@(?1@,XQX[�3�%A#D1^dXav2CUPa?1EFAZ>/Oª³ `ZiT´ H � A]?1W�?1WYX�cmEey#EF>Y_KD[A2X[Ö�D[EeXQ>2?+O PT>UB�@+Pa�B%E PSR¦AZ@8\YEe?+PSRFO�PS@,XªAG\%?0PTEF>YXaBzEF>¨PKO,X[RFk���D[AZ>UO,EFO,?8XQ>2?�hY@,A#D[XQB%C/@,X	ks@,AGc�?1WYXaO,XªXav2CUPa?1EFAZ>/O H b WYX	noPQpGXk�CY>UD0?1EeAG>jE OoksCY@(?1WYXQ@oCUO,XQBjEe>j?1WYX	fU@8O(?8��AZ@1B%XQ@oh.X[@,?1CY@,\.Pa?1EeAG>j?8WYXQAG@,rzksAG@�?1WYXIW-r-h.XQ@(fU>YXJEF>2?1X[@+PSD4�?8EFAZ>u?1AzDQPSRFD[CYR�Pa?1XK?8WYXlcVPT_G>YX[?8E DKB%EFh.AGReX�PT>UBj?1WYXlXQReXaD0?1@8EFD¹v2CUP]B%@,C/h.AZRFX¹Ee>2?1XQ@1P]D0?1EeAG>D4AG>/O(?0PT>2?+Ok�AG@�PT>-rzO,h.XaD4Eef/XaBVO(?0Pa?1XZ©#C/O,EF>Y_d>YA�P]B�6*C/O(?0PT\/ReX	hUPS@1PScmX[?8XQ@8O H b WYXIPSBYpZPT>2?0PT_GX	AZk�?1WYX	cdCYRe?1EFD[AZ>Y�f/_ZC/@1PT?8EFAZ>PShYhY@8A5P]D1W�EFOdE:?+O�PS\YEeRFEe?*r�?1An�AZ@8^�n�E:?1W¬Pa?1AZczO¹PS>/B¿EFAG>/O¹WUPQp-EF>Y_½PS>-r�>-CYcd\¦X[@¹AGkAZh.XQ>¨O,W/X[RFRFO Hb W/XdcdC/R:?1EFD[AG>%f/_GCY@1PT?8EFAG>½PTh/hY@,A2PSD+W§WYAGRFB/Oª?8WYXdhY@8AGcmE O,XdAZk°_Z@8XaPT?8XQ@	hYW-r#O8EFDaPTR�EF>/O,EF_ZW-?JEF>2?8A?8WYX§pZPT@8EFAZC/OjcmXaD1WUPS>YE O,c�Oz@8XQO,h¦AZ>/O8Ee\YRFX§ksAZ@�AG\/O,XQ@,p5XQB£?8@8XQ>/BYO¨PSO�n�X[RFRlPSO¨PT>YAGczPSReEFXQOVEF>Õ?1WYXW-r-h.XQ@(fU>YX�O(?1@,C/D4?1CY@,X H b WYEFOKB%A-XaOJ>YAZ?I>YXaD[XQO8O+PT@8EeRFrg@8XQO,C/R:?KEF>¿PT>½EFcmh/@,ASpGXQcmXQ>2?Q©�\/C%?J?1WYXmDQP]O,Xk�AG@�?8W/X¹B%E O8D[@,XQhUPS>/D4EFXaO«\.X[?*n�XQXQ>gX4y%h.X[@8EFcmXQ>2?	PS>/B�%���������<�,�¹pZPTRFCYXaO«cmEF_GW2?ª\.XdB%XQBYC/D4XaB H b WYXczPTEF>jEFB%XTPSO�\.XQWYEF>/B�?8W/EFO�PShYhY@8A5P]D1WgPS@,XI_ZEFpGXQ>¨Ee>j?1WYXJksAGReRFATn�Ee>Y_�O,XaD4?8EFAZ> H

b W/X�?1WYX[AG@8X4?1EFDaPTR%k�@+PTc�X�ksAZ@�O(?1C/B%r-EF>Y_	?8WYXohY@8AZh.XQ@,?8EFXQO�AGk/k�@8XQX�Pa?1AGc�O�PS>/BdEeAG>/O�E O�?1WYX�Pa?1AGcmE DO,WYXQReRo?8W/X[AG@,r H b WYXjD[AG>/D4XQh%?+OdAGkJPT>Y_GCYR�PT@�cmAGcmXQ>2?8C/c�PT>UBO,hYWYXQ@8EFDaPTRo?1XQ>/O,AG@�AZh.XQ@+Pa?1AZ@1OmPT@8XD4AGcd\YEF>YXaBzEe>¨PS>�Ee>2?1@8EFDaPa?1X	noPQrm?8AdcVPT^GXªCUO,X	AGkÇ\.A]?1Wz?1WYXIO,hYWYXQ@,E DaPTR�O8r-cmc�X4?1@,r�AGk�ks@8X[XKPa?1AZczOPT>/B£?1WYX½EF>/B%E O(?1Ee>/_ZCYE O,WUPS\YEFReEe?*rÕAGk¹EFB%XQ>2?1EFDaPTRKhUPS@(?1E D4RFXQOjEF>öv2CUPT>-?8CYc c�XQD+WUPT>/EFDQO H ¡ Ee>/D[X§?1WYXhYEeAG>YXQX[@8EF>Y_ln�AG@,^�AGk Â P]DQPSW§³ `Zx 
-{G} ´ Ee>�?1WYX M[q �5} O[©2cVPT>-r�h.XQAGhYReX«W.P[pGX«WYXQRFh.XQBm?1AlB%XQpGXQReAGhm?1WYE Oh.ATn�X[@8k�C/RU?8W/X[AG@,r�n�WYE D1WV?8A#B/PQr�E O�C/O,XaBzEF>jPIR�PT@8_ZX	>-C/cd\.XQ@°AGk�PT?8AGcmE D«D[A#B%XQOoPS>/BVDQP]O,X	O(?1C/B%EFXQOAZ>�?1WYXI\.XQWUP[p-EFAG@�AZk�ks@,XQXKPT?8AGc�O�PT>UB�EeAG>/O Hb W/XKPT?8AGcmE DJO,WYXQReRÇO(?1@,CUD0?1CY@8XJX[y#hYR�PTEF>/O�?1WYXKD1WYXQcmE DaPTR�hY@8AZh¦X[@,?8EFXaOoAZkÇ?1WYXIX[RFXQcmXQ>2?1O�PS>/BV?1WYXh.X[@8EFA-B%E DV?0PT\YRFX H b W/X¨D4XQ>2?1@1PSR�?1AGhYEFDjAZk«?8W/EFO�cmA#B%XQR�D4AG>/D[X[@8>/Od?1WYXjX4ÖzD4EFX[>-?mX[pGPTRFCUPa?1EeAG>�PS>/BD4AGcmhYCY?+PT?8EFAZ>ÀAGko?8WYX�cVPT>-r-�<XQReXaD4?8@8AZ>ÀcVPa?1@,Eey�X[RFX[c�X[>-?1OKksAZ@dB%Ee®.XQ@8X[>2?�AZ>YX[�JPT>UB�?*n�A]��hUPT@,?1EFD[ReXAZh.XQ@+Pa?1AZ@1O H �%AG@�PT>-rJhY@8AGh.X[@8RFrKPSB/PSh%?8XaBIcVPT>-r-�<hUPS@(?1E D4RFX�\UP]O,EFOQ©a?1WYX czPT?8@8E:yIX[RFXQcmXQ>2?1OÇDQPS>¹PTRFnoPQr#O\.XgBYXQD[AZc�h.A5O,XQB¬EF>2?1A�?1WYXO,AZ��DaPTRFReXaBÈO,h/Ee>%�*PT>/_ZCYR�PT@�D4A-X4ÖzD4EFX[>-?1OVPS>/B�@+PSB%E�PTR	Ee>2?1XQ_Z@+PTR O H b WYXO,hYEF>%�3PS>Y_GCYR PS@«D[A2X[Ö�D[EeXQ>2?+O«PS@,XKX[y#hY@8XQO8O8EeAG>/O�EF>
3nj

��O,r#cd\.AGRFO«PS>/BgPT@8XI?8WYXl\YCYEFRFBYEe>Y_�\/ReA#D1^%O�k�AG@cmA5O(?oPa?1AZc�EFD	O(?8@8C/D4?8C/@,X	D[AGcmhYC%?0Pa?1EFAZ>/O�PSO�n�XQReRÇPSO�ksAG@oPa?1AZczO�PT>UBzcmAGRFXQD[CYRFXQO°n�E:?1WYEF>jD4@8r#O(?0PTR O H
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. Ò .ji ù¦Ñ��jÎ�Ó:�<�,Ï[�Z�#kl3GÎUÌQ�2�<�,�Z���X�m�¦Ìa�]�YÏQù
º >-rVD[AGcmhYC%?1XQ@�h/@,AG_Z@+PTc»k�AG@�Pa?1AZc�EFD	hYW-r#O8EFDQO�?1WYX[@8XQk�AG@,XJ>YXaD4XaO8O1PS@,EFRerV>YX[XaBYO�?1A�D[AGcmhYC%?1XJO,hYEF>%�PT>Y_GCYR�PT@ D4A-X4ÖzD4EFX[>-?1O H b WYXoh/@1P]D0?1EFDaPTR%?1WYX[AG@8X4?1EFDaPTRYksAZCY>UB/Pa?1EeAG>�?8AIB%AJ?1WYEFO�EF>�?8W/Xok�AG@,cýAZk Â PSDaPTWPTRF_ZXQ\Y@+P¹noPSOo_GEFpGX[>¨\-rn,SCUD4r#OQ© ) XQp-Ee>UO,AZ>gPT>/B�� PT>UPS_5P]OoEF>j?1WYX[EF@�k6PScmAGC/O�n�AZ@8^�³ { M+´ H

,SC/D[r#OJPT>/B½�°PS>/B%wTPTEe?8E O�³ { `T´ B%X[p5X[RFAZh¦XQBu_GXQ>YX[@+PTR�_Z@+PThYW/EFDaPTR�c�X4?1WYA#BYOªPT>UBgO8CYc @,CYRFXaO�?8W.Pa?PTRFReASn¤AG>YX	?8A�O8Eec�hYReEFksrm?8WYXJcVPa?1@,E D[XQO[©-?1A�B%X[?8XaD0?�O,r-c�cmX[?8@8EeXaO�PS>/BVwQXQ@,A�X[RFXQcmXQ>2?1OoPS>/B�©%ksAZ@�?1WYXf/@8O,?�?8EFcmXG©]?1AKD4AGcmhYCY?8X�?8WYX�hYWUP]O,Xoks@,AGc�?8WYXo_G@+PThYWYE DaPTRY@8CYRFXQO H ��PSO8XQB�AG>�?1WYE O�n�AG@,^.©5AG>YX�AZk/?1WYXf/@8O,?�D[A-B%XaO[©�o	ÜGæ7p8q�³ {Z{ ´ noP]Oo@8X[hYR�PSD[XaBV\-rnoªÜGþ	Øoä«ïÈ³ {S� ´ RFXaP]B%EF>Y_�?1AmPlD[AG>/O,E B%X[@+PT\/ReXKO,h.XQXQB%�CYhÀAZk�Pa?1AZc�EFDmO(?8@8C/D4?8C/@,XzDQPSRFD[CYR�Pa?1EeAG>/O Hu� AZ@8X�D[AZc�hYRFX4y�DQPSRFD[CYR�Pa?1EeAG>/OK\.XaDQPScmXmksXaP]O,Ee\/ReX H b WYXhUPSD+^ZPT_GXaO«\UPSO8XQBuAG>g?8W/EFOJPTh/hY@,A2PSD+W§PS@,XdO,?8EFReR�C/O8XQBuEF>½P�R�PT@8_GX¹>-CYc�\.X[@«AGk D[AZc�hYC%?0Pa?1EeAG>/Od³ {GL ´ HN ASn�X[p5X[@Q©5P]D[D[CY@+Pa?1X�Pa?1AZc�EFD�O,?8@8C/D4?8CY@8XoDQPSRFD[CYR�Pa?1EeAG>/O�PS@,X�>YXQXQBYXQBdksAZ@�c�AZ@8X�X[Ö�D4EFXQ>2? PThYhY@8A2PSD+WYXQOPSO�cmAG@8XlD[AZ@8@,XQR�Pa?1EeAG>uX[®¦XQD4?1OªPS@,Xl@8Xav2CYEF@,XaBj?1A�X[y#hYR�PTEF>¨?1WYXlEFcmhY@8ATp5XQB¨X[y#h.XQ@,EFcmXQ>2?0PTR�PSDQD[CY@1P]D4rPT>/B�>#CYcd\.XQ@�AZk�Pa?1AZc�EFDJBUPa?0PK?1WUPa?ªPT@8XJAG\%?0PTEF>YXaB�©%XaO,h.XaD[E PSReRFrVk�AG@�AGh.X[>uB#��AG@�k*�3O,WYXQReR�Pa?1AZczO Hº >YAZ?1WYX[@�c�EeRFXaO(?8AG>YX noP]OÇR PSEFBl\#r ü PSEe_2PTR�PSOQ© Á PS>YE�PTC/O,^GPSO�PS>/B Â CUB%w[EF^ZP]O�³ { iT´ \-rID[AZ>/O8EFB%XQ@8Ee>Y__Z@+PThYWUOÇ?8W.Pa?�PT@8X°\UP]O,XaBlAZ>�O,XQD[AG>/Blv-CUPT>2?1EFwaPT?8EFAZ>dEF>�D4AGCYhYRFXQBl?8XQ>/O,AG@,E�PTR#k�AG@,c�PT>/BdPS>�PSBYB%Ee?1EeAG>UPTRv2CUPSO8EFO,h/Ee>�O,r-c�cmX[?8@8r H � AG>/O,E B%XQ@,EF>Y_¨v2CUPSO8EFO,h/Ee>§X[y#hYRFEFD[Ee?8RFr³ { xT´ PSReRFATn«O	AG>YX¹?1AVAG\%?0PTEF>§cVPa?1@,EeyX[RFX[c�X[>-?1OKAGk�PS>-r½AG>YX[�ªAG@K?(n�AZ�<h.PT@,?8E D4RFXzAZh.XQ@+Pa?1AZ@l?8W.Pa?�PT@8X�EF>/B%XQh.XQ>/B%XQ>2?¹AGko?8WYXzA#D[D[CYhUPT?8EFAZ>>-CYcd\¦X[@�AZk/?8WYX�O8CY\/O,WYXQRFRFO H b WYXo@8X4f/>/XQB�_Z@+PTh/WYEFDaPTRYcmX[?1WYA-B/O�PTRFRFATnAG>YX�?1A	f/>/BdX[y#hY@8XQO1O,EeAG>/O�k�AG@czPa?1@8E:ydX[RFXQcmXQ>2?1O�AGk¦PT>#r¹AZ>/X4��AG@�?(n�AZ�<XQRFXQD4?8@8AG>�AZh¦X[@+Pa?1AZ@�ksAG@ PS>�PT@8\YEe?8@+PT@8rd>-CYcd\¦X[@�AZk¦O,WYXQReR O�EF>PT>uPa?1AZc�EFDJD4AG>%f/_GCY@+Pa?1EeAG> H � A]?1W¨B%E PS_ZAG>UPSRÇPS>/B�AZ®U�3B%E�PT_GAZ>UPSR�©%n�E:?1Wj@8XQO,h¦XQD4?o?8Ad?1WYXID[AZ>Yf/_ZC/@1PT�?8EFAZ>Ç©UcVPa?1@,EeyjX[RFXQcmXQ>2?1OªPT@8XK?1@8XaPT?8XaB¨CY>YEFk�AG@8cmRFr H b WYX¹D[A-X4Ö�D[EFX[>2?+O«AZk�k�@+PSD4?8EFAG>UPTR�hUPT@8XQ>2?+PS_ZXlAG@CY>YEe?�?1X[>/O8AZ@1O�k�AG@8c»PKR PS@,_GXIO,X[?oAZk�O(?+PS>/B/PS@8B�v2C.PT>2?1E:?1EFXQO�C/O8XQBVEF>V?1@+PSB%Ee?8EFAG>UPTRÇPShYhY@8A5P]D1WYXaO H b WYXPThYhY@8A2PSD+WgC/O,XaBuEF>g?1WYEFO«?8WYXaO,E OªC/O,XaOªPmO,cVPTRFReXQ@	O,X4?	AGk�O(?0PT>UB/PT@1Bgv2CUPS>2?1E:?1EeXaO µ ?8W/X ¶ EF>½PTRFR�?1WY@,XQXO,hUPSD[XaO+·�@8XQBYC/D4XaB½D[A2X[Ö�D[EeXQ>2?+O	AGk�k�@+PSD4?8EFAG>UPTR�hUPT@8XQ>2?+PS_ZXu³ {G� ´ H =�>�D[AZ>-?8@+PSO(?J?1AV?1WYX�D[A-X4Ö�D[EFX[>2?+OAZk�k�@+PSD4?1EeAG>UPTRÇhUPS@,XQ>2?0PT_GXZ©%?1WYX[rjPT@8XIEe>UB%X[h¦X[>/BYX[>2?«AZk�?1WYXKO8WYX[RFR�A#D[D[CYhUPT?8EFAG>uPS>/B�?8W/X[EF@�hYWUPSO8XJE OCY>YE v2CYXQRerjB%X[f/>YXaB H b W/XI@8XQhY@,XaO,XQ>2?0Pa?1EeAG>¨AGk�?8WYXKnoP[pGXlk�C/>/D0?1EFAZ>uEe>¨?8WYE OªPTh/hY@,A2PSD+W¨E O�@8XQp-EeXQn�XaBEe>j?1WYXIO8XQD[AZ>UBjO,XaD0?1EeAG>jAGkÇ?1WYE O�D1WUPSh%?1X[@ H
1.1 The multiconfiguration approachb WYX N PScmEFR:?1AG>YE PS>gAGk�?8WYX�Pa?1AGcmE DKO,WYXQRFR�cmA#B%XQR�X4y#W/Ee\YEe?+O�?8W/X¹O,h/WYX[@8E DQPSR�O,r#cmcmX[?1@,r¨PT>/BuXQpGXQ@,rX[RFXQD4?1@,AG>cmASpGXQO«EF>/B%XQh.X[>UB%X[>-?8RFr¨Ee>?8WYX¹f/X[R BgAZk�?1WYX¹>-C/D[RFX[C/OJPS>/BO,AZc�XdP[pGXQ@+PT_GX¹h.AZ?8XQ>2?1E PSR

VB%CYX�?1Au?1WYXV@,XQczPSEe>YEF>Y_gXQRFXQD4?8@8AG>/O H§º >�X[RFXQD4?1@,AG>
ψk

\.AGCY>/BÀ?1A§PS>Pa?1AGc AGk�>-CUD4RFXaPS@�D1WUPS@,_GX
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.0/ �1�Q�8�ZÌa�,Ï4�-Ó��G��Íu��ù¦Ñ[�ZÌQÑa�<�,Ï4�-Ó��[�YÏ�243GÌQ�ZÎU��Í
Z

n�Ee?1WXQ>YX[@8_Gr
εk

E O	B%XQO1D4@8Ee\¦XQBu\#r�?1WYXdO(?0Pa?1EeAG>UPT@8r ¡ D1W/@aÿA5B%EF>Y_ZXQ@ªXav2CUPT?8EFAZ> ¶ Ee>½Pa?1AZc�EFDKCY>/E:?+O³ PSC ´ ·
Hk |ψk 〉 = [−∇2

k
−
Z

rk
+ Vk ] |ψk 〉 = εk |ψk 〉 , ¶ M H x ·

n�WYXQ@,XmAZ?8WYXQ@K>#C/D4RFXTPT@¹PS>/B�@8X[R�Pa?1Eep#EFO(?1E D�X[®.XaD0?+OlP]OIn�XQRFR�PSOIX[y-?1X[@8>UPSR�f/XQRFB/OlPT@8XmEF_G>YAZ@8XaB H b WYXh.A]?1XQ>2?8E�PTR
Vk

E O�?8WYXIPQpGX[@+PT_GXaB � AZCYRFAGcd\V@8XQhYCYR O,EeAG>�XQ>YX[@8_Gr�B%CYX	?8A�PSReR�A]?1WYXQ@
N− 1

XQReXaD4?8@8AZ>UO[©
Vk =

N∑

j=1,j,k

〈ψj | 1

|r− rj|
|ψj 〉 . ¶ M H � ·

b WYX�?1AZ?+PSR/Pa?1AZc�EFD�noPQpGXok�C/>/D0?1EFAZ>�AZk¦PTRFR%XQRFXQD4?8@8AG>/O�E O�k�AG@,c�XQBd\#rdPS>mPS>2?8E O,r-c�cmX[?8@8EFw[XaB¹hY@,A#B%C/D4?noP[pGX�ksCY>/D4?1EeAG>
Ψ

\UPSO,XaBÀAZ>À?8W/XzO,Ee>/_ZRFX�XQRFXQD4?8@8AG>ÀnoPQpGX�ksCY>/D4?8EFAZ>UO
ψ Huº OK?1WYE O¹PT?8AGcmE D�noPQpGXk�CY>UD0?1EeAG>½EFOKP�>YAG@8cmXaB§O(?+PT?8X�AZk�P N EeRF\.XQ@(?lO8hUPSD[XZ©�?8WYX�X[y#h.XaD4?+PT?8EFAZ>§pGPTRFCYX�AGk � v H M H x B%X[f/>YXaO?8WYXIXQ>YX[@8_Grzk�C/>/D0?1EFAZ>UPSR

E[Ψ ]
©
〈H 〉 = 〈Ψ |H |Ψ 〉

〈Ψ ||Ψ 〉 ≡ E[Ψ ] . ¶ M H q ·
=�k

|Ψ 〉 E O«PT>¨XQEe_GX[>#pZPTRFCYXIAZk
H

©%?1WUPT>
E[Ψ ]

EFO�O(?0Pa?1EeAG>UPS@,r�PT?
Ψ H b WYE O�EFO�Xav2CYEFpZPTRFX[>-?o?1Au³ { qT´

δE ≡ E[Ψ+ δΨ ] − E[Ψ ] = 0 , ¶ M H M } ·
n�WYXQ@,X

|Ψ+ δΨ 〉 E O«PT>¨Ee>Yf/>YEe?8XaO,EFczPTRFRFrVO,czPSReR�pZPS@,E�Pa?1EeAG>¨AZk
|Ψ 〉 Hb W/XÕO,hYW/X[@8EFDaPTRjO,r-c�cmX[?8@8r�E O¸\.XQO,?¸X[y#hYRFAGE:?1XQB EFkj?1WYXÕAZ>YX[��X[RFXQD4?1@,AG> noPQpGX£ksCY>/D4?1EeAG> E OX4y#h/@,XaO8O,XaB�P]O§XQEe_GX[>/k�CY>UD0?1EeAG>ýAZk�?1WYXO8hYEe>�PS>/BýPT>/_ZCYR�PT@�cmAGcmXQ>2?8C/c AZh.XQ@+Pa?1AZ@½C/O,EF>Y_Õ?1WYXPT>/O1PT?8w�³ M � ´

|ψk 〉 = |nlmlsms 〉 = Rnl(r)Y
(l)
ml(θ,ϕ) σ

(s)
ms . ¶ M H MGM ·

b WYXVPS>Y_GCYR PS@lc�AZc�X[>-?8CYcÄhUPS@(?¹E Ol@,XQhY@8XQO,XQ>2?1XQBÀ\-r§?8W/X�X[EF_ZXQ>YksCY>/D4?8EFAG>/OKAZk�?1WYXVPS>Y_ZC/R PS@lcmAZ�cmXQ>2?8C/c|AGh.XQ@1PT?8AG@
l
©-?1WYX	O,hYW/X[@8EFDaPTR¦WUPT@8cmAG>YE D[O

Y
(l)
ml

PT>/B�?1WYX	O,hYEF>VhUPT@,?�AGk�?1WYXªnoPQpGXªksCY>/D4?8EFAZ>EFO«_ZEFpGXQ>g\-r�?8W/XlX[EF_ZXQ>YksCY>/D4?8EFAG>
σ

(s)
ms

H � W/A2A5O,EF>Y_m?1WYXl@+PSB%E�PTR�hUPS@(?ªAGk�?8W/XlAZ@8\YEe?+PSRFOªO,Am?1WUPa?«?1WYXX[>YXQ@8_Zr�Ee> � v H M H x E O�cmEF>YEFcmEFw[XaB�©%?1WYX N PS@(?1@8X[X[�3�%A#D1^VXav2CUPT?8EFAZ>uEFO�AG\%?0PTEF>YXaB¿³ �5} ´ H b WYXK\.AZC/>/BO(?+PT?8XgO,AGReC%?1EFAZ>/Ozk�AG@m?1WYE O�Xav2CUPa?1EFAZ>ÕPS@,X§P½BYEFO8D[@8X4?1XgO,X[?zAZkI@1P]B%E�PTRªhUPS@(?+O
Rnl(r) H b WYXgnoPQpGXk�CY>UD0?1EeAG>/O ¶ � v H M H MGM ·oPT@8XKDQPSReRFXQB¨O,EF>Y_GReXKX[RFXQD4?1@,AG>uO,hYEF>%�<AG@8\YE:?0PTR O�AZ@�O,h.XaD4?8@8AGO1D4AGhYE D	AG@,\/E:?0PTR O H
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. Ò .ji ù¦Ñ��jÎ�Ó:�<�,Ï[�Z�#kl3GÎUÌQ�2�<�,�Z���X�m�¦Ìa�]�YÏQù
º cmAG@,XJ@8XTPTRFEFO(?1E DJcmA#B%XQR�C/O8XQO�P¹ReEF>YXTPT@«D[AZc�\YEe>.Pa?1EeAG>�AGk�AZ@,?8W/AZ>YAG@8czPTRÇO(?0Pa?1XQO

|ψi 〉 ©
|Ψ 〉 =

N∑

i=1

ci |ψi 〉 . ¶ M H Ma` ·
b WYXVX[y#hUPS>/O,EFAZ> � v H M H Ma` EF>/D[ReC/BYXQO�O,A]�3DaPTRFReXaB¸D[AZ@8@8X[R�Pa?1EeAG>¸AG@8\YE:?0PTR Ol?1WUPT?�B%Ag>YAZ?�>YXaD4XaO8O1PS@,EFRerWUP[pGXm?1WYX�>-C/cd\.XQ@

n
AGk�>YA#B%XaO[©�\YC%?�PS>¸PS@,\YEe?1@1PS@,r½>#CYcd\.XQ@V³ �2} ´ H b WYXQrÀPTC/_Zc�X[>2?K?1WYXzO,h.XaD4�?8@8AGO1D4AGhYE DVAZ@8\YEe?+PSRFOmPS>/B¬P]D[D[AZC/>2?�k�AG@d?1WYXjD[AG@,@8X[R�Pa?1EFAZ>EF>�?1WYX�XQReXaD0?1@8AZ>¬D[AG@,X H�º hYhYRFr-EF>Y_§?1WYXpZPT@8E PT?8EFAG>UPTR�h/@,EF>/D[EehYRFXKReXTPSB/O�?1A�?8WYXIXav2CYEFpZPTRFX[>-?�X4y%hY@,XaO8O,EFAG>jAZk � v H M H M } ©

N∑

j=1

(〈ψi |H |ψj 〉− Eδ(i, j))cj = 0
ksAZ@«PTRFR

i = 1, . . . ,N . ¶ M H M { ·
× O,EF>Y_I?1WYX�X[y#hYRFE D4Ee?�X4y%hY@,XaO8O,EFAG>mksAZ@�?1WYX N PScmEFR:?1AG>YE PS> ¶ � v H M H x ·0©-P	D[AGCYhYRFXQB�O,r%O(?8XQcýAZk¦EF>2?1X[_G@,AZ�B%E:®¦XQ@,XQ>2?1E PSR�Xav2CUPT?8EFAG>/O[©%?8WYXKO,AZ��DaPTRFRFXQB N PS@(?1@8X[X[�3�%A#D1^-�K,SCUD4r#OoXav2CUPa?1EFAZ>/O«PT@8XIAZ\Y?+PSEe>YXaB ¶ O8X[Xz³ � M0´PT>/B¿@8X[ksX[@8XQ>/D4XaOK?1WYXQ@,XQEe>¦· H b WYXV@+PSB%E�PTR�ksCY>/D4?8EFAG>/OdB%X[h¦X[>/B¿AG>¿?1WYXzh.AZ?1X[>2?1E�PTR�ksAZ@8cmXaBÀ\-r½?1WYXAZ@8\YEe?+PSRFOoPT>UB�AZ>z?1WYXªcmEey#Ee>/_¹D[A2X[Ö�D[EeXQ>2?+O

ci H b W/X«Xav2CUPT?8EFAZ>UO�DaPT>V\.XªO8AZRFpGXaBzO8X[RFk �3D[AZ>/O8EFO(?1XQ>2?8RFr Hb WYX�h¦A]?1X[>-?8E�PTR OdPT@8XzDaPTR D4CYR�Pa?1XaB�ks@,AGcàO,AGcmXmEF>YEe?8E�PTR�XaO(?1EecVPa?1XQOKk�AG@K?1WYX�@1P]B%E�PTR�k�CY>UD0?1EeAG>/OdPT>/BcmEey#Ee>/_lD[A2X[Ö�D[EeXQ>2?+O H b WYX«h¦A]?1X[>-?8E�PTR O�PT@8X�C/O8XQB�?1AlB%X[?1X[@8cmEF>YX�>YXQn�@+PSB%E�PTR.noPQpGX�ksCY>/D4?8EFAG>/O�PT>/B?8WYXV>YX[nÉcmEey#EF>Y_D[A2X[Ö�D[EeXQ>2?+Oln�WYE D1W¬PS@,XVC/O,XaBÀksAG@¹>YXQn XaO(?8EFczPT?8XaOlAZko?1WYXzh¦A]?1X[>-?8E�PTR O H b WYE OhY@,A#D[XQB%C/@,XIEFO�@8X[h¦XaPT?8XaB�CY>2?1EFRÇD4AG>-pGXQ@8_ZXQ>/D[XJE O�AZ\%?0PTEF>YXaB Hb W/X�c�CYRe?8E D4AG>%f/_GCY@+Pa?1EeAG> N PT@,?8@8X[X[�*�#A#D+^JPThYh/@,ATy#EFczPa?1EFAZ>KDaPThY?8CY@8XaO�D[AG@,@8X[R�Pa?1EFAZ>lX4®¦XQD4?+O H b WYXO,AZRFC%?1EeAG>�DQPS>§\.X�PShYhY@8Aay#EFczPT?8XaBgn�E:?1W�PS@,\/E:?1@1PS@,r§PSDQD[CY@1P]D4ruEFk°XQ>YAZC/_ZW?1X[@8c�OªEF> � v H M H Ma` PT@8X?+PS^GX[>¹EF>2?8A	P]D[D[AGCY>2? H b WYE O[©ZWYATn�X[pGXQ@Q©SE O�D4AG>/O(?1@1PSEe>/XQBl\-rKD[AZc�hYC%?1Ee>/_«DaPThUP]D4Ee?8EFXaO�PS>/BKRFEFcmEe?+PT?8EFAZ>cmX[?8WYA#BYO�ksAZ@o?1WYXIX[y#hUPT>UO,EeAG>jWUPQpGXJ?8A�\¦XJC/O8XQB H
¡ A§k6PS@d@8X[R�Pa?1EFp-EFO,?8E DVX4®¦XaD0?+O¹WUPQpGXV\¦X[XQ>�>YXQ_ZRFXQD4?1XQB HÀº fU@8O(?mD4AG@8@,XaD0?1EFAZ>¸?1Ag?8WYX�cdCYRe?1EFD[AZ>Y�f/_ZC/@1PT?8EFAZ> N PS@(?1@,XQX[�3�%A#D1^�PThYhY@8ATy#EecVPa?1EeAG>�E OKBYAZ>YX�\-r�PSB/B%Ee>/_� @,XQEe?,�(õ�PTCYRFE AGh.XQ@1PT?8AG@8OI?8Aj?1WYXN PTc�EeRe?1AZ>YE�PT> � v H M H x H b WYXQO8X¹O,X[p5X[>gAZh¦X[@+Pa?1AZ@1O	PT@8XlAZ\%?0PTEF>YXaBu\-rjX4y%hUPT>/BYEe>Y_�?1WYXl@,XQR�Pa?1Eep-E O(?1EFDczPT>#r2�<XQRFXQD4?8@8AG>zXQv-CUPa?1EeAG>VEF>�h.ASn�XQ@8O�AGk�?1WYXªf/>YXJO(?1@,C/D4?1CY@,XJD[AZ>UO(?+PS>2?
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ml2ms2
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M ′
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2 The hyperfine structure operator
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XQRFXQD4?8@8AG>/O�Ee>dczPS>-rKDQP]O,XQO Hb WYXQ@8X	PT@8X«A]?1WYXQ@ >-C/D[RFXaPS@�O,EFwQX«X4®¦XQD4?+O n�WYE D1WzczPQr�D4AG>2?1@,EF\YC%?1X�?1AK?8W/X�W-r-h¦X[@,f/>YX	PS>YAZcVPTRFr¨³ �2L ´ H¢�E:?1WYAGC%?�?1WYX�W#r-h.XQ@(f/>/XoPS>YAGczPTRFrG©]?1WYXoBYX4?0PTEFReXaB�DaPTR D4CYR�Pa?1EFAZ>�ReXTPSBd?1Aª?1WYXoD4AG>2?0PSD4?�D[AG>2?8@8EF\YC%?1EeAG>

T ¬ (k) =
∑

j

2πα2gs i
k k+ 1

2k+ 1

√
2k− 1

k
r−k+1
j

δ(rj)
[
S

(1)

j
×C(k−1)

j

](k)

≡ T ¬ (k−1 1)k ¶ ` HñL ·
n�WYXQ@,X

δ(r)
E O�?1WYXJ?8W/@,XQX4�3B%EFcmXQ>/O,EFAZ>.PTR�B%XQR:?0P¹ksCY>/D4?8EFAZ> H

b W/XVO,hYEF>%�*PT>Y_GCYR�PT@¹EF>2?1X[_G@1PT?8EFAG>�PSReRFASn�O¹AG>YX�?8ADQPSRFD[CYR�Pa?1X�?1WYX�cVPT_G>YX[?8E D�B%EFh.AZRFX�D4AG>/O(?0PT>-?
A

PS>/B�XQReXaD0?1@8EFD�v2CUPSBY@,CYh¦AZRFX�D[AZ>UO(?+PS>2?
B

EF>�?8XQ@,czOIAZk�?1WYXm@8XQBYC/D4XaB½cVPa?1@,Eey§XQRFX[c�X[>2?+OIAZk�?1WYXX[RFXQD4?1@,AG>jO8hYWYXQ@,E DQPSR¦?8XQ>/O,AG@1O
T  (1) © T ¬ (1) PT>UB

T � (2) k�AG@�PS>-r�Pa?1AZctAZ@oEFAG>�n�Ee?1WuPT>-rz>-CYc�\.XQ@�AGkAZh.XQ>¨O,W/X[RFRFO�\-r µ
AJ =

µI

I

1√
J(J+ 1)(2J+ 1)

〈 J ‖ T  (kl ks) 1 + T ¬ (kl ks) 1 ‖ J 〉 , ¶ ` H i ·

BJ = Q

√
4J(2J− 1)

(J+ 1)(2J+ 1)(2J+ 3)
〈 J ‖ T � (kl ks) 2 ‖ J 〉 . ¶ ` H x ·

b WYX¹Pa?1AZc�EFDJO(?0Pa?1XJksCY>/D4?8EFAZ>¨E O«PT\Y\Y@8XQp-E PT?8XaB�\-r
| J 〉 H b WYXQO8XJ?*n�A�D[AZ>UO(?+PS>2?+O�PS@,XIX[y#h.XQ@8Eec�X[>2?0PTRcmXTPSO,CY@+PT\/ReXIv2C.PT>2?1E:?1EFXQO[©/O,XQX � v H =�ks@8AZct?1WYXJEF>2?1@,A#B%C/D4?1EeAG> H
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2.1 Irreducible tensorial form in second quantizationb WYXjW-r-h¦X[@,f/>YXjO(?1@8C/D0?1CY@8X�AZh¦X[@+Pa?1AZ@�E OmPuAG>YX[�<hUPS@(?1E D4RFX�AGh.XQ@1PT?8AG@ H � >YX�XQRFXQD4?8@8AG>AZk«?1WYX�\Y@+Pk�CY>UD0?1EeAG>�Ee>-?8XQ@1P]D0?+OIn�E:?1WÀAZ>/X�XQRFXQD4?8@8AG>�AGk°?1WYXm^GX[?KksCY>/D4?8EFAZ> H b WYX�O8XQD[AZ>UB½v-CUPT>2?1EFwaPT?8EFAZ>¸PSh%�hY@,A2PSD+W¸@8XQhY@,XaO,XQ>2?+OdPS>-r�AG>YX[�<h.PT@,?8E D4RFXVAZh¦X[@+Pa?1AZ@d\-r¿PuO8CYcàASpGXQ@�PSReRoh.A5O8O,EF\YReX�O,EF>Y_GReX�hUPT@,?1EFD[ReXczPa?1@8E:y�XQReXQcmXQ>2?+O 〈 i | f | j 〉 H b WYX	D[@,XTPa?1EeAG>

a
PT>/B�PT>Y>YEFWYEFR PT?8EFAG>

a†
AGh.XQ@1PT?8AG@8O°ksAZ@°?8W/X«hUPT@,?8E D[ReXaO

i
PS>/B

j
B%X4fU>YX	?1WYXIAZh¦X[@+Pa?1AZ@«Pa?8?1@,EF\YC%?1XQOQ©

F =
∑

i,j

ai aj
† 〈 i | f | j 〉 . ¶ ` H � ·

¡ hYW/X[@8EFDaPTRU?1X[>/O8AZ@�AZh¦X[@+Pa?1AZ@1O°hYR PQrzPID[X[>2?1@+PTRU@8AZRFXªEF>�?1WYX	PT?8AGcmE Do?1WYXQAZ@8r H b WYXQr�?8@+PT>/O8k�AG@,c�EF>2?8AXaP]D1WmAZ?8WYXQ@°P]D[D[AZ@1B%EF>Y_I?8AI?8WYXQEF@�@+PT>/^.©2B%X[f/>YXaB�\-r¹?1WYX�O8hUPSD[Xo?1WYX[r�PS@,X«P]D0?1EF>Y_KEe> H b W/X�D[@8XaPT?8EFAZ>PT>/BgPT>Y>YEFWYEFR PT?8EFAG>uAZh.XQ@+Pa?1AZ@1O�ksAZ@ªPT>¨XQRFXQD4?8@8AG>gPSD4?�EF>¨?8W/XIAG@8\YE:?0PTR�O,h.PSD[XIAGk�?1WYXKX[RFXaD0?1@,AG>
l

PS>/BE:?+O«O8hYEe>§O,hUPSD[X
s H«º O«?8WYXlAG>YX[�<h.PT@,?8E D4RFX¹AZh.XQ@+Pa?1AZ@	P]D0?+O�EF>u?1WYXdO1PTc�XlO,hUP]D4XaO[©UEe?ªW.PSO�?8WYX¹@+PT>Y^#O

kl
PT>/B

ks
PSO8D[@8Ee\.XaB�©¦@8XQO,h¦XQD4?8EFpGXQRer H	º hYh/Rer-EF>Y_z?1WYXl¢�EF_G>YX[@,� � D+^-WUPS@(?ª?1WYX[AG@8X[c AG>u?1WYX¹cVPa?1@,EeyX[RFX[c�X[>-?oEF> � v H ` H~� ©#?1WYXIAZ>/X4��hUPT@,?1EFD[ReXIAGh.X[@+Pa?1AG@�DQPS>j\.XIn�@8E:?8?8XQ>gPSO

F (kl ks) = −
∑

nlmlms,
n ′l ′m ′

l
m ′s

[kl, ks]
−1/2

[
l ′ kl l

m ′
l
λ ml

][
s ′ ks s

m ′s σ ms

]

× a (l s)
mlms a

†(l ′ s ′)
m ′
l
m ′s
〈nls ‖ f (kl ks) ‖n ′l ′s ′ 〉 . ¶ ` H q ·

× O,EF>Y_À?1WYXB%X[f/>YEe?1EeAG> � v H M H ` } k�AG@�?1WYX§PT>/>YEeW/EeR�Pa?1EeAG>£AGh.XQ@1PT?8AG@�PSReRFATn«OzAG>YXu?1A¸D4AGCYhYRFXu?1WYXO,XQD[AG>/B¬v2CUPT>-?8EFwaPT?8EFAG>¬AGh.X[@+Pa?1AG@8O�PT>UBX[y#hY@8XQO8O�PS>-r�O,h/WYX[@8E DQPSR�AG>YX[�<h.PT@,?8E D4RFX¨AZh¦X[@+Pa?1AZ@mEe>¬?1WYXk�AGReRFASn�Ee>/_mD4AGcmh.PSD4?�k�AG@,c µ
F (kl ks) = −[kl, ks]

−1/2
[
a (l s) × ã (l ′ s ′)

](kl ks) 〈nls ‖ f (kl ks) ‖n ′l ′s ′ 〉 . ¶ ` H M } ·
b WYXdD[@,XTPa?1EeAG>§PS>/BgPS>Y>YEFWYEFR PT?8EFAZ>§AZh¦X[@+Pa?1AZ@1O	PT@8X¹D[AZc�h.AG>YX[>-?1O�AGk Pd?1X[>UO,AZ@«EF>§v2CUP]O,EFO8hYEe>§O,hUPSD[XPSOoh.AGEF>2?8XaB�AGC%?�EF> � v H M H~{G�#H b WYXKAZh.XQ@+Pa?1AZ@

F
E O�_ZEFpGXQ>¨n�E:?1WgPSBYBYE:?1EeAG>UPSRÇv-CUPSO,E O,hYEF>uO,hUP]D4XI\-r

F (kl ks) = −[kl, ks]
−1/2

[
a

(q l s)

1/2
× a (q l ′ s ′)ç

1/2

](kl ks) 〈nls ‖ f (kl ks) ‖n ′l ′s ′ 〉 . ¶ ` H MGM ·
b WYE OI@8XQhY@,XaO,XQ>2?0Pa?1EeAG>�E OICY>/EepGXQ@1O1PTR°k�AG@¹PT>-r§AZ>YX[��hUPT@,?8E D[ReXmAGh.X[@+Pa?1AG@[©�AG>YRFrg?1WYX�O,Ee>/_ZRFXmXQReXaD4?8@8AZ>@,XaB%C/D[XQBVcVPa?1@,Eey�XQRFX[c�X[>2? 〈nls ‖ f (kl ks) ‖n ′l ′s ′ 〉 BYX4f/>/XQO�?8WYXJh.XaD4CYRFE�PT@8E:?1EeXaOoAZkÇ?8WYXJAZh¦X[@+Pa?1AZ@ H
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r¦Ò . Ë8ÌQÌQÑ4ÍGÎ�Ï[�(�SÓ�Ñm�8Ñ[���]�ZÌQ�(�-Ó��S�ZÌ�� ���w�]Ñ[Ï[�Z��ÍyxQÎÇ�G�Ç�<�{zG�2�<�,�Z�
b W/Xg?1X[>/O8AZ@8E PSRJO(?8@8C/D4?8C/@,XAGkJ?1WYXW-r-h¦X[@,f/>YX§O(?1@,CUD0?1CY@8XgAGh.XQ@1PT?8AG@1OVPS@,X§^->YASn�> ¶ � v H ` H ` ©

� v H ` H'� © � v H ` H L · H b WYXzAG>YX4��XQReXaD0?1@8AZ>¸O,CY\YcVPa?1@,Eey�XQReXQcmXQ>2?+O 〈nilis ‖ f(klks) ‖njljs 〉 ksAG@K?1WYXX[RFXQD4?1@,E D	v2C.PSB%@8CYh.AGReXG©#cVPT_G>YX[?8E D«BYEeh.AGRFXKPT>/Bz?8WYXI�%XQ@,c�E¦D4AG>2?0PSD4?�?8XQ@,c»PS@,XJB%XQ@8EepGXaB�©%>YATn H b WYXO,CY\YcVPa?1@,Eey�XQReXQcmXQ>2?+O�B%XQh.XQ>/B¬AZ>/RerAZ>¬?1WYX¨pZPSReCYXaOmAGkª?1WYX¨@1PS>Y^#OmEF>
l

PS>/B
s

O,hUP]D4XaO H b WYXB%X[h¦X[>/BYX[>/D[XdAG>?1WYXdpZPSReC/X�AZk°@1PS>Y^uEF>§?8WYX
j

O,h.PSD[XdE O	EF>?1WYXd?8XQ>/O,AG@,E�PTR�h.PT@,?JAGk ?8WYX�k�AG@8cdCYR�P Hb WYXQ@8X[ksAZ@8XG©UEF>g?8WYXl?1@,XTPa?1cmXQ>2?«AZk�AG>YX4��XQReXaD0?1@8AZ>O,CY\YcVPa?1@,Eey¨X[RFX[c�X[>-?1O�ksAZ@	P�hYW-r#O8EFDaPTR�AGh.XQ@1PT?8AG@AZ>YRFr�?8W/X«pZPSReC/XQO°AGk�?1WYXª@1PS>Y^#O°EF>z?8WYX
l

PT>/B
s

O,hUPSD[XaO�PS@,XªEF>/B%E DaPa?1XQB H b WYXªX[y#hY@8XaO8O,EFAZ>
T (kl ks)k�AG@�?1WYXI>YAZ?+PT?8EFAZ>¨AZk�?8W/XIO,C/\YczPT?8@8E:yVXQReXQcmXQ>2?�E OoC/O,XaB�EF>/O(?1XaP]B�AGk

T (kl ks)kj
k�AG@�?1WYXIAZh¦X[@+Pa?1AZ@ Hb WYXd?8XQ>/O,AG@8E PSR�h.PT@,?JAGk

F(klks)
E OJDQPSReRFXaBg?8WYXdhYC/@,X�O,hYEF>%�3PS>Y_GCYR PS@JD4A-X4ÖzD4EFX[>-?IPS>/BE Oª?8WYX�O1PScmXk�AG@�PS>-rVAZ>/X4��hUPT@,?1EFD[ReXIAGh.X[@+Pa?1AG@ H

b W/X�XQReXaD0?1@8EFD�cdCYRe?8EFh.AGReX�EF>2?1X[@+PSD4?8EFAG>mAGh.X[@+Pa?1AG@ � v H ` H ` WUP]O�?8W/Xo?1XQ>/O,AG@,E�PTR.O(?8@8C/D4?8C/@,X
kl = kPT>/B

ks = 0 H b W/XIAZ>/X4��X[RFXaD0?1@,AG>¨O,CY\YcVPa?1@,EeyVXQReXQcmXQ>2?oE O
〈nls ‖ T � (k0) ‖n ′l ′s 〉 = −ik 〈 l ‖C(k) ‖ l ′ 〉 〈nl ‖ r−k−1 ‖n ′l ′ 〉 . ¶ ` H Ma` ·

=6?�EFO�>YAZ?�Xav2CUPSR�?1A�wQX[@8A�EFk
l+ k+ l ′

E O«PT>¨XQpGX[>¨>-CYcd\¦X[@ Hb W/XlAZh.XQ@+Pa?1AZ@«AZk�?8WYXlczPS_Z>YX[?1EFDIcdC/R:?1Eeh¦AZRFXKEF>2?1X[@+PSD4?8EFAG> � v H ` H � WUP]O�?*n�A�?1X[@8c�O�n�E:?1WB%Eek��k�XQ@,XQ>2?ª?8XQ>/O,AG@8E PSR�O(?1@,C/D4?1CY@,XaO H b WYXlfU@8O(?ª?1X[@8c¯P]D0?+O«EF>
l

PT>/B
j

O8hUPSD[XQOJPT>/BgWUP]O«@1PS>Y^
k

©¦n�WYEFReX?8WYX�O8XQD[AZ>UBdWUPSO�?8W/Xo@1PS>Y^
k+1

Ee>
l

O,hUP]D4XG©G@1PS>Y^
1

EF>
s

O,hUP]D4X�PS>/B�@1PS>Y^
k

EF>
j

O,h.PSD[X H�Á XQXQhYEe>/_Ee>¨cmEF>/BV?1WUPT?
〈 l ‖

[
C(k−1)×L(1)

](k) ‖ l ′ 〉 = i

2
〈 l ‖C(k−1) ‖ l ′ 〉

×
√

(l+ l ′ + k+ 1)(l ′ + k− l)(l+ k− l ′)(l+ l ′ − k+ 1)

k(2k− 1)
, ¶ ` H M { ·

?8WYXIAG>YX4��hUPS@(?1EFD[RFXIO,C/\YczPT?8@8E:y�X[RFX[c�X[>-?oWUP]O�?1WYXIk�AG@8c µ
〈nls ‖ T  (k0) ‖n ′l ′s 〉 = 1

2
α2 ik+1

1

k
〈 l ‖C(k−1) ‖ l ′ 〉 〈nl ‖ r−k−2 ‖n ′l ′ 〉

×
√

(l+ l ′ + k+ 1)(l ′ + k− l)(l+ k− l ′)(l+ l ′k+ 1) . ¶ ` H M � ·
b PS^-Ee>/_�Ee>-?8A�P]D[D[AGCY>2?o?1WUPa?a©%ksAG@

k = 1
© � v H ` H M { \.XQD[AGcmXaO

〈 l ‖L(1) ‖ l ′ 〉 = i

√
l(l+ 1)(2l+ 1)δ(l, l ′) , ¶ ` H M L ·
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?8WYXIAG>YX4��XQReXaD0?1@8AZ>¨O,CY\YcVPa?1@,EeyVXQReXQcmXQ>2?�AZk�?8W/XIAZh¦X[@+Pa?1AZ@

T  (10) E OoXav2CUPSR�?8A
〈nls ‖ T  (10) ‖n ′l ′s 〉 = −

1

2

√
l(l+ l)(2l+ l) δ(l, l ′) 〈nl ‖ r−3 ‖n ′l ′ 〉 . ¶ ` H MQi ·

b WYXKO,XaD4AG>/BV?1XQ@,c
T  (k+11) Ee> � v H ` H � WUPSO�?1WYXI_ZXQ>YXQ@1PSR�AG>YX4��XQReXaD0?1@8AZ>¨O8CY\YczPT?8@8EeyzXQReXQcmXQ>2?

〈nls ‖ T  (k+1 1) ‖n ′l ′s 〉 = ik+3

2
α2 gs 〈 l ‖C(k+1) ‖ l ′ 〉 〈nl ‖ r−k−2 ‖nl ′ 〉

×
√
3

2
(2k+ 3)(k+ 1) . ¶ ` H MQx ·

=6?�ksAZRFReASn�O�ks@,AGc WYX[@8X«?8WUPT?�ksAG@
T  (21) ?1WYXªBYE PS_ZAG>UPTR<©-n�Ee?1Wz@8XaO,h.XaD0?�?8Al?1WYX«AG@8\YE:?0PTR¦cmAGcmXQ>2?8C/cv2CUPT>-?8CYc»>-CYcd\¦X[@

l
©/AZ>YX[��X[RFXQD4?1@,AG>jO8CY\YczPT?8@8EeyzXQReXQcmXQ>2?+O�PS@,X

〈nls ‖ T  (2 1) ‖n ′ls 〉 = −
α2

2
gs

√
15l(l+ 1)(2l+ 1)

(2l+ 3)(2l− 1)
〈nl ‖ r−3 ‖n ′l 〉 . ¶ ` H M � ·

b WYE O«E OªEe>§P]D[D[AG@8B/PS>/D[Xln�E:?1W¬³ � xT´ H b WYX¹AZ®U�3B%E�PT_GAZ>UPSR ¶ n�Ee?8W@,XaO,h.XaD0?ª?1A
l
·+©¦AZ>YX[��X[RFXQD4?1@,AG>gO8CY\%�czPa?1@8E:yVX[RFXQcmXQ>2?1O�W.P[pGXJ?1WYXIk�AG@8c�O µ

〈nls ‖ T  (2 1) ‖n ′(l−2)s 〉 = −
3

2
α2 gs

√
5l(l− 1)

2(2l− 1)
〈nl ‖ r−3 ‖n ′l−2 〉 ¶ ` H MQq ·

PT>/B
〈nls ‖ T  (2 1) ‖n ′(l+2)s 〉 = −

3

2
α2gs

√
5(l+ 1)(l+ 2)

2(2l+ 3)
〈nl ‖ r−3 ‖n ′l+2 〉 . ¶ ` H ` } ·

b WYX��#XQ@8cmEe��D[AZ>-?+P]D0?�?1X[@8cÊW.PSO�?8W/X°?8XQ>/O,AG@8E PSR#O,?8@8C/D4?8CY@8X
kl = 0

PT>/B
ks = 1 H�× O,EF>Y_	?8WYX�@,XQR PT?8EFAG>

〈nl || 4πr2δ(r) ||nl 〉 = 〈nl || δ(r) ||nl 〉 \¦X4?(n�XQX[>z?1WYX«?1WY@,XQX[��B%EFcmXQ>/O,EFAG>UPTR ¶ ks@8AZc � v H ` HñL · PS>/BAZ>YX[�3B%Eec�X[>UO,EeAG>UPSR�B%X[Re?0P¹k�CY>UD0?1EeAG>/O[©#?1WYXIAZ>/X4��X[RFXaD0?1@,AG>¨O,C/\YczPT?8@8E:yVXQReXQcmXQ>2?�DaPT>j\.XKn�@,Ee?8?8XQ>uPSO
〈nls ‖ T ¬ (01) ‖n ′l ′s 〉 = −

α2

2
gs

√
3(2l+ 1)

2
〈nl ‖ 2

3
r−2δ(r) ‖n ′l 〉 δ(l, 0)δ(l ′, 0) . ¶ ` H `%M ·

b WYE Oo?8XQ@8ctE Oo>YAG>YwQX[@8A�AG>YRFrzksAG@�O�XQReXaD0?1@8AZ>/O Hb W/X�AZ>/X4��X[RFXaD0?1@,AG>mO,C/\YczPT?8@8E:ydXQReXQcmXQ>2? 〈nilisi ‖ T (klks) ‖njljsj 〉 AGk�PTRFR%?1WY@8X[X�AGh.X[@+Pa?1AG@8O�AGk?8WYX�W-r#h.X[@,f/>YX�EF>2?1X[@+PSD4?8EFAG>dE O�>YXQD[XaO8O1PT@8rI?8AJAZ\Y?+PSEe>d?8WYX�X[y#hYRFEFD[Ee?�?8XQ>/O,AG@,E�PTR%O,XaD[AZ>/B�v2CUPS>2?8EFwTPa?1EeAG>k�AG@,c¼AGk�?1WYX�W-r-h.XQ@(fU>YXdEe>2?1XQ@1P]D0?1EeAG>§AGh.X[@+Pa?1AG@8O H b W/X�czPTEF>h¦XQD[CYRFE PS@,Ee?*rgAGk�?1WYXQO8X¹X[y#hY@8XaO8O,EFAZ>/O
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EFO ?8W/X«C/O,X«AGk¦?8WYX�?8XQ>/O,AG@8E PSRUhY@8AGh.X[@,?1EeXaO AGk¦?1WYX«AZh¦X[@+Pa?1AZ@1O EF>zAZ@8\YEe?+PSR

l
©-O,h/Ee>

s
PS>/B�v-CUPSO,E O,hYEF>

qO,hUPSD[X H �%AZ@	Ee>/O,?+PS>/D4XG©.?8W/XlfU>UPTR�X[y#hY@8XaO8O,EFAZ>/O	AZk�?8WYXdX[RFXQD4?1@,E D¹cdCYRe?8EFh.AGReXdEe>2?1XQ@1P]D0?1EeAG>AGh.XQ@1PT?8AG@Ee>u?8W/XKD[AGCYhYRFXQB¨?8XQ>/O,AG@8E PSRÇksAZ@8c÷AGk�O,XaD4AG>/Buv2CUPS>2?1EewTPa?1EeAG>uksAZRFReASn�O«k�@8AGc � v H ` H MGM \-r�Ee>UO,X[@,?1Ee>Y_?8WYXIAG>YX4��XQReXaD0?1@8AZ>¨O8CY\YczPT?8@8EeyzXQReXQcmXQ>2? � v H ` H Ma`-µ
F � = T � (k) = ik

∑

nili,njlj

[k]−1/2 〈 li ‖C(k) ‖ lj 〉

× 〈nili ‖ r−k−1 ‖njlj 〉
[
a

(q li s)

1/2
× a (q lj s)

−1/2

](k0)k
. ¶ ` H `G` ·

=�>uPdO,EFcmEFR�PT@�noP[rG©%?1WYXJ@8XQReXQpZPT>-?�X4y%hY@,XaO8O,EFAG>/OoksAZ@o?8W/XJAZ?8W/X[@�W-r-h.XQ@,f/>YXIAZh.XQ@+Pa?1AZ@1O�PT@8XIksAZC/>/B µ
F ¬ = T ¬ (1) =

α2

2
√
2
gs
∑

nili,njlj

√
(2li + 1) 〈nili ‖ 2

3
r−2δ(r) ‖njlj 〉

×
[
a

(q li s)

1/2
× a (q lj s)

−1/2

](01)1
δ(li, 0)δ(lj, 0) ¶ ` H ` { ·

PT>/B
F  = T  (k) = −ik+1

α2

2k
√
k

∑

nili,njlj

√
(li + lj + k+ 1)(lj + k− li)

×
√

(li + k− lj)(li + lj − k+ 1) 〈 li ‖C(k−1) ‖ lj 〉

× 〈nili ‖ r−k−2 | |njlj 〉
[
a

(q li s)

1/2
× a (q lj s)

−1/2

](k0)k

−
1

2
α2 ik+3 gs

√
(k+ 1)

2

∑

nili,njlj

〈 li ‖C(k+1) ‖ lj 〉

× 〈nili ‖ r−k−2 ‖njlj 〉
[
a

(q li s)

1/2
× a (q lj s)

−1/2

](k+1 1)k
. ¶ ` H ` � ·

=�>§?8W/XdksAZRFReASn�EF>Y_¨O,XQD4?1EeAG>?8W/Xd>YXQn±W#r-h.XQ@(f/>/X�O(?1@,CUD0?1CY@8XdX[y#hY@8XQO8O8EeAG>/O � v H ` H `Z` © � v H ` H ` {PT>/B � v H ` H ` � PS@,X«C/O,XaBmksAG@�?1WYX�X[Ö�D[EeXQ>2?�XQpZPTRFCUPa?1EFAZ>zAZk¦?8W/X�czPT?8@8Eey�X[RFX[c�X[>-?1O AZk¦?8WYX«W-r-h.XQ@,f/>YXEe>2?1XQ@1P]D0?1EeAG>¨AZh¦X[@+Pa?1AZ@1OoksAZ@«PT@8\YEe?8@+PT@8rVX[RFXaD0?1@,AG>YE DID[AZ>%fU_ZCY@+Pa?1EFAZ>/O H
2.2 The general expression for the matrix elements=�>mP«D[AZ>Yf/_ZC/@1PT?8EFAZ>�O(?0Pa?1X�ksCY>/D4?1EeAG>�©Z?8WYXoEe>-?8XQ@1P]D0?1EF>Y_	XQReXaD4?8@8AZ>�E O�D[AZCYh/ReXaB¹?1AIPªO,WYXQReR H b WYX�O,WYXQReR<©Ee>?1CY@8>�©�E OJD[AZCYh/ReXaBg?8Az?1WYXdAZ?1WYX[@IO,WYXQReR O H b WYX�B%XaD[AZCYh/ReEF>Y_�AGk�?1WYX�X[RFXQD4?1@,AG>½DQPS>\.X�B%AG>YXd\-rPThYhYRFr-EF>Y_¨_Z@+PTh/WYEFDaPTR�?1XQD+WY>YE v2CYXaO H b W/X[r�PT@8X�X4y%hYR PSEe>/XQB�©�k�AG@IX[yYPTc�hYRFXZ©ÇEF>È³ { iT´ HzÂ Pa?1WYXQ@	?1WUPT>
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_ZAGEe>/_uEe>2?1AB%X4?0PTEFR O[©�?1WYXzDaPTR D4CYR�Pa?1EFAZ>¸AGk�?8WYXzBYXQD[AZC/hYReEF>Y_ghUPT@,? R E OlEeRFRFC/O(?1@1PT?8XaBÀ\-r�D[AG>/O,E B%X[@,�Ee>Y_jPS>X[yYPTc�hYReX ¶ n�Ee?1WYAZCY?	c�X[>-?8EFAZ>/Ee>Y_z?8WYXdhYW.PSO,XS· H b WYXd_GX[>YXQ@+PTR�k�AG@8cdCYR�P�PT@8X�O,CYcmcVPT@8EewQXaB?8WYXQ@8XaPSk ?1X[@ H b WYXIDaPTR D[CYR PT?8EFAG>¨ksAZRFReASn�Oo?1WYXKPShYhY@8A5P]D1WuB%XQO1D4@8Ee\¦XQBjEF>¿³ { xa´ H� PSD+W¬O,hUP]D4XjEFO�EF>/B%XQh.XQ>/B%XQ>2?zPT>UB¸?8W/X[@8X[ksAG@,XjXaP]D1W�O,h.PSD[XjDaPT>\¦X¨B%XaD4AGCYhYRFXQB¬O,XQhUPS@1PT?8XQRer Hb WYX«X4y%hYReE D[E:?�DaPTR D4C/R PT?8EFAZ>UO�PS@,XªB%AZ>/X�ksAZ@°AZ>YXªO,hUP]D4X«AZ>YRFr H �#AG@°O8X[pGXQ@+PTRUO8hUPSD[XQOQ©5AG>YX�WUP]O�?8AK?+PS^GX?8WYXKhY@,A#B%C/D4?«AZk�?1WYXKB%XaD[AZCYh/ReEF>Y_mXQRFX[c�X[>2?+O[© R = RL · RS k�AG@

LS
�3D[AZCYh/ReXaBjnoP[pGXKksCY>/D4?8EFAG>/O[©/k�AG@X4yYPScmhYRFX H =<>j?1WYXKk�AGRFReASn�EF>Y_%©/?8W/XKO,hUP]D4XIE O�BYX[>YAZ?1XQB¨\-r

L
©.P�O,WYXQReR�EFOªPT\Y\/@,XQp-E�Pa?1XQB¨\-r

| λ 〉 PT>UBPT>jXQReXaD4?8@8AZ>¨\-r
| l 〉 H b W/XIczPT?8@8E:yVXQReXQcmXQ>2?

A
AGk�P¹AZ>YX[��hUPT@,?8E D[ReXIAZh¦X[@+Pa?1AZ@�n�Ee?8W¨@+PT>Y^

k
Ee>j?1WYX

L
O,hUP]D4XlPSD4?1Ee>Y_mAZ>j?1WYXKO,WYXQRFRFO

a
PT>UB

b
AGk�D[AZ>%fU_ZCY@+Pa?1EFAZ>¨O,?+PT?8XIk�C/>/D0?1EFAZ>/O�n�Ee?1W

u
O,W/X[RFRFO�?8W/X[>@,XTPSBYO

Aab = 〈 λ1λ2L12 λ3L123 . . . λaL1...a . . . λvL1...v . . . λbL1...b
. . . λu−1L1...u−1 λuL | F(k)(a, b) | λ1λ2L

′
12 λ3L

′
123 . . . λ

′
aL
′
1...a

. . . λvL
′
1...v . . . λ

′
bL
′
1...b . . . λu−1L

′
1...u−1 λ

′
uL
′ 〉 . ¶ ` H ` L ·

b WYX�_G@+PThYWYE DaPTR�@,XQhY@8XQO,XQ>2?0Pa?1EeAG>½AZk ?1WYE O	cVPa?1@,EeygXQRFX[c�X[>2?JE OJ_GEepGXQ>½EF>���EF_ H M H�Â CYReXaOJX[y#E O(?Ik�AG@D4C%?8?1Ee>Y_¹?8WY@8AGCY_ZWV?8W/Xª_G@+PThYW�©%D[AZ>/>YXQD4?1Ee>Y_¹?*n�AdRFA2A5O,X	XQ>/BYO�AG@oD4AG>Y>YXaD4?8EF>Y_l?1WY@8X[X	RFA2A5O,X	X[>UBYO�\-rPz>YXQnýp5X[@,?8X[y�³ ` L ´ H b W/XmczPSEe>ÀD[C%?8?8EF>Y_¨ReEF>YXaO¹PT@8XmEe>/BYEFDaPa?1XQB�EF>¸��Ee_ H M \-rg?1WYX�B/PSO8WYXQB�ReEF>YXaO
¶ =8©�=(=8©Ç=(=,=�PS>/B�=<�	· H � C%?8?8EF>Y_�?8WY@8AGCY_ZW�ReEF>YX�=«PT>/B½D[AG>Y>YXaD0?1Ee>/_V?8WYX�RFA2A5O,X�X[>/B/O[©�?1WYX�RFXQk ?KhUPT@,?DQPS>zO,C/DQD4XaO8O,EFpGXQRer�\.XªD[C%?�ksCY@,?8WYXQ@ EF>2?1AK?8W/XªB%X[Re?0P	ksCY>/D4?1EeAG>�hUPT@,?+O[©-O8X[X	�ÇEF_ H ` H b WYEFO�B%XQD[AGCYhYRFEe>Y_X[RFX[c�X[>-?�PTc�AZC/>2?1O�?1A

R ¼ =

a−1∏

α=1

δ(Lα, L
′
α) δ(L12...α, L

′
12...α) . ¶ ` H `Zi ·

� C%?8?1Ee>Y_KPT?�ReEF>YX«=(=.?1WY@8AZC/_ZW�?8W/@,XQXoReEF>YXaO[©Z?1WYXoRFA2A5O,XoXQ>/BYO PT@8X�D4AG>Y>YXaD0?1XaBd\-rdP«>YXQnpGX[@,?1X4y H b WYXhUPT@,?o?1WUPT?�E O�D4C%?�ks@,XQXIDaPT>¨\.XJ?1@1PS>/O,ksAZ@8cmXaBVEe>-?8A���EF_ HU{ ©%n�W/EFD+W¨EFO�XaO8O,XQ>2?8E�PTRFRFr�P
6j

�3O,r-c�\.AGR�©
R ¼Ç¼ = (−1)L1...a−1+L1...a+L ′a+kl

[
La, L

′
1...a

]1/2
{

k L ′a La

L1...a−1 L1...a L ′1...a

}
. ¶ ` H `Gx ·
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� C%?8?1Ee>Y_IPTRFAZ>Y_I=(=(=UksAZ@�PTRFR-k�AGRFReASn�EF>Y_	hUPT@,?1O

v
©GP�hY@8A-BYC/D0?�AGk

6j
��O8r-cd\.AGR OÇX[y#hY@8XQO1O,EeAG>¹E O�AZ\%?0PTEF>YXaB�©

R ¼Ç¼�¼ =

b−1∏

v=a+1

(−1)la+Lv+L1...v−1+L
′
1...v

[
L1...v−1, L

′
1...v

]1/2
{
la L ′1...v−1 L1...v−1

Lv L1...v L ′1...v

}
.

¶ ` H ` � ·
b WYXªhUPS@(?�\.X[?(n�X[XQ>�?8WYXªD[C%?8?8EF>Y_lRFEe>/XQOo=(=,=�PT>UBV=��£RFXaP]BYO ?1AdP

9j
O,r-c�\.AGR.PSO�B%X[h/EFD4?8XaB�Ee>���EF_ H2� ©

R ¼ ¶ = [L1...b−1, Lb, L
′
1...b, k]

1/2





L ′1...b−1 la L1...b−1

L ′b lb L34

L ′1...b k L ′1...b




. ¶ ` H `Zq ·

=�>u?8WYX¹hUPS@(?ª?8W.Pa?ªE O«ReXQk�?ªASpGXQ@[©¦O,EFcmEFR PS@�?1Am?1WYXlhUPS@(?
v
©�PSReR�hUPT@,?+O«\.XQk�AG@,X

u − 1
PS@,XdD[C%?ªAZCY?«?1AAZ\%?0PTEF>gPlhY@8A#B%C/D4?�AGk

6j
�3O,r-cd\¦AZR O[©

R ¶ =

u−1∏

v=b+1

(−1)k+Lv+L1...v−1+L
′
1...v

[
L1...v−1, L

′
1...v

]1/2
{
k L ′1...v−1 L1...v−1

Lv L1...v L ′1...v

}
.

¶ ` H~{G} ·
b WYXIf/>UPTR�hUPS@(?�E O�PS_5PSEe>gP

6j
��O,r#cd\.AGR�©

R ¶w¼ = (−1)k+Lu+L1...u−1+L
′ [
L1...u−1, L

′]1/2
{

k L ′
1...u−1

L1...u−1

Lu L L ′

}
. ¶ ` H~{ M ·

º >-ruB%XaD[AZCYh/ReEF>Y_zcVPa?1@,EeyjksAG@«?8W/XlAG>YX[�<hUPS@(?1E D4RFXlAGh.XQ@1PT?8AG@ R E O«_GEepGXQ>½PSO	P�h/@,A#B%C/D4?ªAGk B%Eek��k�XQ@,XQ>2?�hUPT@,?+O°AGk�?1WYX R ü H b WYXJPS>UPTRFr2?1EFDaPTR¦X[y#hY@8XQO1O,EeAG>/O�ksAZ@°?1WYX	B%XaD4AGCYhYRFEe>/_¹cVPa?1@,E D[XQO°h/@,XaO,XQ>2?8XaBEe>?1WYE OJO,XQD4?1EeAG>½PS@,Xd_GX[>YXQ@+PTR�PS>/BgpGPTRFEFB§k�AG@IPT>-ru>YAG>%��O1DQPSR PS@	AG>YX4��hUPS@(?1EFD[RFX¹AGh.XQ@1PT?8AG@ ¶ AGh.XQ@1PT?8AG@D4AG>/O,E O(?1Ee>Y_AZko?8XQ>/O,AG@8E PSR�h/@,A#B%C/D4?1O¹AZko?1XQ>/O,AG@,E�PTR�AGh.XQ@1PT?8AG@1O+· H �#AG@¹AG>YXzEF>2?1X[@+PSD4?8EF>Y_O8WYX[RFR<©�?1WYX
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I II III IV

L1

L2 L3 L′i Lv L′j Lu-1 Lu

Li Lj

k
kli klj

L12 L123 L1...i L1...v L1...j L1...u-1

L′12 L′123 L′1...i L′1...v L′1...j L′1...u-1

L

L′

Fig 1. }l~d�<�#�����Y����~K���7~K�Y�a�?�P�d�<�K�L�����V���a�#�����Y�a~K�L�	���L���8�?�P������~b�Z�����?�����<~a�K���?�L�-���#�
��~d�Y�K��~O���?�K�E���������G�O�Y�?�8�G�O���7�E����~K�?�P��� �������L� i �<��� j �c�O���f���m�?~d�<�K��~O���?�K���E� ��~a���E�d���
� ���V�?�O�l�E�a�%~d�<�7¡ k ¢W���#�L£W�c�O���f�?���#¤���¥7~d�<�K�L���8� �d�Y�K�O�T¥#���?�K�L���������?¦W� u � �#�Y�L�L���¨§�¥#�K�

�a�#~K�V¥������a���-�7�©���V~d�<�ª�<~K�-�E�����©�Y�<�K�Y���P£'�a���-����� �#�<���L�E�����-«G¬ ¢¬ ¬ ¢\¬1¬ ¬ ¢\¬T®-¯J�

L1 L2 L12

L1...i

Li L1...i′

Li′

li

L1...i-1

L12 L34 L
L4

L2 L24

L1 L3 L13

Fig 2. °��Y�E�d�8�©¥#���d�
�K�L���±¢²���#�d�<�E���<�³�P£
�a����¤#~K� �����<~a�K���L���©�´���

�?¥7�a�K�L�#�%�L�E���C¬ �

Fig 3. µ��Y~a� C1 ¢
���#�d�<�E���<� �P£ �?¥7�a�
�K�E���¶�V¥#���a�����E�P�K�?~a�
�8�<�7�©�Y�K�·���Y~a�K��¢ 6j �

� £P�C�m�X���

Fig 4. µ´�Y~a� C4 ¢
���7�d���E���Y�^�P£8�d¥#�a�K�E���
��¥7�¸�a���¹���<~a�¸�m�?�
�G�O�Y�?�º¬ ¬1¬»�<���¸¬�®C¢

9j �{� £P�Z���X���
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AZh.XQ@+Pa?1AZ@1O	AGk�O,XaD4AG>/B½v2CUPS>2?8EFwTPa?1EeAG>ÀPSD4?IAG>?1WYX�O1PScmX�O8WYX[RFR B%X[>/A]?1XQB§\-r

a H b WYXmB%XQD[AGCYhYRFEe>Y_czPa?1@8E:yVWUPSOo?1WYXIX4y#h/@,XaO8O,EFAZ> µ
R(la, La, kl) = [La]

−1/2δ(L1, L
′
1) . . . δ(La−1, L

′
a−1)δ(La+1, L

′
a+1) . . . δ(Lu, L

′
u)

×





δ(L1, L
′
1
, kl)

ksAZ@
u = 1

C1
ksAZ@

u = 2

C1C2(kl, a+ 1, u− 1)C3
ksAZ@

a < 3, u > 2

δ(L12, L
′
12

) . . . δ(L12...a−1, L
′
12...a−1

)

×C1C2(kl, a+ 1, u− 1)C3
ksAZ@

a > 3, a , u,u > 2

δ(L12, L
′
12

) . . . δ(L12...a−1, L
′
12...a−1

)C3
ksAZ@

a = u,u > 2 .

¶ ` H~{ ` ·

b WYXJ>YAZ?+PT?8EFAZ>
δ(L1, L

′
1
, kl)

O,?+PS>/BYO�ksAG@°?1WYXª?1@,E�PT>Y_GCYR�PT@�D[AZ>UB%E:?1EFAZ> H b WUPa?oE O�AZ>YX	EFk
|L1 − L ′

1
| ≤

kl ≤ L1 + L ′
1

E OoksCYR:fUReRFXQB�©UPT>/Bjw[XQ@,AmA]?1WYXQ@,n�E O,X H b WYXKD[A-X4Ö�D[EFX[>2?
C1

EFO
C1 = (−1)ϕ [La, T

′]1/2
{
kl L ′a La

J T T ′

}
, ¶ ` H~{G{ ·

n�WYXQ@,X�?8WYX«pZPTRFCYXaO�AGk¦hUPS@1PScmX[?8XQ@1O
ϕ

©
J
©
T

PT>/B
T ′

A-DQD4C/@,@8Ee>/_lEe>�X[y#hY@8XQO1O,EeAG> � v H ` H {G{ PT@8X�_GEFpGX[>Ee> b PT\YRFX M H b WYXI@8X[cVPTEF>YEF>Y_d?(n�AmD4A-X[Ö�D4EFXQ>2?1O«PT@8X
Table 1. µ´�Y~d�<�8���K�?~K�f�T��~ C1 ����¼c½���¾P�¿X¿

u a ϕ J T T ′` M
L1 + 2L′

1
− L2 − L′ + kl L2 L L′` `

L1 + L+ L′
2
+ kl L1 L L′

u , 2
M

L1 + 2L′
1
− L2 − L′

12
+ kl L2 L12 L′

12

u , 2
`

L1 + L12 + L′
2
+ kl L1 L12 L′

12

u , 2 a > 2 L12...a−1 + L12...a + L′a + kl L12...a−1 L12...a L′
12...a
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C2(kl, k

��°§ , k �¤¥ü )

=





k À�ÁÃÂ∏
i=k À�Ä Å

(−1)kl+Li+L12...i−1+L
′
12...i [L12...i−1, L

′
12...i]

1/2

×
{
kl L ′

12...i−1
L12...i−1

Li L12...i L ′
12...i

} k�AG@
k ��°§ ≤ k �¤8ü

0
k�AG@

k ��°§ > k �¤¥ü
¶ ` H~{]� ·

PT>/B
C3 = (−1)ϕ[J, L ′]1/2

{
kl J ′ J

j L L ′

}
, ¶ ` H~{5L ·

n�WYXQ@,XJ?8W/XJhUPS@1PScmX[?8XQ@1O
ϕ

©
j
©
J

PT>UB
J ′

PT@8XI_GEepGXQ>¨Ee> b PT\YRFX ` H
Table 2. µ��Y~d�<�8���K�?~K�f�T��~ C2 �<��� C3 ���c¼�½���¾4�\¿VÆ �<����¼c½���¾P�\¿�Ç

u ϕ j J J ′

u , a kl + Lu + L12...u−1 + L ′ Lu L12...u−1 L ′
12...u−1

a kl − L12...u−1 + 2Lu + L ′u − L L12...u−1 Lu L ′u
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=�>m?8WYXªDQP]O,X�AZk.?(n�AKEe>-?8XQ@1P]D0?1EF>Y_lO,W/X[RFRFOQ©2AZ>YX«AZh¦X[@+Pa?1AZ@ AGk�O,XQD[AG>/Bmv2C.PT>2?1EewTPa?1EFAZ>VP]D0?+O�CYh¦AZ>VPO,WYXQReR
α

PS>/B�?1WYXJO,XaD4AG>/BzAZ>/XJP]D0?+O�C/h.AZ>
β H b W/XJO,WYXQRFRFO

a
PS>/B

b
PT@8X	BYX4f/>/XQBzEF>V?8WYX	ksAZRFRFATn�EF>Y_XQv2C.Pa?1EeAG>j\-r

a =
c�Ee>

{α,β}
PT>/B

b =
czPTy

{α,β} H b WYXKB%XaD[AZCYh/ReEF>Y_�XQReXQcmXQ>2?�E O�_ZEFpGXQ>j\-r
R(la, La, lb, Lb, kl) = (−1)ζ[La, Lb]

−1/2δ(L1, L
′
1) . . . δ(La−1, L

′
a−1)δ(La+1, L

′
a+1)

. . . δ(Lb−1, L
′
b−1)δ(Lb+1, L

′
b+1) . . . δ(Lu, L

′
u)

×





C4(K12, K
′
12
, kl)

k�AG@
a = 1, b = 2, u = 2

C4(K12, K
′
12
, kl)C3

k�AG@
a = 1, b = 2, u = 3

C4(K12, K
′
12
, kl)C2(kl, 3, u− 1)C3

k�AG@
a = 1, b = 2, u > 3

C1C2(K12, a+ 1, b− 1)C4(K12, K
′
12
, kl)

×C2(kl, b+ 1, u− 1)C3
k�AG@

a < 3, b > 2, b , u

C1C2(K12, a+ 1, b− 1)C4(K12, K
′
12
, kl)

k�AG@
a < 3, b > 2, b = u

δ(L12, L
′
12

) . . . δ(L12...a−1, L
′
12...a−1

)C1

×C2(K12, a+ 1, b− 1)C4(K12, K
′
12
, kl)

×C2(kl, b+ 1, u− 1)C3
k�AG@

a ≥ 3, b > 2, b , u
δ(L12, L

′
12

) . . . δ(L12...a−1, L
′
12...a−1

)C1

×C2(K12, a+ 1, b− 1)C4(K12, K
′
12
, kl)

k�AG@
a ≥ 3, b = u .

¶ ` H~{ i ·

=�k
α < β

Ee> � v H ` H~{ i ?8WYXQ>
K12 = lα

PT>UB
K ′
12

= lβ H =<k
α > β

?1WYXQ>
K12 = lβ

PS>/B
K ′
12

= lα Hb WYXKhYWUPSO8XJk�PSD4?8AG@
ζ

E O
ζ =




0

k�AG@
α < β

la + lb − kl
k�AG@

α > β
¶ ` H~{ x ·

PT>/BV?1WYXlP]BYB%Ee?8EFAG>UPTRÇD[A-X4Ö�D[EFX[>2?
C4

EFO�B%X[f/>YXaBjP]O

C4(k1, k2, kl) = [J1, J2, J
′
3, kl]

1/2





J ′
1
k1 J1

J ′
2
k2 J2

J ′
3
kl J3




. ¶ ` H~{G� ·

b WYXIpZPSReCYXaOoAZkÇ?1WYXIhUPT@+PTc�X4?1X[@1O
J1

©
J ′
1

©
J2

©
J ′
2

©
J3

PT>/B
J ′
3

?8WUPT?�A-DQD[CY@oEF> � v H ` H~{G� PT@8XJ_GEepGXQ>jEF>b PS\YReX {-H

– 36 –



r i ù¦Ñ�ù��4�¦Ñ[Ìak���Ñ��Q�<ÌQÎ�Ïa�<ÎUÌQÑV���¦Ñ[ÌQ�2�8�ZÌ
Table 3. µ´�<~d�<�8�?�K��~K�f���V~ C4 �E��¼c½���¾P�¿XÈ

a b u J1 J ′
1

J2 J ′
2

J3 J ′
3

1 2 u , b L1 L ′
1

L2 L ′
2

L12 L12

1 2 b L1 L ′
1

L2 L ′
2

L L

a , 1 b , q2 b L1...u−1 L ′
1...u−1

Lu L ′u L L ′EF>gPTRFR�AZ?1WYX[@�DaPSO,XaO
L1...b−1 L ′

1...b−1
Lb L ′

b
L1...b L ′

1...b

º k�?8XQ@�?8WYX�EF>2?8XQ@+PSD4?8EF>Y_	O,W/X[RFRFO�PT@8X�B%XaD4AGCYhYRFXQB�©S?1WYX°cVPa?1@,EeyKX[RFX[c�X[>-? � v H ` H ` L DaPT>d\.X�n�@,Ee?8?8XQ>PSO
Aab =

∏
ü R ü 〈nalas ‖ f (kl ks) ‖nblbs 〉

× 〈nalas LaSa ‖
[
a

(q la s)

1/2
× a (q lb s)ç

1/2

](klks) ‖nblbs LbSb 〉 . ¶ ` H~{ q ·
b WYXJ?1X[>/O8AZ@8E PSR�hUPS@(?

〈nalas LaSa ‖
[
a

(q la s)

1/2
× a (q lb s)ç

1/2

](klks) ‖nblbs LbSb 〉 ¶ ` H'�2} ·
EFO�X[Ö�D[EeXQ>2?1Rer�XQpZPTRFCUPT?8XaBjEF>gv-CUPSO,E O,hYEF>gO,hUP]D4X H =�k�?1WYXKAGh.XQ@1PT?8AG@ªPSD4?1O�AG>j?(n�A�BYE:®¦X[@8XQ>2?ªO,W/X[RFRFO

aPT>/B
b

©�?8WYX�D4@8XTPa?1EeAG>�PS>/B½PT>/>YEeW/EeR�Pa?1EeAG>�AZh¦X[@+Pa?1AZ@1OJB%XaD4AGCYhYRFXmPT>UBReXTPSB%EF>Y_�?8AV?8W/X�X4y#h/@,XaO8O,EFAZ>k�AG@ � v H ` H'�2} Ee>gv2CUP]O,EFO8hYEe>uO,h.PSD[XJAZk
〈 las LaSa ‖

[
a

(q la s)

1/2
×a (q lb s)ç

1/2

](klks) ‖nblbs LbSb 〉 =
〈 lNaa αaQaLaSaMQ ‖a (q la s)

1/2
‖ lN ′aa αaQaLaSaM

′
Q 〉

× 〈 lNb
b
αbQbLbSbMQ ‖a (q la s)ç

1/2
‖ lN

′
b

b
αbQbLbSbM

′
Q 〉 . ¶ ` H'� M ·

��r�PTh/hYRer#Ee>Y_�?1WYXJ¢�Ee_G>YXQ@(� � D1^#WUPT@,?�?1WYXQAZ@8X[ctEF>¨v2CUP]O,EFO8hYEe>uO,hUPSD[Xª?1WYXIO,C/\YczPT?8@8E:yzXQRFX[c�X[>2?+O�AGkAZh.XQ@+Pa?1AZ@1OoAGkÇ?(r-h.X
a

(q l)
mq

PS@,XIAZ\Y?+PSEe>YXaBjEe>j?1WYXIk�AG@,c
〈 lN αQLSMQ ‖a (q l s)

mq ‖ lN ′ α ′Q ′L ′S ′M ′
Q 〉

= −
[
Q

]−1/2[ Q ′ 1/2 Q

M ′
Q

mq MQ

]
〈 l αQLS ‖|a (q l s) |‖ l α ′Q ′L ′S ′ 〉 . ¶ ` H'� ` ·
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b WYXVR P]O(?dk�PSD4?8AG@¹E OK?1WYXzcVPa?1@,Eey�XQReXQcmXQ>2?a©�@8XQBYC/D4XaB¿Ee>PSReR�O,hUPSD[XaO[©�AGko?1WYX�?1X[>/O8AZ@

a (q l s) H =6?EFOlh/@,AGh.AG@(?1EeAG>UPSR°?8Au?1WYXzO,AZ��DaPTRFReXaB¿D[AZc�hYRFX4?1X[RFr§@8XQB%CUD4XaB¿D[A2X[Ö�D[EeXQ>2?dAZkoks@1P]D0?1EFAZ>UPSR°h.PT@8X[>2?0PT_GXG©D4AGcmhUPS@,X � v H M H { q H=�k°?8W/X�AGh.XQ@1PT?8AG@KP]D0?+OJAG>§?1WYX�O+PTcmX�O,WYXQReR
a

©�?8WYX�?1X[>/O8AZ@8E PSR�X[y#hY@8XQO8O8EeAG>½E O	?8W/X�D[AZc�h.AGCY>/BAZh.XQ@+Pa?1AZ@
〈nlN αQLSMQ ‖

[
a

(q l s)
mq1

× a (q l s)
mq2

](klks) ‖nlN ′ α ′Q ′L ′S ′M ′
Q 〉

=
∑

kq,mq

[
Q

]−1/2 [ q q kq

mq1 mq2 mq

][
Q ′ kq Q

M ′
Q

mq MQ

]

× 〈nlαQLS ‖|W (kq kl ks) |‖nlα ′Q ′L ′S ′ 〉 , ¶ ` H'�2{ ·
n�WYXQ@,X 〈nlαQLS ‖|W (kq kl ks) |‖nlα ′Q ′L ′S ′ 〉 B%X[>/A]?1XQO�?8WYX�D[AZc�hYReX[?1X[RFr¹@8XQB%CUD4XaB�czPT?8@8EeydX[Re�X[c�X[>2?IAGk°?1WYX�?1X[>UO,AZ@8E�PTR AZh¦X[@+Pa?1AZ@

W (kq kl ks) (nl, nl) =
[
a (q l s) × a (q l s)

](kqklks) EF>Àv2C.Pa�O,EFO8hYEe>uO,h.PSD[X H =�>�?1XQ@,czO�AZk�?8W/XIk�C/ReRFrV@,XaB%C/D[XQB¨D4A-X4ÖzD4EFX[>-?1OoAGk�k�@+PSD4?8EFAG>UPTR�hUPT@8XQ>2?+PS_ZX
〈 l αQLS ‖|a (q l s) |‖ l α ′Q ′L ′S ′ 〉 ¶ ` H'�G� ·

AZ>YXJf/>/B/O
〈nlαQLS ‖W (kq kl ks) ‖nlα ′Q ′L ′S ′ 〉 = (−1)Q+L+S+Q ′+L ′+S ′+kq+kl+ks

[
kq, kl, ks

]1/2

×
∑

α ′′Q ′′L ′′S ′′

{
q q kq

Q ′ Q Q ′′

}{
l l kl

L ′ L L ′′

}{
s s ks

S ′ S S ′′

}

× 〈 l αQLS ‖|a (q l s) |‖ l α ′′Q ′′L ′′S ′′ 〉 〈 l α ′′Q ′′L ′′S ′′ ‖|a (q l s) |‖ l α ′Q ′L ′S ′ 〉 . ¶ ` H'�-L ·
b WYXlB%XQD[AGCYhYRFEe>Y_mAGk�?1WYXJEF>2?1X[@+PSD4?1Ee>Y_mXQReXaD4?8@8AZ>UOok�@8AGct?1WYX[EF@�O,W/X[RFRFOªPTc�AZCY>-?1O�?1AmO,EFcmhYRFXIX[y#hY@8XQO,�O,EeAG>/Ooh/@,AGh.AG@(?1EeAG>UPSR�?1A�?8WYXKD[AZc�hYReX[?1X[RFr�@8XaB%C/D[XQBjD[A-X4Ö�D[EFX[>2?+OoAGk�ks@+PSD4?8EFAZ>.PTR�hUPS@,XQ>2?0PT_GX H b WYXaO,XPT@8X	?1WYXKO(?0PT>UB/PT@1Bjv2CUPS>2?1E:?1EeXaOo\.XQWYEF>/B�?8W/EFO«PTh/hY@,A2PSD+W H

=�>ÈAG@1B%X[@z?8A¿X[pGPTRFCUPa?1X¨?1WYXgW-r-h.XQ@,f/>YXgO,hYRFEe?,?1Ee>/_¿AZkJ?1WYXPT?8AGcmE D¨XQ>YX[@8_GrReXQpGXQRFO
E �4$ (IJF) ©?8WYXKO,CY\/czPa?1@8E:yVX[RFXQcmXQ>2?1O�AGk�?8WYXIAGh.X[@+Pa?1AG@

T (k) n�E:?1W¨@,XaO,h.XaD0?�?1Ad?1WYXInoP[pGXIksCY>/D4?8EFAZ>UOoWUP[p#Ee>Y_Y©
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Ee>�_GX[>/X[@+PTR<©°PT>¬PS@,\/E:?1@1PS@,rÀ>#CYcd\.XQ@¹AGk�X[RFXQD4?1@,AG>YE DVO,WYXQRFRFOdE O¹>YXQXaB%XQB H =�>¸?8WYX�DaPSO,XVn�W/X[@8Xz?1WYXX[RFXQD4?1@,AG>YE D	noPQpGXIksCY>/D4?8EFAG>jAZk�?1WYXKPT?8AGc»EFO�_GEep5X[>j\#r�PdD4AG>%f/_GCY@+Pa?1EeAG>¨O(?0Pa?1XIX4y#h.PT>/O,EFAG>

|Ψ(LS)J 〉 =
∑

i

ci |ψi(LiSi)J 〉 ¶ ` H'� i ·
?8WYXIXQReXaD0?1@8AZ>YE DIO,CY\YcVPa?1@,EeyVXQReXQcmXQ>2?+OoDQPS>j\.XIn�@8Ee?,?1X[>gP]Ook�AGRFReASn�O µ
〈Ψ(LS)J ‖ F (kl ks)k ‖Ψ ′(L ′S ′)J ′ 〉 =

∑

i,j

ci cj 〈ψi(LiSi)J ‖ F (kl ks)k ‖ψ ′j(L ′jS ′j)J ′ 〉

=
∑

i,j

ci cj





L ′
j
S ′
j
J ′

kl ks k

Li Si J





√
[k, J, J ′, Li, Si ] 〈ψi(LiSi) ‖ F (kl ks) ‖ψ ′j (L ′jS ′j ) 〉 . ¶ ` H'� x ·

��AZ?1WuO,CY\/czPa?1@8E:yjX[RFX[c�X[>-?1O[©UB%E PS_ZAG>UPSR�PT>/B¨AZ®U�3B%E�PT_GAZ>.PTRÇn�E:?1Wu@8XaO,h.XaD0?�?1A�?1WYXKXQReXaD4?8@8AZ>/EFDlD4AG>%�f/_ZC/@1PT?8EFAZ>UO�AZk/?8WYXoAGh.XQ@1PT?8AG@1O�CY>/B%XQ@�D4AG>/O,E B%XQ@1PT?8EFAG>mPS@,Xo>YXQXaB%XQB�©5P]O�DaPT>�\.X�O,XQX[>�ks@8AZc � v H ` H'� iPT>/B � v H ` H'� x Hb W/XªczPT?8@8E:ymXQReXQcmXQ>2?+O AGk¦?1WYXªAG>YX[�<h.PT@,?8E D4RFXª>YAZ>Y��O8DaPTR�PT@�AZh.XQ@+Pa?1AZ@
F (kl ks)

\.X[?*n�XQXQ>VD[AG>%f/_Z�CY@1PT?8EFAG>¨O(?0Pa?1XJksCY>/D4?8EFAG>/Oon�Ee?8W
u

AGh.XQ>uO,WYXQReR O[©
|ψu(LS) 〉 = |n1l

N1
1
L1S1 n2l

N2
2
L2S2L12S12 . . . nal

Na
a LaSaL1...aS1...a

. . . nbl
Nb
b
LbSbL1...bS1...b . . . nul

Nu
u LuSuLS〉 ¶ ` H'�2� ·

DQPS>j\.XIX4y#h/@,XaO8O,XaB¨PSO«PdO,CYc»ATp5X[@�AZ>/X4��X[RFXaD0?1@,AG>¨D[AZ>-?8@8Ee\/C%?8EFAG>/O
〈ψu(LS) ‖ F (kl ks) ‖ψ ′u(L ′S ′) 〉 =

∑

na,la,nb,lb

〈ψu(LS) ‖ F(nala, nblb) ‖ψ ′u(L ′S ′) 〉 ,

¶ ` H'� q ·
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n�WYXQ@,X
〈ψu(LS) ‖ F(nala, nblb) ‖ψ ′u(L ′S ′) 〉 = (−1)∆+1 [kl, ks]

−1/2

× R(la, lb, La, Lb, L
′
a, L

′
b, kl)R(s, Sa, Sb, S

′
a, S

′
b, ks)

{
δ(nala, nblb)

× 〈 lNaa αaQaMQaLaSa ‖
[
a

(q la s)

1/2
× a (q la s)ç

1/2

](klks) ‖ lNaa αaQaMQaLaSa 〉
+ (1− δ(nala, nblb)) 〈 lNaa αaQaMQaLaSa ‖a (q la s)

1/2
‖ lN ′aa αaQaMQaLaSa 〉

× 〈 lNb
b
αbQbMQbLbSb ‖a (q lb sb)ç

1/2
‖ lN

′
b

b
αbQbMQbLbSb 〉

}

× 〈nalas ‖ T (klks) ‖nblbs 〉 . ¶ ` H LZ} ·
b WYXJB%XQD[AGCYhYRFEe>Y_dhUPS@(?+O R PT@8Xª_GEepGXQ>VEe>z?1WYXªksAZ@8c AZk

3nj
��O,r#cd\.AGRFOQ©-B%X[Re?0PIk�CY>UD0?1EeAG>/O�PS>/BzhYWUP]O,Xk6P]D0?1AZ@1O H b WYXJ?8XQ>/O,AG@,E�PTR�hUPS@(?+O�PT@8XI_ZEFpGXQ>j\-r�?1WYXKD4@8XaPT?8EFAG>uPT>/BuPT>Y>YEFWYEFR PT?8EFAG>¨AGh.X[@+Pa?1AG@oX[y#hY@8XQO,�O,EeAG>/O�PS>/BVPS@,Xª@,XQR�Pa?1XQB�?1AK?1WYXªD[AZc�hYReX[?1X[RFr�@8XaB%C/D[XQBzD[A-X4Ö�D[EFX[>2?+O°AGk�k�@+PSD4?1EeAG>UPTR¦hUPT@8X[>-?+PS_ZX H b WYXPSBYB%Ee?1EeAG>UPTR«h/WUPSO,X¨k�PSD4?8AG@

∆
PT@8E O,XQOmks@8AZc ?1WYX¨@,XQAG@8B%XQ@8Ee>Y_À>YXQXQB%XaB�?1A�cVPa?+D1W?8WYXgB%XaD4AGCYhYRFXQBD4@8XaPT?8EFAG>uPT>/BuPS>Y>YEFWYEeR�Pa?1EFAZ>uAZh.XQ@+Pa?1AZ@1OoEF>�?1WYX¹� @1P�PS>/B Á X[?�pGXaD4?8AG@8O«PT>/B�E O�_ZEFpGXQ>¨\-r

∆ =





0 nala = nblb

1+

�¤8ü
(a,b)−1∑

r=
�� §

(a,b)

Nr nala , nblb .
¶ ` H L M ·

b A�DaPTR D4CYR�Pa?1XJ?1WYXKW-r-h.XQ@,f/>YXKO(?1@8C/D0?1CY@8XIks@,AGcÅPS>gPa?1AGcmE DJO(?0Pa?1XIksCY>/D4?8EFAG>jn�E:?1WgPS>-rV>-C/cd\.XQ@oAGkAZh.XQ>¨O,W/X[RFRFO�EF>
LS

�3D[AZCYh/ReEF>Y_Y©YAZ>/XJWUP]O�?1A�XQpZPTRFCUPT?8X � v H ` H � x H =<>¨B%X[?+PSEeR<©YAG>YXIWUPSO�?1AmDaPTR D4C/R PT?8X
É ?1WYXJB%XaD[AZCYh/ReEF>Y_�czPT?8@8E D4XaO R(la, lb, La, Lb, L

′
a, L

′
b
, kl)

PS>/B R(sa, sb, Sa, Sb, S
′
a, S

′
b
, ks)

©
� v H ` H { ` PT>UB � v H ` H { i v

É ?1WYXKO,CY\/czPa?1@8E:yVX[RFXQcmXQ>2?1O�AGk�Ee@8@,XaB%C/D[EF\YReXI?1X[>UO,AZ@�AGh.X[@+Pa?1AG@8O
〈 lNaa αaQaMQaLaSa ‖

[
a

(q la s)

1/2
× a (q la s)ç

1/2

](klks) ‖ lN ′aa α ′aQ ′aM ′
Q ′a
L ′aS ′a 〉

PT>UB
〈 lN αQMQLS ‖a (q l s)

±1/2 ‖ lN ′ αQM ′
Q
LS 〉 \.PSO,XaB�AG>�?1WYXKO(?0PT>/B/PS@8Bv2CUPS>2?1E:?1EeXaO«PT>/B�?8WYXKB%X[f/>YEe?8EFAG>/O � v H ` H'� ` © � v H ` H'�2{ PT>/B � v H ` H'�-L v

É ?1WYXIhYWUP]O,XIk6P]D0?1AZ@
∆

© � v H ` HñL M v
É PT>UB	?1WYX�AZ>/X4��X[RFXaD0?1@,AG>KO,CY\YcVPa?1@,EeyªXQRFX[c�X[>2?+O 〈nalas ‖ T (klks) ‖nblbs 〉 © � v H ` H MQ` © � v H ` H MQi ©

� v H ` H MQx PT>UB � v H ` H `#M H
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2.3 Explicit expressions for a two-shell systemb WYX�cVPa?1@,EeylXQReXQcmXQ>2?�ksAG@�P�?*n�AZ�3O,WYXQReRYO,r#O(?1X[c�DQPS>�\.X�n�@8E:?8?8XQ>�EF>mP�_ZXQ>YXQ@1PSR#noPQrlC/O,EF>Y_ � v H ` H'� qPT>/B � v H ` H LZ} P]O
〈n1 R 1N1α1L1S1 n2 R 2N2α2L2S2 LS || F(klks) ||n ′1

R ′N ′1α ′1L ′1S ′1 n ′2 R ′N ′2α ′2L ′2S ′2 L ′S ′ 〉
≡ F(klks)(12; 1 ′2 ′) = (−1)∆+1

[
kl, ks

]1/2

×
[
R(1, 1 ′)f(klks)(1, 1 ′) 〈 1 ||

[
a

(q l s)

1/2
×a (q l s)ç

1/2

](klks)
|| 1 ′ 〉

+ R(2, 2 ′)f(klks)(2, 2 ′) 〈 2 ||
[
a

(q l s)

1/2
×a (q l s)ç

1/2

](klks)
|| 2 ′ 〉

+ R(1, 2 ′)f(klks)(1, 2 ′) 〈 1 ||a
(q l s)

1/2
|| 1 ′ 〉 〈 2 ||a

(q l s)ç
1/2

|| 2 ′ 〉

+ R(2, 1 ′)f(klks)(2, 1 ′) 〈 2 ||a
(q l s)

1/2
|| 2 ′ 〉 〈 1 ||a

(q l s)ç
1/2

|| 1 ′ 〉
]
. ¶ ` H L ` ·

b WYX	X4yYPScmEF>UPa?1EFAZ>zAZk�?8WYX«?1WYX	D[AZCYh/ReXaBVD4@8XaPT?8EFAG>�PT>/B�PS>Y>YEFWYEeR�Pa?1EFAZ>�X[y#hY@8XQO1O,EeAG>/O°RFXTPSBYO�B%EF@,XaD4?8RFr?8A¿?1WY@,XQX§B%E O(?8EF>/D4?jDaPSO,XaO µ
N1 = N ′

1

PS>/B
N2 = N ′

2

©
N1 = N ′

1
− 1

PS>/B
N2 = N ′

2
+ 1PT>/B

N1 = N ′
1

+ 1
PS>/B

N2 = N ′
2

− 1 H b WYX�czPa?1@8E:y¿X[RFX[c�X[>-?1O¹AGk�AZ?8WYXQ@�D4AGcd\/Ee>UPT?8EFAG>/O¹AGk?8WYXmA#D[D[CYhUPT?8EFAG>�>-CYc�\.XQ@8OlPT@8Xmw[XQ@8A H =�>�?8W/X�fU@8O(?¹DaPSO,Xmn�W/X[@8X
N1 = N ′

1

PT>UB
N2 = N ′

2

©�\-rX[pZPSReC.Pa?1Ee>Y_�?1WYXIBYXQD[AZC/hYReEF>Y_mhUPS@(?+O R(1, 1 ′)
PT>/B R(2, 2 ′)

C/O,EF>Y_ � v H ` H { ` AZ>/XIX[>UBYOoCYhjn�E:?1W
F(klks)(12; 1 ′2 ′) = (−1)∆+1[kl, ks]

−1/2

×
[{

kl L ′
1
L1

L2 L L ′

}{
ks S ′

1
S1

S2 S S ′

}
f(klks)(1, 1 ′) 〈 1 ||

[
a

(q l s)

1/2
×a (q l s)ç

1/2

](klks)
|| 1 ′ 〉

× δ(L2, L
′
2)δ(S2, S

′
2)(−1)

L1−2L
′
1
−L2−L

′−kl+S1−2S ′1−S2−S
′−ks [L ′, S ′]1/2

+

{
kl L ′

2
L2

L1 L L ′

}{
s S ′

2
S2

S1 S S ′

}
f(klks)(2, 2 ′) 〈 2 ||

[
a

(q l s)

1/2
×a (q l s)ç

1/2

](klks)
|| 2 ′ 〉

× δ(L1, L
′
1)δ(S1, S

′
1)(−1)

L1−L−L
′
2
−kl+S1−S−S

′
2
−ks [L ′, S ′]1/2

]
. ¶ ` H LZ{ ·

�#C/@(?1WYXQ@�O,EFcmhYRFEefUDQPT?8EFAG>/OVA-DQD[CY@�EeklAG>YX½O,WYXQReR ¶ W/X[@8Xg?1WYXf/@1O(?�AG>YXS·mE O�D[RFAGO,XaB H b W/X[>
L1 =

S1 = L ′
1

= S ′
1

= 0
©
L2 = L, S2 = S, L ′

2
= L ′

PT>/B
S ′
2

= S ′ H b WYX
6j

�3D4A-X[Ö�D4EFXQ>2?�\¦X[ksAZ@8X
f(klks)(1, 1 ′)

X[pZPSReC.Pa?1XQOK?8Auw[XQ@8AuEek
kl

AG@
ks

E Ol>YA]?¹Xav2CUPSR ?8AuwQXQ@,A H b WYXm?*n�A
6j

�3D4A-X[Ö�D4EFXQ>2?1O\.X[ksAG@,X
f(klks)(2, 2 ′)

WUPQpGXIO8Eec�hYReXJX[y#hY@8XaO8O,EFAZ>/O
{
kl L ′ L

0 L L ′

}
= (−1)L

′+L+klδ(kl, L, L
′)[L ′, L]−1/2 ¶ ` H LS� ·
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PT>/BPT>UPSReAG_�ksAZ@

S H =<>¨?8W/X¹DQP]O,XKAGk�P�D[ReA5O,XaBjf/@8O,?ªO,WYXQRFR�n�Ee?1W
N2 = N ′

2

?1WYXlhYWUP]O,X
∆ = 0

PT>/B?8WYXIczPT?8@8EeyzXQReXQcmXQ>2?+O�XQpZPSReCUPT?8XJ?1A
F(klks)(12; 1 ′2 ′) = δ(kl, L, L

′)δ(ks, S, S ′)(−1)L+L
′+kl+S+S ′+ks

× [L, kl, S, ks]
−1/2f(klks)(2, 2 ′) 〈 2 ||

[
a

(q l s)

1/2
×a (q l s)ç

1/2

](klks)
|| 2 ′ 〉 . ¶ ` H LGL ·

� y%hY@,XaO8O,EF>Y_?8WYXjD[AGCYhYRFXQBD4@8XTPa?1EeAG>¬PT>/B¬PT>/>YEeW/EeR�Pa?1EeAG>¬AZh¦X[@+Pa?1AZ@�hUPT@,?�EF>¸?1X[@8c�OdAZk�?8W/XjD4AGc��hYReX[?1X[RFr½@8XQB%CUD4XaB¿D[A2X[Ö�D[EeXQ>2?+OKAGkok�@+PSD4?1EeAG>UPTR�hUPS@,XQ>2?0PT_GX 〈γ |||a (q l s) |||γ ′ 〉 n�Ee?8W
γ = lαQLSReXTPSBYOo?8A

F(klks)(12; 1 ′2 ′) = δ(kl, L, L
′)δ(ks, S, S ′)(−1)L+L

′+kl+S+S ′+ks [L, kl, S, ks]
−1/2

×f(klks)(2, 2 ′)
∑

kq,mq

[
q q kq

mq1 mq2 mq

][
Q ′ kq Q

M ′
Q

mq MQ

]

×[kq, kl, ks]1/2[Q]−1/2(−1)Q2+L2+S2+Q
′
2
+L ′

2
+S ′

2
+kq+kl+ks

∑

α ′′,Q ′′,L ′′,S ′′

{
q q kq

Q ′ Q Q ′′

}{
l l kl

L ′ L L ′′

}{
s s ks

S ′ S S ′′

}

× 〈 l2α2Q2L2S2 |||a (q l s) ||| l2α
′′Q ′′L ′′S ′′ 〉

× 〈 l2α ′′Q ′′L ′′S ′′ |||a (q l s) ||| l2α
′
2Q
′
2L
′
2S
′
2 〉 . ¶ ` H L i ·

b WYXªR�PSO(?oO(?1X[hzEFO°?8AlC/O8X�?1WYXªB%X[f/>YEe?8EFAG>zAZk¦?1WYXªW-r-h.XQ@,f/>YXªO(?1@,CUD0?1CY@8XªO,CY\YcVPa?1@,Eey�X[RFXQcmXQ>2?1O n�E:?1WPThYhY@8AGhY@,E�Pa?1Xl@+PT>Y^#O
kl

PS>/B
ks

?8A�XQpZPSReCUPT?8XK?1WYX¹O,CY\YcVPa?1@,EeyjX[RFXQcmXQ>2?
f H �%AZ@�?1WYXKAG@8\YE:?0PTR�?1X[@8c?8WYXl@1PS>Y^#OªPS@,X

kl = 1
PT>/B

ks = 0
PS>/B

f
E O�_GEep5X[>u\-r � v H ` H MQi H �#AG@�?1WYX¹B%E PS_ZAG>UPSR�W-r-h.XQ@(fU>YXEe>2?1XQ@1P]D0?1EeAG>dczPT?8@8E:ylX[RFX[c�X[>-?�\.X[?(n�X[XQ>�P�D4RFA5O,XQBdO,W/X[RFR

1
PT>/Bl?1WYX�O,XaD[AZ>/BdO,W/X[RFR

2 ≡ | 3
B 4 3
4

õ 〉 ?1WYXD4AGCYhYRFXQBVAZh¦X[@+Pa?1AZ@1O�AGk�O,XaD4AG>/BVv-CUPT>2?1EFwaPT?8EFAZ>�XQpZPSReCUPT?8Xª?1A
−3/
√
10 H�º RFR¦?8AG_GX4?1WYXQ@°?1WYX	@8XQO,C/R:?oE O

T  (10)(1, 3
B 4 3
4

õ
; 1, 3

B 4 3
4

õ
) =

1

2
√
30

√
l(l+ 1)(2l+ 1) 〈nl || r−3 ||nl 〉

=
1

2
〈 3 B || r−3 || 3

B 〉 . ¶ ` H L x ·
b WYX�@+PSBYE PSRoEF>2?1X[_G@1PSRoc�C/O(?�\.X�XQpZPTRFCUPT?8XaB¸n�E:?1WnoPQpGX�k�C/>/D0?1EFAZ>/OdAG\%?0PTEF>YXaB�© ksAZ@�X[yYPScmhYRFXZ© EF>P�c�CYR:?1E D4AG>%f/_GCY@+Pa?1EeAG> N PT@,?8@8X[X[�*�#A#D+^¨DaPTR D[CYR PT?8EFAG>§AZ@	?8@8XaPT?8XaB§PSOIP]B�6*C/O(?0PT\/ReX¹h.PT@+PTcmX[?1X[@1OªEe>�PO,X[c�EeXQcmh/Ee@8EFDaPTRÇPShYhY@8A5P]D1W H

– 42 –



r i ù¦Ñ�ù��4�¦Ñ[Ìak���Ñ��Q�<ÌQÎ�Ïa�<ÎUÌQÑV���¦Ñ[ÌQ�2�8�ZÌ
b W/X°_ZXQ>YXQ@1PSR2X4y#h/@,XaO8O,EFAZ>¹AGk-?1WYX cVPa?1@,EeyIX[RFXQcmXQ>2?1OÇAZk#?8W/X°W-r-h.XQ@(fU>YX°O(?1@8C/D0?1CY@8X AGh.XQ@1PT?8AG@�noPSOB%X[@8EFpGXQB H b W/EFOKX[y#hY@8XQO1O,EeAG>�n�PSOI\.PSO,XaB½AG>ÀO,XaD[AZ>/BÀv2CUPS>2?8EFwTPa?1EeAG>�©�?8WYX�D[AZ>UD4XQh%?lAZkov2C.PSO,E O,hYEF>�©_Z@+PThYW/EFDaPTR�c�X4?1WYA#BYO	PT>/B¨?1WYXdO,czPSReRFXaO(?	O8X4?ªAGk O(?0PT>/BUPT@1Bgv2CUPS>2?8Ee?1EeXaO[©U?1WYXdD4AGcmhYRFX[?8XQRer¨@,XaB%C/D[XQBD4A-X4ÖzD4EFX[>-?1OlAZkoks@+PSD4?8EFAZ>.PTR�hUPT@8X[>-?+PS_ZX H b WYXzX[y#hY@8XQO1O,EeAG>¿E OlpZPSReE B¿k�AG@dPS>-r½AZh.XQ>¸O,W/X[RFRoPa?1AGcmE DnoP[pGXok�C/>/D0?1EFAZ>�AZk.O,r-cmc�X4?1@8rlPSB/PSh%?1XQB�D4AG>%f/_GCY@+Pa?1EeAG>�O(?0Pa?1X�ksCY>/D4?1EeAG>/O�EF> Â CUO8O,XQR:� ¡ PS>/B/PS@8O ¶ LS ·D4AGCYhYRFEe>/_ H b WYXKO,h.XaD4E�PTR�DQP]O,XJAGk�Pl?*n�AmO,WYXQRFRÇO,r#O(?1XQctnoPSO�D[AZ>UO,EFBYX[@8XQBjX4y#h/ReE D4Ee?1Rer H
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3 Implementation of the expression in computer programs

b WYX°ksAG@,c�CYR P�?8AªDaPTR D4C/R PT?8X°?8W/X°W-r-h.XQ@(fU>YX°O(?1@8C/D0?1CY@8X�O,hYRFE:?8?1Ee>Y_	D[AZ>/O,?+PS>2?1O
A

PT>/B
B

ksAG@�Po_GX[>YXQ@+PTRcdCYRe?8E D[AZ>%fU_ZCY@+Pa?1EFAZ>�Pa?1AZc�EFD°O,?+PT?8X�k�C/>/D0?1EFAZ>/O�noPSO�BYX[@8Eep5XQB¹EF>l?1WYX�R P]O(?�D+WUPThY?8XQ@ H b n�A	D[AZc�hYC%?1X[@hY@,AG_G@1PSc�OK?1A§DQPSRFD[CYR�Pa?1X�?8W/XzW#r-h.XQ@(f/>/XVD4AG>/O(?0PT>-?1Olks@8AZc Pjc�CYR:?1E D4AG>%f/_GCY@+Pa?1EeAG>Pa?1AZc�EFDzO(?0Pa?1Xk�CY>UD0?1EeAG>jWUPQpGXI\.X[XQ>uB%XQpGX[RFAGh.XQB¨B%CY@8Ee>Y_�?8WYXIn�AG@,^VAG>j?8WYE Oo?8W/XQO,E O Hb W/X	hY@8AZ_G@+PTc�O�WUPQpGXª?8AdXQpZPTRFCUPT?8Xª?1WYX	_GX[>/X[@+PTR¦ksAZ@8cdCYR�P � v H ` HñLZ}-H b WYX	h/CY@,XJO,h/Ee>%�*PT>/_ZCYR�PT@k6P]D0?1AZ@ÇAGk-?8WYX cVPa?1@,EeyJX[RFX[c�X[>-?Ç\.X[?*n�XQXQ>I?1WYX X[RFXQD4?1@,AG>
nala

AGk-?8W/X D[AG>%f/_GCY@1PT?8EFAG>lO(?0Pa?1X�ksCY>/D4?8EFAZ>
〈ψu(LS) |

PS>/Bg?1WYXdXQReXaD4?8@8AZ>
nblb

AGk�?8WYX�D4AG>%f/_GCY@+Pa?1EeAG>½O(?0Pa?1X¹ksCY>/D4?8EFAZ>
|ψ ′u(L ′S ′) 〉

EFOª?1W-C/OB%X[@8EFpGXQB H b W/XoB%XaD4AGCYhYRFEF>Y_JhUPT@,?+O Rx PT@8XoDaPTR D4CYR�Pa?1XaBd\-r � v H ` H { ` EFk
a = b

AG@ � v H ` H { i EFk
a , b Hb AIXQpZPSReCUPT?8X�?8WYX«D4A-X4ÖzD4EFX[>-?1O

Cx
©-P]BYB%Ee?8EFAZ>.PTR/h/@,A#D4XaB%CY@8XaO�ksAG@�?8W/X

3nj
��O8r-cd\.AGR O�PS@,X�C/O,XaB H b WYX?8XQ>/O,AG@,E�PTR�hUPT@,?1OJPT@8X¹X[pGPTRFCUPa?1XQBg\-r � v H ` H � ` PT>UB � v H ` H'�-L2H b WYX¹O,?+PS>/B/PT@1Bv2CUPS>2?8Ee?1EeXaO«AGk�?1WYXD4AGcmhYRFX[?8XQRer½@8XQB%CUD4XaB¿D[A2X[Ö�D[EeXQ>2?+OlAZk�ks@1P]D0?1EeAG>UPSR°hUPS@,XQ>2?0PT_GXVPS@,Xz?+PS^GX[>¸k�@8AZc ?8WYXQEF@l?+PS\YCYR�Pa?1XQBpZPTRFCYXaO Hb W/X�O,h.XaD4E�PTR#W-r-h.XQ@(fU>YX�O,?8@8C/D4?8CY@8X�O,CY\YcVPa?1@,EeyKXQReXQcmXQ>2?+O�PS@,X�X[pGPTRFCUPa?1XQB�©]AG>YX�ksAZ@�?8W/X�X[RFXaD0?1@,E Dv2CUPSBY@,CYh¦AZRFX�EF>2?1X[@+PSD4?8EFAG> ¶ � v H ` H MQ` ·0©G?(n�AKksAZ@ ?8W/X�czPS_Z>/X4?1EFD�B%Eeh¦AZRFX«Ee>-?8XQ@1P]D0?1EFAZ> ¶ � v H ` H M[i PT>/B

� v H ` H Max ·�PT>/BjAG>YXJksAG@�?1WYXKD[AZ>-?+P]D0?o?1X[@8c ¶ � v H ` H `#M · H�%AZ@zP\Y@+P½PT>/B¬^GX[?zD4AG>%f/_GCY@+Pa?1EeAG>�O,?+PT?8XjksCY>/D4?1EeAG>�©�?8W/XjW#r-h.XQ@(f/>/X¨D[AG>2?8@8EF\YC%?1EeAG>/OmAGkJPSReRX[RFXQD4?1@,AG>/O¹EF>¸?1CY@,>�W.P[pGXz?1A\.XVAG\%?+PSEe>/XQBPS>/B�O,CYc�cmXaB�CYhÇ© O8X[X � v H ` H � q H b WYX¨PSBYB%Ee?1EeAG>UPTRB%XQD[AGCYhYRFEe>Y_�k�PSD4?1AZ@oB%CYX	?1A¹?1WYXID4AGCYhYRFXQBjPS>Y_GCYR PS@ocmAGcmXQ>2?1CYc
L

n�Ee?1WV?1WYXJO8hYEe>�c�AZc�X[>-?8CYc
S?8A�?8W/X	f/>.PTR�c�AZc�X[>2?1CYc

J
E OoXQpZPSReCUPT?8XaB�©/D4AGcmh.PT@8X � v H ` H � x H=�>?1WYXjcdC/R:?1EFD[AG>%f/_GCY@1PT?8EFAG>�PShYhY@8Aay%EecVPa?1EeAG>�©°?8WYXgPa?1AZc�EFDjO(?0Pa?1Xjk�C/>/D0?1EFAZ>

|Ψ(LS)J 〉 E O�PReEF>YXTPT@�D4AGcd\/Ee>UPT?8EFAG>ÈAZklD4AG>%f/_GCY@+Pa?1EeAG>£O(?0Pa?1XuksCY>/D4?1EeAG>/O
|ψi(LiSi)J 〉 PS>/B�?8WYXQEF@zn�X[EF_ZW-?1O

ci Hb W-CUO[©Çk�AG@JX[p5X[@8rD[AZc�\YEe>.Pa?1EeAG>§AZk°?1WYX�D4AG>%f/_GCY@+Pa?1EeAG>�O(?0Pa?1XdksCY>/D4?1EeAG>/O
i

PS>/B
j

?1WYX�W-r-h.XQ@,f/>YXD4AG>2?1@,EF\YC%?1EeAG>dW.PSO�?8A	\.X�X[pZPSReC.Pa?1XQB�PT>UB¹cdC/R:?1Eeh/ReEFXQBd\-rI?8W/XoPThYh/@,AGhY@8E PT?8X�n�XQEe_GW2?+O[©GO,XQX � v H ` H'� x Hb W/XJ@,XaO,CYRe?1O�B%X[f/>YXª?1WYX 〈 J ‖ T (kl ks)k ‖ J 〉 hUPS@(?�AZk � v H ` H i PS>/B � v H ` H x H b WYX[r�PT@8XJcdC/R:?1E:�hYReEFXaB�\#r�?1WYXI>-C/D[ReXTPT@�k6P]D0?1AZ@
µ

AG@
Q

?1A�_ZX[?�?1WYX
A

PS>/B
B

k6P]D0?1AG@8O H
� AZ@8XVB%X4?0PTEFRFXQB¿EF>Yk�AG@8czPa?1EFAZ>¸DQPS>¿\.XzksAGCY>/BÀEF>¿?8WYXVO,AGCY@1D4XVD4A#B%XaO H =�>¸AZ@1B%XQ@l?8AgC/O,X�?1WYEFOPTRF_ZAG@,Ee?1WYc¨©ok�CY>UD0?1EeAG>/Omk�AG@�?1WYX

3nj
�3O,r-c�\.AGRFO�PT>UB � ReXQ\/O8D+W%� ü AG@8B/PS>ÈD4A-X[Ö�D4EFXQ>2?1OQ©�PSOmn�X[RFR	PSOk�AG@«?1WYXl@8XaB%C/D[XQBD[A2X[Ö�D[EeXQ>2?+O«AZk k�@+PSD4?8EFAG>UPTR�h.PT@8X[>2?0PT_GXG©�PT@8X¹>YXQXQBYXQB H �#C/@(?1WYXQ@,c�AZ@8XZ©�P�noPQr�?1AX4y-?1@+PSD4?�?1WYX�v2CUPT>-?8CYc�>-CYc�\.XQ@8O�ks@,AGcýPT?8AGcmE D�O(?0Pa?1X�k�C/>/D0?1EFAZ>/O�c�C/O(?�\¦X�_GEepGXQ>�PT>/BdhY@8A#D4XaB%CY@8XQO?8WUPT?�DaPTR D[CYR PT?8XJ?1WYXJ@+PSBYE PSR�h.PT@,?1O H
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3.1 Implementation in the symbolic environment of Ì )�Í��~�
qzÙ�Î7Ïaé¹E O�Plh.ASn�X[@8ksCYR¦hY@8AG_Z@+PTc�cmEF>Y_¹R�PT>Y_GCUPT_GX	\.PSO,XaBVAZ>jO8r-cd\.AGRFEFDªhY@8AZ_G@+PTcmc�Ee>/_ 
 ?1WYX	C/>YE:�k�r-EF>Y_�E B%XTP¹E Oo?8W.Pa?�XQpGXQ@,rVXQReXQcmXQ>2?�DaPT>¨\¦XI@,XQhY@8XQO8X[>2?1XaB¨PSO«PdO,r-c�\.AGReE DJX[y#hY@8XQO8O8EeAG> H ¡ r#cd\.AGReE DhY@,AG_G@1PScmcmEF>Y_mWUP]OªD4AGcmXK?8A�?1WYXlksAG@,XQk�@8AG>2?ªAZk D[AZc�hYC%?1Ee>Y_VPSO�?1WYX¹>YX[y-?ªR PS@,_GX[��O8DaPTRFXdD1WUPS>Y_GXlEF>hY@,AG_G@1PScmcmEF>Y_§hUPS@1P]B%EF_ZczOmPSk ?1XQ@�?8W/X¨D[AG>/D4XQh%?mAGk	AZ\±6*XQD4?8�<AG@,EFXQ>2?8XaBhY@8AZ_G@1PScmc�Ee>Y_ H qzÙ�Î7ÏTé#² O@,E D1W§O,r#cd\.AGReE DKhY@8AZ_G@+PTcmc�Ee>/_mR�PT>Y_GCUPT_GX¹E O	B%XQO8Ee_G>YXaBuk�@8AGc÷?1WYX¹_Z@8AGCY>/BgCYhk�AG@ªczPT>/EehYC/R PT?8EFAZ>AZk�O(?1@,C/D4?1CY@,XaB�X[y#hY@8XQO1O,EeAG>/O H ¢�WYXQ>¨O,AGRep#Ee>Y_zPS>jXQv-CUPa?1EeAG>¨C/O,EF>Y_mO,r#cd\.AGReE DJhY@,AG_G@1PScmcmEF>Y_Y©#AG>YXDQPS>g_ZEFpGX¹?1WYX¹EF>YhYC%?�6(C/O(?IPSOªAZ>hUPSh.XQ@[©¦n�Ee?8W/AZC%?JcVPT>-CUPSR�@8XaB%C/D4?8EFAZ>g?1A0ÐGD4AGcmhYCY?8XQ@«k�@8EFX[>/BYRer�Ðk�AG@,c H � >YXJ?1WYX[>uDQPS>j_GX[?�>YAZ?�AZ>/Rer�>-CYcmXQ@8EFDaPTR�@,XaO,CYRe?+O[©Y\YC%?	PTR O,AmD[ReA5O,XaB�ksAG@,cÅO,AZRFC%?1EeAG>/O[©/h.X[@,�WUPTh/O�EF>/D[ReCUB%Ee>/_�hUPS@1PScmX[?8XQ@1Oo?1WUPa?	DQPS>u\.Xlk�C/@(?1WYXQ@«czPT>/EehYC/R PT?8XaBuP]O�AGh%?1Eec�EewQXQB¨AG@ªO,AGRep5XQB¨ksAZ@ H
qzÙ�Î7ÏaéjEe>UD4AG@,h¦AZ@+Pa?1XQO¹P�WYEe_GW%��ReXQpGXQR hY@8AG_Z@+PTc�cmEF>Y_jR�PT>Y_GCUPT_GX�?1WUPT?¹PSReRFASn�OI?1WYXmC/O,XQ@I?1AuB%X[f/>YXWYEFOKATn�>�hY@8A-D[XaB%CY@8XQO H b WYXQO8XmDaPT>�\.Xm_G@,AGCYh.XaB½EF>2?1A¨hUP]D1^GPT_GXQOIAGk�O,h.XaD4E�PTRFEFw[XaB�k�C/>/D0?1EFAZ>/OlPS>/BReA2PSB%XaB½AZ>ÀB%X[cVPT>/B H qzÙ�Î#Ïaé DaPT>�\.X�C/O8XQB§EF>�\.Pa?+D1W½c�A-BYX�k�AG@KO,AGRep#Ee>Y_uD4AGcmhYRFX[yhY@8AZ\YRFXQc�OPT>/B§B%XQpGXQReAGhYEF>Y_¨PTRF_GAZ@8E:?1WYczO	AZ@JEF>2?1X[@+PSD4?8EFpGXQRer§PTRFRFATn�EF>Y_jE:?+OJC/O,X�P]OIPzv2CYE D1^yÐ]h¦A-D+^GX[?IDaPTR D4CYR�Pa�?8AG@?Ð H ��CY@8Ee>Y_?8W/Xzh.PSO(?dr5XaPS@8O�PT>PT?8AGcmE DVPThYhYRFE DQPT?8EFAZ>BYX[pGXQRFAZhYc�X[>-?�O,r#O(?1XQc \.PSO,XaB¿AG>¿?1WYXO(?+PS>/B/PS@8BÀv2CUPT>-?8Ee?8EFXaOIAGk�?1WYXzPT>Y_GCYR�PT@Kc�AZc�X[>-?8CYc¯?8WYXQAG@,r�PS>/B§?1WYXzPT?8AGcmE D�O,W/X[RFR c�A-B%XQR WUPSO\.X[XQ>¨B%XQpGXQReAGh.XaB�EF>qzÙ�Î7ÏTé H =6?�EFO�czP]B%X	C/hjAGk�?8WYX¹Ø�Ù#Ú-ÙYÛ�PS>/B�?8WYX�ÜSÝ%Ú2Þ/ß�hUPSD+^ZPS_ZXaO Hb W/XzØ�Ù#Ú2ÙYÛ§hUPSD+^ZPT_GX�E OKB%XQO8Ee_G>YXaBÀPSOlPS>½XQ>-p-EF@8AZ>Yc�X[>-?IksAZ@I?8WYX�O,r-cd\¦AZRFEFD�czPS>YEFhYCYR�Pa?1EeAG>�©O,Eec�hYRFE:fUDaPa?1EFAZ>PT>/BuD[AZc�hYC%?0Pa?1EeAG>¨AZk PT>-r�>#CYcd\.XQ@�AZk

3nj
��O8r-cd\.AGR O�PS>/B � ReXQ\/O8D+W%� ü AZ@1B/PS>gD4AZ�X4Ö�D[EFX[>2?+O«P]O�n�XQReR�P]O�pZPT@8EeAGC/O«Ee>-?8XQ_Z@+PTR O�ASpGX[@ªO,hYWYXQ@8EFDaPTR�WUPS@,c�AZ>/EFDQO Hoº BYBYE:?1EeAG>UPSR�O,r#cd\.AGRFO«PS>/Bk�CY>UD0?1EeAG>/O	ks@,AGc¼?8WYXmPT>Y_GCYR�PT@Jc�AZc�X[>2?1CYcÅ?1WYX[AG@8rPT>/B?8W/X[EF@Jk6P]O(?KPS>/B@8X[RFE PS\YRFX�D[AZc�hYC%?0Pa?1EeAG>PT@8XªB%X[f/>YXaB§³ �2�X
#L M0´ ©2?8A-A H b WYX¹ÜSÝ%Ú2Þ/ß�hUP]D1^GPT_GX«cVPTEF>YRermD[AZ>2?0PTEF>/O�v-CUPT>2?1Ee?8EFXQO�k�@8AZc�?8WYXJPa?1AGcmE DO,WYXQReR�cmA#B%X[R ³ L ` © L]{ ´ H =6?oE O�\.PSO,XaBzAG>V?1WYXJD[AZ>/D[XQh%?oAGk�v2CUPSO8EFO,h/Ee>uPT>/B�O8XQD[AZ>UB�v2CUPT>-?8EFwaPT?8EFAG> ¶ EF>PI?1XQ>/O,AG@,E�PTR�k�AG@8cV· ksAG@�?1WYXID[R P]O8O,EefUDQPT?8EFAG>�AGk�AZh¦X[@+Pa?1AZ@1O�PS>/BVn�P[pGXIk�C/>/D0?1EFAZ>/O H�º RFR�X4y%hY@,XaO8O,EFAG>/O[©?8WYXQ@8X[ksAZ@8XG©�WUPQpGX�PT>¸CY>/E:f/XaB¸D4AG>-pGXQ>2?1EeAG>PT>/B¿>YAZ?0Pa?1EeAG>¸k�AG@l?1WYXVO(?0PT>/BUPT@1B¿v-CUPT>2?1Ee?8EFXQO H � AZ?8WhUPSD+^ZPT_GXaOmEe>/D[RFC/B%XPT\¦AZC%? {G}G} hY@,A#D[XQB%C/@,XaO[©oks@,AGcøn�WYEFD+WÕPS\.AZCY? M } PS@,XgO,CYÖ�D4EFXQ>2?zk�AG@zB/PSEeRFrn�AZ@8^ H ��X4?0PTEFReXaB�EF>Yk�AG@8czPa?1EFAZ>¿PT\¦AZC%?K?8WYXzPS@,_GCYcmXQ>2?+OKPT>UB½ksCY>/D4?8EFAZ>UOKDaPT>�\¦X�AG\%?0PTEF>YXaB½ks@,AGc?8WYXIC/O,XQ@�czPT>#CUPTR�D[AZc�Ee>/_�n�E:?1Wj?8W/XJhUP]D1^GPT_GX H�º \Y@8EFX[k�BYXQO8D[@8Eeh%?1EFAZ>jAGk�?8WYXIpGXQ@8O8EeAG>/OoAGk�ØoÙ-Ú-ÙYÛPT>/B§ÜSÝ%Ú2Þ/ßªPS@,XIh/@,XaO,XQ>2?8XaB�Ee>j?1WYXJh.PTh.XQ@¹³ LT� ´ H

b W/X�hY@8A#D4XaB%CY@8XQOIAZk°?8W/X�ÜTÝ%Ú2Þ/ß¹PS>/B?1WYXzØ�Ù-Ú-ÙYÛghUP]D1^GPT_GXQOKPT@8X�X[y-?8XQ>/B%XaB�³ LS� © LGL ´ Ee>§?1WYE O?8WYXaO,E O H Ã�X[y-?d?1Ag?8W/XVEFcmhYRFX[c�X[>-?+PT?8EFAZ>¸AGk�?8WYXjD4AGcmh/ReX[?8XV@,XaB%C/D[XQB�D[A-X4Ö�D[EFX[>2?+O¹AGk�k�@+PSD4?1EeAG>UPTRhUPT@8X[>-?+PS_ZXG©#PKO8WYAZ@,?�\YC%?�h.ASn�XQ@,ksCYR.>/A]?0Pa?1EeAG>VEFO�EF>2?1@,A#B%C/D[XQBzksAZ@�?8WYX	D[@,XTPa?1EeAG>jPT>/B�PS>Y>YEFWYEeR�Pa?1EFAZ>
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AZh.XQ@+Pa?1AZ@1O�P]OÇn�X[RFR#PSOÇksAG@�?1WYX hY@,A#B%C/D4?+OÇAZk%O,C/D+WlAGh.X[@+Pa?1AG@8O�PT>/BI?1WYXQEe@�@8XQBYC/D4XaBIcVPa?1@,EeyJXQRFX[c�X[>2?+O H�#AG@jAZ>YX�AZh.XQ>¥O,W/X[RFR�©	?8W/X½X[pGPTRFCUPa?1EeAG>¤AGkK?1WYX�O8hYEe>Y�3PS>Y_ZC/R PS@¨D4A-X[Ö�D4EFXQ>2?1O�AGk¹AZ>/X4�zPT>/BÕ?*n�AZ�hUPT@,?8E D[ReX�hYW#r#O,E DQPSRoAGh.XQ@1PT?8AG@8OmPT@8X�h.A5O8O,EF\YRFX H¸º ReRo?1WYXjD4A-X[Ö�D4EFXQ>2?1O�PS>/B¸?8WYX�cVPa?1@,Eey¿XQReXQcmXQ>2?+Ok�@8AZc�PS\.ATp5X�PS@,X�XQv-CUPTRFRer�O,CYhYh¦AZ@,?8XaB�ksAZ@�\.AZ?8W

LS−
PT>/B

jj−
D4AGCYhYRFXQBmAZh¦X[@+Pa?1AZ@1O PS>/B�k�CY>UD0?1EeAG>/O Hb WYXªØ�Ù#Ú-ÙYÛ¹hUPSD+^ZPT_GXoE O�X[>/R PS@,_GXQB�k�AG@�D4AGcmh/ReX[y�PT?8AGc�O�n�Ee?8WmO8X[pGXQ@+PTRYAZh.XQ>mO,W/X[RFRFO H b WYX�D4AG>/D[X[hY?AZk#D4AG>%f/_GCY@+Pa?1EeAG>lO(?0Pa?1X�k�CY>UD0?1EeAG>¹PT>/BlPT?8AGcmE D�O(?0Pa?1X�ksCY>/D4?8EFAG>/O�E O�EFcmh/ReXQcmXQ>2?1XQB H b WYXQ>I?8W/X O,hYEF>%�PT>Y_GCYR�PT@ªEe>2?1XQ_Z@+Pa?1EeAG> ¶ ksAG@«AZ>YX[��\.A-BYrjEe>-?8XQ@1P]D0?1EFAZ>.·oE OªX4y#?8XQ>/B%XaBj?1A�?8WYXlcVPT>-rjAGh.X[>§O,WYXQReR�DQP]O,XEe>

LS−
D[AGCYhYRFEe>Y_ H b WYXd_GX[>/X[@+PTR�PTh/hY@,A2PSD+WAGC%?1ReEF>YXaBgEF>?8W/X¹R P]O(?ID1W.PTh%?1X[@	EFO	C/O,XaBu?1AzX[pGPTRFCUPa?1X?8WYXIczPT?8@8EeyzXQReXQcmXQ>2?+O�C/h�?1A�?8WYXI@+PSB%E�PTRÇhUPS@(?ªPT>/B�?1WYXI@,XaB%C/D[XQBjczPa?1@8E:yVX[RFXQcmXQ>2? Hb W/XmD4AG>/D[X[hY?IAGk�O8r-cd\.AGRFEFDdhY@8AG_Z@+PTc�cmEF>Y_�EFOIk�AGReRFASn�XQB§?1WUPa?¹PTRFRFATn�OKk�AG@lPT>¿PTRFcmA5O(?IRFE:?1X[@+PTR?8@+PT>/O8R PT?8EFAZ>AGk�?1WYXQAZ@8X[?8E DQPSR�ksAZ@8cdCYR�PSO	PT>UB¨?8W/X[EF@ªXQpZPTRFCUPa?1EFAZ> H ¢�E:?1Wg?8WYXaO,X¹X4y#?8XQ>/O,EFAZ>UO[©¦PSReR�?1WYXhY@,A#D[XQB%C/@,XaO�k�AG@�DaPTR D[CYR PT?8EF>Y_	?1WYX�W-r-h.XQ@,f/>YXoO,?8@8C/D4?8CY@8X�czPT?8@8E:y¹XQRFX[c�X[>2?+O�PT@8X�EFcmhYRFXQcmXQ>2?8XaB�³ LZL ´ Hb WYXgPSRe_GAZ@8Ee?8WYc ksAZ@mW-r-h¦X[@,f/>YX¨O,?8@8C/D4?8CY@8XuDQPSRFD[CYR�Pa?1EeAG>/OmEFOmhY@8AG_Z@+PTc�cmXaB¸EF>£Pg>/X[n÷hUPSD+^ZPT_GXG©DQPSReRFXQB á�â ß«³ L iT´ H b WYX�X4y#h¦X[@8EeXQ>/D[X�_2PTEF>YXQBdk�@8AGcö?1WYX�EF>-pGXaO(?1Ee_2Pa?1EFAZ>/O�AG>¹?8WYX�W-r-h.XQ@(fU>YX�O,?8@8C/D4?8CY@8XAZk�ÃoEeAG\YEFCYcÄ³ L ´ noP]O CUO,XQBm?1A¹B%XQO8Ee_G>VB/PT?+PT��O(?1@8C/D0?1CY@8XQO�PT>/B�hY@8A-D[XaB%CY@8XQO ?8W.Pa?oPT@8X«AGk�C/O,X«ksAZ@ ?1WYXX4y#h¦X[@8Eec�X[>-?+PSReE O(?a©�?1A2A H =6?dnoPSO¹EF>/O(?0PTRFReXaB�PT?¹?8W/X × >YEFpGXQ@8O8E:?TÿPa? Á P]O8O,XQR�© �/P]D1W-\¦X[@8X[E D+Wõ�W-r%O,Ee^ † Hb WYXKPTRF_ZAG@8E:?1WYcÉ?8WUPT?oE O�C/O,XaBVEFO�?1WYXIO1PTc�XJPSO�?8WYXJAZ>/X	ksAZ@�?1WYX	R�PT@8_ZXIO8DaPTRFX��%�d�������<�,�IPShYhY@8A5P]D1WO,WYASn�>jEF>j?1WYXJ>/X4y-?«O,XaD0?1EFAZ> Hb W/X	O,XQcmEFX[c�hYEe@8E DQPSR¦PShYhY@8A5P]D1W�?1@8XaPT?1O ?1WYXª@+PSBYE PSR.h.PT@+PTcmX[?1X[@1O RFXQk ?�ATp5X[@oPSk ?1XQ@�O,h/Ee>%�*PT>/_ZCYR�PT@Ee>2?1XQ_Z@+Pa?1EeAG>jPSOoPSB76*C/O(?0PT\YRFXªhUPS@1PScmX[?8XQ@1O H =�>jPIReXTPSO,?oO8v2CUPS@,XªfY?oPShYhY@8Aay%EecVPa?1EeAG>z?8WYXQrzPT@8X«fY?8?8XaB?8A¹?1WYX	X4y#h¦X[@8Eec�X[>-?+PSR

A
PT>UB

B
k�PSD4?8AG@1O H � AZ?8WjPTh/hY@,A2PSD+WYXaOoPS@,X	EFcmhYRFX[c�X[>-?8XaBmEF>V?1WYX	hUPSD+^ZPT_GXG©PTRFReASn�EF>Y_PVD[AGcd\YEF>YXaB?0PSD+^-RFEe>/_jAGk�W-r-h.XQ@,f/>YX�O(?1@,C/D4?1CY@,XmhY@,AG\YRFX[czOIEe>¸PS>�XQ>-p-EF@,AG>YcmXQ>2?Kn�E:?1WCY>YEef/XQB¨B%X4fU>YE:?1EFAZ>/O Hb W/XVX[y-?8XQ>/O,EFAG>/O¹cVPSB%X�?1Ag?1WYX¨Ø�Ù#Ú-ÙYÛ¿PS>/BÒÑ���s���z�hUP]D1^ZPS_ZXjPS@,Xz?0PT\YCYR�Pa?1XaB¸Ee> b PT\YRFX �YHb WYX�qzÙ�Î7Ïaé�Ee>Yh/C%?«D[AZc�czPT>UBYOoPS>/BjE:?+OoAGC%?8h/C%?�E Oo?*r#h.XQO8X4?�EF>j?1WYXIk�AGReRFASn�Ee>/_�PSO µ

> Input;

Outputb A�CUO,X	?1WYXaO,XJksCY>/D4?8EFAZ>UO[©#?1WYXlPa?1AZc�EFDJO,?8@8C/D4?8CY@8XIhUPSD+^ZPT_GXaO�c�C/O(?�\.XIReA2PSBYXQBjEF>2?8A(qzÙ�Î7Ïaé µ
> with(Racah):with(Jucys):with(HFS):

Welcome to Racah - Mindaugas!

Welcome to Jucys! - II

† `V>G>GF�Ó Ô�Ô?Õ�Õ�Õ�h FP`V[XA1B\Ö7h _4DWBR×©Ö<=�A1AGHJM�h Q4H?Ô�ØE;1BR>1ÙKA1I `4H?Ô?F4;1:<UY; =�@-Adh `�>1@-M
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Table 4.
qzÙ�Î7ÏTé �T¥7���?�K�L���#�±����~��?���%�#¥#�K�E�����a�#�¨� ���E�#�G�Y����¥��©�Y~��?�P�?Ú'�?�L���4�K��¢����Y�a~K�E�����L���8���4�K�

�T��~f�Y�P£8�����?�����<~a�K���?���l���m�?~d�<�K�V~f�Y��� �a�#���P£P�m��~a¤7���l� �a~a¥��d�a¥#~K����Ûf���Y~a�¨�©~K���Ü�a�#�Y�a�����<�E�'�T¥#���?�
�K�L������¢��-�T���j�<¥#���L���©�Y~a£'�#~K���?�<�P¥#~K�Y�f�<~K���#~K�Y¦7���7�Y���L�	��~J�7�?~f�K�C�{�����L�L�E�d�<�K�b�a�#�-�?���%�Z¥7�����<�Y�K���V�
���L�a�¶�Y���»�l�E�a���E�Ý�Y�K���8�©�	� �a~a¥��d�a¥#~K�	�#~K����~d�<�8� Ø�Ù#Ú2ÙYÛ �<��� ÜTÝ%Ú2Þ/ß �Y���Þ�K���?¦W���E¥��Y�K�	�a���

3nj �{� £P�C�m�X�L���¨Û��L���©¥#���d�K�L�����b�Y~K�-�?�P���©���E���Y���E���7�?�d���L���E���a�#�-�E�P�K�?~d�V�d�K�E¦4���#�Y�E�±�
�%CY>UD0?1EeAG> ��XQO1D4@8EehY?8EFAZ>
P]O,k ) ¡ ¶ ·+© PSO,k 6{6 ¶ · Â X[h/@,XaO,XQ>2?1O�P ) ¡ ��AZ@¨6Ã63��D[AGCYhYRFXQBzPa?1AZc�EFD�O(?0Pa?1X�k�CY>UD0?1EeAG> HDQO,k ) ¡ ¶ ·+©~DQO,k 6{6 ¶ · Â X[h/@,XaO,XQ>2?1OP ) ¡ �zAG@�6{63�3D4AGCYhYRFXQBÆD[AZ>%fU_ZCY@+Pa?1EFAZ>ÊO,?+PT?8XksCY>/D4?8EFAZ> HDQO,k ?+PS\YCYR�Pa?1X ¶ · � y-?1@1P]D0?+Oj?1WYX¸v-CUPT>2?1CYc >#CYcd\.XQ@1O¨AGkmP¬D[AG>%f/_GCY@1PT?8EFAG>O(?0Pa?1XJk�C/>/D0?1EFAZ> HÂ P]DQPSW @8D[ksh ¶ · Â X4?1CY@8>/O ?8WYXª@8XQB%CUD4XaBzD[A2X[Ö�D[EeXQ>2?+O AGk�ks@+PSD4?8EFAZ>.PTR.hUPT@8X[>-?,�PT_GXIEe>

LS−
AG@
jj−

D[AGCYhYRFEe>Y_ HÂ P]DQPSW O,WYXQReR D4A-X4ÖzD4EFX[>-?1O ¶ · Â X4?1CY@8>/OJ?8W/X ¶ @,XaB%C/D[XaBU·ªczPT?8@8EeyX[RFXQcmXQ>2?IAZk�?8WYX�?1X[>/O8A]�@8E PSRUAZh.XQ@+Pa?1AZ@ [
a

(qγ)
mq1 ×a(qγ)

mq2

](k) AZ@ [[
a

(qγ)
mq1 ×a(qγ)

mq2

](k1)×
[
a

(qγ)
mq3 × a(qγ)

mq4

](k2)](k) Ee>
LS

�¹AG@
jj

�3D4AGCYhYRFEe>/_%©�@8XaO,h.XaD0�?1EepGXQRFr HÂ P]DQPSW PT>Y_GCYR�PT@ D[A-X4Ö�D[EFX[>2? ¶ · Â X4?1CY@8>/O�?1WYX�hYCY@8X«O,hYEF>%�*PT>Y_GCYR�PT@°D[A-X4Ö�D[EFX[>2?+O�k�AG@ AZ>/X4��AG@?(n�A]��hUPS@(?1EFD[RFX�AGh.XQ@1PT?8AG@8O�AZkJPgO,EF>Y_GReX¨AZh.XQ>¬O,W/X[RFR�EF>
LS

�AG@
jj

�3D[AZCYh/ReEF>Y_�PS>/BzAGk�AG>YX[�<hUPS@(?1E D4RFX	AZh.XQ@+Pa?1AZ@1O�n�E:?1WjPS>-rAGh.X[>uO,WYXQReRÇEF>
LS

�3D4AGCYhYRFEF>Y_ HW/ksO O8CY\YczPT?8@8Eey ¶ · Â X4?1CY@8>/Od?1WYXjW-r-h.XQ@(fU>YXjO(?1@,C/D4?1CY@,X¨O,CY\/czPa?1@8E:y¸X[RFXQcmXQ>2?n�Ee?8Wz?1WYX«?8XQ>/O,AG@�O,?8@8C/D4?8CY@8XªAZk�@1PS>Y^
k ¯ EF>VAZ@8\YEe?+PSR�PS>/B

k �EF>¨O8hYEe>uO,h.PSD[X HW/ksO XQ>-p-EF@8AZ>Yc�X[>-? ¶ · ��X4fU>YXQO�?1WYXI>-C/D[RFXaPS@�B/PT?+P¹k�AG@o?1WYXIW-r-h.XQ@(fU>YXIO,?8@8C/D4?8CY@8X HW/ksO º ¶ ·0© WYksO � ¶ · � y#hY@8XQO1O,XQOJ?8WYX
A

AG@
B

k6P]D0?1AZ@IEF>½Ee?+OKO,hYEF>%�*PT>Y_GCYR�PT@lPS>/B@+PSB%E�PTRÇhUPS@(?+OoksAZ@«PT>gPa?1AGcmE DJO(?+PT?8XJksCY>/D4?1EeAG> HW/ksO f/? ¶ · ��A2XaO�?1WYX�W-r-h¦X[@,f/>YX«O(?1@,CUD0?1CY@8X�h.PT@+PTcmX[?1X[@8EewTPa?1EFAZ>mksAZ@�PTRFR_GEepGXQ>�ReXQpGXQRFO Hmº RFR°O,h/Ee>%�*PT>/_ZCYR�PT@KhUPT@+PTc�X4?1X[@1OKPT@8X�DaPTR D4CY�R�Pa?1XQB£PS>/B£P½ReXTPSO(?�O8v2C.PT@8X¨fY?zAGkJ?8WYXgCY>Y^#>YATn�>È@1P]B%E�PTRhUPS@1PScmX[?8XQ@8OJ?8AjAG\%?0PTEF>½?1WYXQAZ@8X4?1E DQPSR
A

PT>/B
B

k�PSD4?8AG@1OJE Oh.XQ@,ksAG@,c�XQB HW/ksO XQ>YXQ@,_Gr ¶ · � PTR D4CYR�Pa?1XaO�?1WYXIW-r-h.XQ@,f/>YXIReXQpGXQR�X[>/X[@8_ZEFXaO HW/ksO EF>2?1X[>UO,E:?(r ¶ · � PTR D4CYR�Pa?1XaO�?1WYX�@8X[R�Pa?1EFpGXÈEF>2?8XQ>/O,Ee?1EeXaO¿AZk¨PSReRVW-r-h¦X[@,f/>YXRFEe>YXaO«PT@8EFO8Ee>Y_mks@,AGcÉ?1WYXJ?(n�A�_ZEFpGXQ>jRFXQpGX[R O HW/ksO h/ReAZ? ¶ · õ�ReAZ?+OÇPoO8D+WYXQcmX�AGk2?8W/X O,hYRFE:?8?1Ee>Y_�\.X[?(n�X[XQ>I?(n�AofU>YX O(?1@,CUD0�?1CY@,XKO(?0Pa?1XQO H
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ÊUÒ . Ë?���ÇÓ�ÑV�½Ñ[�Ç�,�2�<�,�Z�¿���¬��ù¦Ñ������§�Q�2Ó �,ÏzÑ[�ctZ��Ìa�Z�c�§Ñ[�Ç�I���¹� v��~x�|
b WYX¹PT?8AGcmE DJO,?+PT?8XIksCY>/D4?1EeAG>/O[©%?8W/XKD[AG>%f/_GCY@1PT?8EFAG>¨O,?+PT?8XIksCY>/D4?1EeAG>/O«PT>/B�?1WYXlO,WYXQReR O«PS@,XlB%X[f/>YXaBEe>zD4RFAGO8X«PS>UPTRFAG_Zrd?8AJ?1WYX�_GX[>YXQ@+PTRUO(?1@,EF>Y_I>YAZ?0Pa?1EeAG>mAGkU?1WYXQO8X�v2CUPS>2?8Ee?1EeXaO H b AG_GX4?1WYXQ@�n�E:?1WmksCY@,?8WYXQ@Ee>YksAG@,cVPa?1EeAG>/OÇPT\.AGC%?�P°f/>/X O(?1@,C/D4?1CY@,X�RFX[pGXQR<©a?1WYX�XQReXaD4?8@8AZ>/EFD�h.PT@,?ÇEFO�B%X[f/>YXaBJ\-rIP

level LS()
B/PT?+PT�O(?8@8C/D4?8C/@,X Hzº O,WYXQRFR

|nlNα LS 〉 E OlB%X4fU>YXQB½\-r?1WYX
shell LS([n, l], N, α, L, S)

D[AZc�czPT>UB H b WYXv2CUPT>-?8CYcÉ>#CYcd\.XQ@1OoPT@8XJO,?+PS>/B/PT@1B µ
n

k�AG@�hY@8EF>/D4EFhUPSR�©
l

ksAZ@oAZ@8\YEe?+PSR�©
L

ksAG@�?1WYXJD[AZC/hYReXaBjPT>/_ZCYR�PT@PT>/B
S

k�AG@�?1WYXKD4AGCYhYRFXaBjO8hYEe>¨cmAGcmXQ>2?8C/ctv2CUPT>-?8CYc»>-CYcd\¦X[@1O H N E Oo?8W/XJA#D[D[CYhUPT?8EFAG>j>-CYc�\.X[@PT>/B
α

O(?0PT>/B/O	k�AG@IPSReR P]BYB%Ee?8EFAZ>.PTR�v2CUPS>2?1CYc¼>#CYcd\.XQ@1O«>/X[XaB%XaBk�AG@IP�CY>YE v2CYX�D4R�PSO1O,E:f.DQPT?8EFAZ>§AGk?8WYX�O(?+PT?8X ¶ ν ©
w

· H b WYX�D[AZc�czPS>/B
csf LS()

^GXQX[hUO�?1WYX¹EF>YksAZ@8czPT?8EFAG>gAZk�PmD[AZ>Yf/_ZC/@1PT?8EFAZ>§O(?0Pa?1Xk�CY>UD0?1EeAG>¹?8AG_GX4?1WYXQ@ H�× O,EF>Y_ª?1WYXoPSB/B%E:?1EFAZ>UPSRYPS@,_GCYcmXQ>2?ªÏQù¦Ñ[Ï�2 ?1XaO(?1O�EFkY?8WYXoO,WYXQReR O�PS@,XoD[AZ@8@,XaD4?�PT>/BEek.PTRFR%D[AGCYhYRFEe>Y_5O�ksCYR:fUReR#?8WYX�?1@,E�PT>/_ZRFXoD[AZ>UB%E:?1EFAZ>
|a− b | ≤ c ≤ a+b H b AJB%X[f/>YXoP«D[AZ>%fU_ZCY@+Pa?1EFAZ>O(?+PT?8X�k�CY>UD0?1EeAG>mAGk.?*n�AlO,WYXQRFRFO[©-O+P[r

4
B 4 5 �ÆPS>/B

5
O 1 2 ¡ D4AGCYhYRFXaB�?1A 6 �

3/2

EF>�qzÙ�Î7ÏTéIAZ>YX�n�AGCYR BB%X4fU>YX	?1WYXKO,r-c�\.AZR
D6 5D 3 2

PSO«P¹D[AZ>%fU_ZCY@+Pa?1EFAZ>¨O,?+PT?8XIk�C/>/D0?1EFAZ> µ
> D6 5D 3 2 := csf LS (shell LS( "4dˆ4 5ˆD"), shell LS( "5sˆ1 2ˆS"), 2, 5/2,

3/2, check);

D6 5D 3 2 := csf LS( shell LS( [4,2], 4, 4, 2, 2), shell LS( [5,0], 1, 1, 0,

1/2), 2, 5/2, 3/2)b WYX�R�PSO,?K?1WY@,XQXm>#CYcd\.XQ@1OlPT@8Xm?1WYX�f/>.PTR
L = 2

©
S = 5/2

PS>/B
J = 3/2

v2CUPS>2?8C/c¾>-C/cd\.XQ@8O HqzÙ�Î7Ïaé�D1WYXaD+^#O�Eek�?1WYXIO,WYXQReR O«PT>/BV?1WYX[EF@�D4AGCYhYRFEe>/_�PT@8XJpZPTRFE B¨PS>/B�@8X4?1CY@8>/O�?8WYXIO8WYX[RFR�EF>j>-CYc�X[@8E D@,XQhY@8XQO,XQ>2?0Pa?1EeAG> H =<>§PmcdC/R:?1EFD[AG>%f/_GCY@1PT?8EFAG>§PShYhY@8Aay%EecVPa?1EeAG>�©�PT>�Pa?1AZc�EFDln�P[pGX¹ksCY>/D4?1EeAG>E O	B%X[�f/>YXaB�PSO�PlReEF>YXTPT@�D[AZc�\YEe>.Pa?1EeAG>VAGk
m

D4AG>%f/_GCY@+Pa?1EeAG>�O(?0Pa?1X	k�C/>/D0?1EFAZ>/O H b WYXID4AGcmcVPT>/B
asf LS()B%X4fU>YXQO�PT>gPT?8AGcmE DJO(?0Pa?1XJk�CY>UD0?1EeAG>jEF>qzÙ�Î#Ïaé µ

> P4 3P4 3 2 := csf LS( shell LS( "4dˆ4 3ˆP 4"), shell LS("5sˆ1

2ˆS"),1,3/2,3/2):

> asf D6 := asf LS (D6 5D 3 2, 0.995, P4 3P4 3 2, 0.061);

asf D6 := asf LS( csf LS( shell LS( [4,2],4,4,2,2), shell LS( [5,0], 1, 1,

0, 1/2), 2, 5/2, 3/2), 0.995, csf LS( shell LS( [4,2], 4, 4, 1, 1),

shell LS( [5,0], 1, 1, 0, 1/2) ,1 ,3/2 ,3/2), 0.061)b WYX
asf LS()

E O�P«ReE O(? AZk.D4AG>%f/_GCY@+Pa?1EeAG>�O(?0Pa?1X�ksCY>/D4?8EFAZ>UO�k�AGReRFASn�XQB�\-rl?8W/X[EF@�cmEey#EF>Y_JD[A2X[Ö�D[EeXQ>2?+O Hb A�WYAZR B¨?8WYXlEe>/k�AG@,cVPa?1EeAG>gPS\.AGC%?	P¹f/>YX¹O(?8@8C/D4?8C/@,XKRFX[pGXQRÇ?1AZ_GX4?1WYXQ@[©/?8W/XKO,?8@8C/D4?8CY@8X
level LS()

E OB%X4fU>YXQB H�º >-r�^GXQr-n�AG@8B¨?1AZ_GX4?1WYXQ@�n�E:?1W§PT>-rjB/PT?+PT��O,?8@8C/D4?8CY@8XKDaPT>u\.X¹O,X[?Q©UX[@+PSO,XaBjAG@�@8X[?8CY@8>YXaB Hü Eep#Ee>Y_�?1WYXIReXQpGXQRÇB%XaO,Ee_G>UPT?8EFAZ>gPSO«Pl>UPScmXJksAZ@o?1WYXIO,?8@8C/D4?8CY@8XG©%AG>YXKDQPS>¨O(?1AZ@8XKP]BYB%Ee?8EFAG>UPTR�B/PT?+P H�#AG@oEF>/O(?0PT>/D[XZ©#?1WYXJW-r#h.X[@,f/>YXIO,?8@8C/D4?8CY@8X	AGkÇ?1WYXJReXQpGXQR 6 �
3/2

AGkÇ?1WYXID4AG>%f/_GCY@+Pa?1EeAG>
4
B 45 O�Pa?«PT>X[>YXQ@8_ZrzAGk

12300
D[c −1 E OoX[yYPTc�Ee>/XQB H b WYX

A
PS>/B

B
k�PSD4?8AG@1O�n�Ee?1WjXQ@8@,AG@8O«PS@,XIAZ\Y?+PSEe>YXaBjC/O,EF>Y_R P]O,X[@,��Ee>/BYC/D4XaBVú/C/AZ@8XQO1D4XQ>/D[X ¶ ) =���· H � >YXKDQPS>¨B%X[f/>YXJ?8W/XJksAZRFRFATn�EF>Y_�O(?1@,CUD0?1CY@8X † µ

† ßc`4Hl_4D4B\>1A¨:<Øm>1`4Hlà�_P=�DV>1B\>1BEHKAO=?;1HbDW:<>¨AG>1:Y;1HJQ#h¨ß�`WH�F�=�I1Ö<=�U<HlØ�:<MRME:dÕ¨A�>1`4H�U�HKD4HK; =�MmIJ:<DVgVHJDV>1BR:<D =�D4Q8>G;1Hd=?>1A
N4D4H*AG>G;1_WIK>1_W;1HfBRD�á IJ@ −1 â =�DWQ%`V[XF7Ha;GNPD4HfAÃ>G;1_4IK>1_X;1HfBED�á ã%äcÙ â h
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> d4s1 D6 3 2 := level LS (Energy=12300, A=852.543, B=-64.572, Aerr=0.002,

Berr=0.041, Method="LIF"):b AKn�AG@,^�n�Ee?8Wm?8WYX«v2C.PT>2?1CYcý>#CYcd\.XQ@1O[©Z?1WYX«D4AGcmcVPT>/B
csf tabulate()

X[y#E O(?+O H =6?°D[@,XTPa?1XaO P«?0PT\/ReXAZk�PTRFRÇv2CUPS>2?1CYc»>-CYcd\¦X[@1O�AGk�P¹D[AZ>%fU_ZCY@+Pa?1EFAZ>¨O,?+PT?8XIk�C/>/D0?1EFAZ> µ
> Ket:= csf tabulate( P4 3P4 3 2 ):PT>/B¨PSReRFASn�O�AG>YXJ?8A�X4y#?8@+PSD4?o?1WYXJ?+PS\YRFXJXQ>2?1@,EFXQO�O,EFcmh/Rerz\#r µ
> [Ket[l][1],Ket[Q][1],Ket[L][1],Ket[S][1],Ket[mQ][1]];

[2, 1/2, 1, 1, 1/2]b WYX�PT?8AGcmE D�O(?0Pa?1X�ksCY>/D4?8EFAZ>UO�ksAZ@�PT>mPa?1AZc�DaPT>�\.XoO(?1AZ@8XQBdEe>mP�f/RFX�PS>/B¹@8XaP]B¹EF> H b W/X�XQRFXQD4?8@8AG>YEFDhUPT@,?�E Oo?8W/X[>¨BYX4f/>/XQB�EF>qzÙ�Î7ÏTé�PS>/BjDaPT>j\¦XIC/O,XaB�X[Ö�D4EFXQ>2?8RFrVk�AG@�k�CY@,?1WYX[@�n�AG@,^ Hb W/XdDaPTR D[CYR PT?8EFAG>§AZk�?1WYX�O,hYEF>%�*PT>Y_GCYR�PT@	EF>2?8XQ_G@1PT?8EFAZ>§@8Xav2CYEF@,XaO«?1WYXdD[AZc�hYC%?0Pa?1EeAG>AZk�P�R�PT@8_ZX>-CYcd\¦X[@�AGk � RFX[\/O1D1W%� ü AG@8BUPT>�PS>/B
3nj

��O,r#cd\.AGRFO H b WYXjD[AG@,@8XQO8h.AZ>UB%Ee>/_½X4y%EFO(?1EF>Y_½hY@8A-D[XaB%CY@8XQOWUP[pGXI\.XQX[>¨AZh%?1EFcmEFw[XaB�ksAZ@�D4AGcmh/C%?+PT?8EFAG>jO,h¦X[XaBÀ³ L xT´ Hº OIh.AGEe>-?8XaB§AGC%?Q©Ç?8W/X�ÜSÝ%Ú2Þ/ßKhUP]D1^ZPS_ZX�E OJ\.PSO,XaB§AG>§?1WYXmD4AGcmh/ReX[?8XQRFrg@,XaB%C/D[XaB½D4A-X[Ö�D4EFXQ>2?1OAZkIks@+PSD4?8EFAZ>.PTR	hUPT@8XQ>2?+PS_ZX H b A¸AG\%?+PSEe>¥P½@8XaB%C/D[XQBÕD4A-X4ÖzD4EFX[>-?VAGkIks@1P]D0?1EFAZ>UPSR	hUPT@8X[>-?+PS_ZXG©�?1WYXhY@,A#D[XQB%C/@,X
Racah rcfp(l,Q,L,S,Q’,L’,S’)

EFO�C/O8XQB µ
> Racah rcfp(2,3/2,1,1,1,3,3/2,algebraic);

8.197560616n�WYE D1W¨E OoXav2CYEFpZPSReXQ>2?�?8A�?1WYXIczPT?8@8E:yVXQReXQcmXQ>2?
〈 3 B 3 4 � 3 ‖|a (1/22 1/2)

1/2
|‖ 3 B 2 3 õ 4 〉 = 8.197560616 . ¶ {#H M ·

b WYXK>YX4y#?�\/CYEeR B%EF>Y_m\/ReA#D1^�EFO�?8W/XIczPT?8@8E:y�XQReXQcmXQ>2?�AGk�?8WYXI?8XQ>/O,AG@
W (kl ks) H b AmXQpZPTRFCUPT?8XJ?1WYE O?8XQ>/O,AG@[©%ksAG@oX[yYPTc�hYRFX

〈 3 B 3 4 � ‖| [a (q2 s)

1/2
× a (q 2 s)ç

1/2

](10)
|‖ 3 B d 4 � 〉 , ¶ {-H ` ·

AZ>YXIn�AGCYR BV?(r-h.XIEF>qzÙ�Î7ÏTé µ
> Racah shell coefficients(W LS( a LS(2, 1/2), a LS( 2, -1/2), 1, 0),

shell LS( "3d3 4F"), shell LS( "3d3 4F");

-4.098780311b WYXID4RFA5O,XIPS>UPTRFAZ_Gr�n�Ee?8W�?1WYX	_GX[>/X[@+PTR�k�AG@,c�CYR�PIE O�hY@8XQO,XQ@8pGXQB H b WYXJc�EFO1O,Ee>/_¹h.PT@,?oksAZ@�?8WYXIO,hYEF>%�PT>Y_GCYR�PT@ EF>2?1X[_G@+Pa?1EeAG>�E O ?8WYX«B%XaD[AZCYh/ReEF>Y_lhUPS@(?+O H b WYX«k�AG@,c�CYR�PSO°PS@,X«Eec�hYRFX[c�X[>2?1XaBmPSReRFASn�Ee>/_lAG>YX
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?8AªDaPTR D4C/R PT?8X ?1WYX�O,hYEF>�PS>Y_ZC/R PS@�D4A-X4ÖzD4EFX[>-?�k�AG@�PT>-rIAG>YX4��hUPS@(?1EFD[RFX°AZh.XQ@+Pa?1AZ@�Ee>

LS
��D[AGCYhYRFEe>Y_ H b WYXD4AGcmcVPT>/B

Racah angular coefficient()
DaPTR D[CYR PT?8XaOª?1WYX�PS>Y_ZC/R PS@ID[A2X[Ö�D[EeXQ>2?ICYh?8AV?1WYX�@,XaB%C/D[XQBczPa?1@8E:yVXQRFX[c�X[>2? H �ÇEF@1O(?�AG>YXIEF>/B%E DQPT?8XaO�\-r

F
?8AmDaPTR D4CYR�Pa?1XlP¹AG>YX[�<hUPS@(?1E D4RFXIAGh.X[@+Pa?1AG@ H b WYX[>j?1WYX@1PS>Y^#Ook�AGReRFASnI©

[kl, ks, k] = [0, 1, 1]
EF>�?1WYE O�X[yYPScmhYRFX H b WYXJksAZRFRFATn�EF>Y_�PS@,_GCYc�X[>2?oE O�?1WYXKPa?1AZc�EFDO(?+PT?8XKk�CY>UD0?1EeAG> H b W/XKAGh%?8EFAG>UPTR�PT@8_ZCYc�X[>-?�ÏQù¦Ñ[Ï�2J?1XaO(?1O�EFk�?1WYX¹Pa?1AZc�EFDKO(?+PT?8XKk�CY>UD0?1EeAG>¨E O�pGPTRFEFB Hb WYXIf/>UPTR�PT@8_GCYcmXQ>2?�B%X[f/>YXaO�?1WYXIAZCY?8hYCY?�ksAZ@8czPT? µ

> Racah angular coefficient( "F", [0,1,1], asf LS( csf LS( shell LS( "3d3

4F"), shell LS( "4s1 2S"), 3, 2, 3), 1, check), float);

[-0.6274950218, "F([0,1,1], 3, 2, "3dˆ34sˆ1", 3, 2, "3dˆ34sˆ1")"],

[-0.4677071738, "F([0,1,1], 4, 0, "3dˆ34sˆ1", 4, 0, "3dˆ34sˆ1")"]b WYXKk�AGReRFASn�Ee>/_�@,XaO,CYRe? ¶ PTk�?8XQ@o@8AZCY>UB%Ee>/_�?1WYXKO,Eey-?8WuB%Ee_GEe?0·�E O�AZ\Y?+PSEe>YXaB
〈 3 B 3 4 � 4 O 1 2 ¡ 2 � 3 ‖ F (01)1 ‖ 3 B 3 4 � 4 O 2 ¡ 2 � 3 〉

= −0.627495 〈 3 B ‖ f (01) ‖ 3 B 〉− 0.467707 〈 4 O ‖ f (0 1) ‖ 4 O 〉 . ¶ {-H { ·
� P]D1WjPT>Y_GCYR�PT@oD4A-X[Ö�D4EFXQ>2?�E O�_GEFpGX[>Ç©-k�AGRFReASn�XaBz\-rzPKO(?1@,EF>Y_l?1WUPT?�Ee>UB%EFDaPa?1XaO ?1WYX«?*r#h.X ¶ F k�AG@�AZ>YX[�hUPT@,?8E D[ReX�AZh.XQ@+Pa?1AZ@0·+©�?1WYXm@1PS>Y^#O

[kl, ks, k]
PS>/B½?8W/Xmv-CUPT>2?1CYc¾>-C/cd\.XQ@8O

n, l
AZk�?1WYXm\Y@1PjO,WYXQReRk�AGReRFASn�XQBV\-r�?1WYXª\/@1PlD4AG>%f/_GCY@+Pa?1EeAG>jPS>/B�?1WYX	O+PTcmXªksAZ@�?1WYXª^GX[?oO,WYXQRFR H b W/EFOoO(?8@8EF>Y_�B%X4fU>YXQO°?1WYXO,r-cd\¦AZR�ksAZ@o?1WYXI@8XQB%CUD4XaB�czPT?8@8EeyzXQReXQcmXQ>2? Hb W/XIX4y#?8XQ>/O,EFAZ>UOoO,Amk6PS@�PS@,XI_ZXQ>YXQ@1PSReRFrjPSB/PSh%?1EepGXIksAZ@«PS>-rzAG>YX[�<hUPS@(?1E D4RFXJAGh.XQ@1PT?8AG@�Ee>gPa?1AGcmE DO,r#O(?1X[czO H b WYX¹O,h.XaD4E�PTR�>UPa?1CY@8XIAGk�?8W/XIW#r-h.XQ@(f/>/XKO,?8@8C/D4?8CY@8XKAZh¦X[@+Pa?1AZ@�E O�_ZEFpGXQ>u\-rVEe?+O�@,XaB%C/D[XQBczPa?1@8E:yjXQReXQcmXQ>2?+O H �%CY>/D4?1EeAG>/O�?8A�XQpZPTRFCUPT?8XK?1WYXQcÅCYhu?1Am?8W/Xl@1P]B%E PSR�hUPS@(?IPT@8X¹B%X[f/>YXaBgPS>/BPT@8X\YCY>/B%RFXaB¬?8AG_GX4?1WYXQ@�n�E:?1WÕO,AGcmXgP]BYB%Ee?8EFAG>UPTRªksCY>/D4?1EeAG>/O�Ee>2?1AÀ?8WYX á�â ßVhUP]D1^GPT_GXuk�AG@�W-r-h.XQ@,f/>YXO(?8@8C/D4?8C/@,X�X4yYPScmEF>UPa?1EFAZ>/O H b WYX á�â ß�hUP]D1^ZPS_ZX�EFO�B%E O(?1@,EF\YC%?1XQB�n�Ee?8W�P¨f/RFX���,�#�Q��Î��§Ò �1|5��?8W.Pa?B%X4fU>YXQO¹?8W/XjPa?1AGcmE DzO,?+PT?8X�k�CY>UD0?1EeAG>/OdAGk�?1WYXV>/Ee>YX�RFASno�<RFr-EF>Y_½ReXQpGXQRFO�Ee>ÈÃ�EFAG\YEeC/c H b WYX[r�PT@8XAZ\%?0PTEF>YXaB�Ee>³ L]� ´ H�º >mX[y-?1@1P]D0? AGk/?1WYE O�fUReX�E O�_ZEFpGXQ>mEe>V�ÇEF_ H2L-H b WYX�_G@,AGCY>/BmO(?0Pa?1XG©Gk�AG@�X[yYPTc�hYRFXZ©EFO¹B%X[f/>YXaB½\-r§?8W/X�O,r-c�\.AGR

D6 1 2 H b WYX�X[y#h.XQ@8Eec�X[>2?0PTR pZPSReC/XQOKAGk�?1WYX
A

PT>/B
B

k�PSD4?8AG@1O¹PT@8XO(?8AG@8XQB�©�EF>�PSB/B%E:?1EFAZ> Hgº f/RFX�AGk�?8W/EFOl^#Ee>/B¸B%X4fU>YXQOI?1WYX�Pa?1AZc�EFD�O(?0Pa?1X�k�CY>UD0?1EeAG>/Olk�AG@K?1WYX á�â ßhUPSD+^ZPT_GX H =6?�EFO�RFA5P]B%XQBjEF>2?1A0qzÙ�Î7ÏTéd\-r µ
> read("niobium.txt"):N P[p#Ee>Y_IO8X4?�CYhd?1WYX�RFXQpGX[RYO,?8@8C/D4?8CY@8X�AZk/?8W/X�Pa?1AGc¨©S?1WYXo>-C/D[ReXTPT@�B/Pa?0P�WUPQpGX�?1A	\.X�B%X[f/>YXaB H b WYXaO,XB/Pa?0PVPT@8X�O,C/hYhYRFEeXaB§C/O,EF>Y_�?8W/X�D4AGcmcVPT>/B

hfs environment() H �%AG@lÃoEeAG\YEFCYc¨©�?1WYX�>-CUD4RFXaPS@IO8hYEe>EFO
9/2 åh ©�?8WYX�czPS_Z>/X4?1EFD�B%EFh.AZRFX�c�AZc�X[>2?JEe>�>-C/D[RFXaPS@JcVPT_G>YX4?1AG>/OªE O

µ = 6.1705µN
PS>/B?1WYXX[RFXQD4?1@,E DIv2CUP]B%@8CYh.AGReXIc�AZc�X[>-?�E O

Q = −0.36
\UPT@8>¸³ LZ� ´ H =�>qzÙ�Î7ÏTéd?8WYXKO1PScmX	C/>YE:?+O«PT@8XIC/O,XaB�©O,A�AG>YXKB%X[f/>YXaO µ
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D6_1_2:=level_LS(Name="(5D)6D 1/2",A=1868.218,Aerror=0.002,Energy=0, Asf=asf_LS(
csf_LS(shell_LS([4, 2],4,4,2,2),shell_LS([5, 0],1,1,0,1/2),2,5/2,1/2), .99261,
csf_LS(shell_LS([4, 2],4,4,1,1),shell_LS([5, 0],1,1,0,1/2),1,3/2,1/2), .7934e-1,
csf_LS(shell_LS([4, 2],4,2,1,1),shell_LS([5, 0],1,1,0,1/2),1,3/2,1/2), -.7737e-1,
csf_LS(shell_LS([4, 2],4,4,2,1),shell_LS([5, 0],1,1,0,1/2),2,3/2,1/2), -.935e-2,
csf_LS(shell_LS([4, 2],4,4,2,2),shell_LS([5, 0],1,1,0,1/2),2,3/2,1/2), .723e-2,
csf_LS(shell_LS([4, 2],4,4,0,0),shell_LS([5, 0],1,1,0,1/2),0,1/2,1/2), .499e-2,
csf_LS(shell_LS([4, 2],4,0,0,0),shell_LS([5, 0],1,1,0,1/2),0,1/2,1/2), -.340e-2,
csf_LS(shell_LS([4, 2],4,4,1,1),shell_LS([5, 0],1,1,0,1/2),1,1/2,1/2), .281e-2,
csf_LS(shell_LS([4, 2],4,2,1,1),shell_LS([5, 0],1,1,0,1/2),1,1/2,1/2), -.278e-2,
csf_LS(shell_LS([4, 2],3,3,1,3/2),shell_LS([5, 0],2,0,0,0),1,3/2,1/2), -.4737e-1,
csf_LS(shell_LS([4, 2],3,3,1,1/2),shell_LS([5, 0],2,0,0,0),1,1/2,1/2), -.364e-2));

D6_3_2:=level_LS(Name="(5D)6D 3/2",A=852.543,Aerror=0.003, B=-64.572,Berror=0.41,
Energy=154.2, Asf=asf_LS(

csf_LS(shell_LS([4, 2],4,4,2,2),shell_LS([5, 0],1,1,0,1/2),2,5/2,3/2), .99493,
csf_LS(shell_LS([4, 2],4,4,1,1),shell_LS([5, 0],1,1,0,1/2),1,3/2,3/2), .6140e-1,
csf_LS(shell_LS([4, 2],4,2,1,1),shell_LS([5, 0],1,1,0,1/2),1,3/2,3/2), -.6142e-1,
csf_LS(shell_LS([4, 2],4,4,2,1),shell_LS([5, 0],1,1,0,1/2),2,3/2,3/2), -.1849e-1,
csf_LS(shell_LS([4, 2],4,4,2,2),shell_LS([5, 0],1,1,0,1/2),2,3/2,3/2), .1219e-1,
csf_LS(shell_LS([4, 2],4,4,3,1),shell_LS([5, 0],1,1,0,1/2),3,3/2,3/2), .1318e-1,
csf_LS(shell_LS([4, 2],4,2,3,1),shell_LS([5, 0],1,1,0,1/2),3,3/2,3/2), -.734e-2,
csf_LS(shell_LS([4, 2],4,4,1,1),shell_LS([5, 0],1,1,0,1/2),1,1/2,3/2), .296e-2,
csf_LS(shell_LS([4, 2],4,2,1,1),shell_LS([5, 0],1,1,0,1/2),1,1/2,3/2), -.279e-2,
csf_LS(shell_LS([4, 2],4,4,2,1),shell_LS([5, 0],1,1,0,1/2),2,1/2,3/2), -.3e-4,
csf_LS(shell_LS([4, 2],4,4,2,0),shell_LS([5, 0],1,1,0,1/2),2,1/2,3/2), -.166e-2,
csf_LS(shell_LS([4, 2],4,2,2,0),shell_LS([5, 0],1,1,0,1/2),2,1/2,3/2), .106e-2,
csf_LS(shell_LS([4, 2],3,3,3,3/2),shell_LS([5, 0],2,0,0,0),3,3/2,3/2), .2223e-1,
csf_LS(shell_LS([4, 2],3,3,1,3/2),shell_LS([5, 0],2,0,0,0),1,3/2,3/2), -.3646e-1,
csf_LS(shell_LS([4, 2],3,3,1,1/2),shell_LS([5, 0],2,0,0,0),1,1/2,3/2), -.393e-2,
csf_LS(shell_LS([4, 2],3,3,2,1/2),shell_LS([5, 0],2,0,0,0),2,1/2,3/2), .160e-2,
csf_LS(shell_LS([4, 2],3,1,2,1/2),shell_LS([5, 0],2,0,0,0),2,1/2,3/2), -.41e-3));

...

Fig 5. ¼´���a~d���?�������a��� á�â ß �E�#�#¥#��¤#���Z�����a���8�Y�K��� ����¤#���^� �a~a¥��?�a¥#~K�Z�L��¦W�Y�����*æf�L�����E¥#�º���
�V�#�d���E���Y�	�E�»ç ÇXÈ�è��

> hfs environment (I=9/2, mu=6.1705, Q=-0.36);b WYXKW-r#h.X[@,f/>YXlO(?1@8C/D0?1CY@8XlO,h.XaD0?1@,C/cÅPT@8E O,Ee>/_m\.X[?*n�X[XQ>j?(n�A�f/>YXlO(?1@,CUD0?1CY@8XIRFXQpGX[R O«DaPT>¨\¦XKO8Eecm�CYR PT?8XaB H =6?�n�EFReR�?(r-hYE DQPSReRFrVRFA2AG^VReEF^GXl��EF_ H i#µ
> hfs environment (I=1);

> D4S1 := level LS (A=100, B=30, Energy=12034,

Asf = asf LS( csf LS( shell LS( "1sˆ1 2ˆS"), shell LS("2pˆ1 2ˆP"), 1,1,2),

1)):

> D3S2 := level LS (A=300, B=20, Energy=14034,

Asf=asf LS (csf LS (shell LS("1sˆ2 1ˆS"), shell LS("2pˆ2 1ˆD"), 2,0,2),

1)):

> hfs plot (D4S1, D3S2, 400, info);b WYX«ReEF>YXaO�PT@8X«O,EFcdC/R PT?8XaB�C/O,EF>Y_ ü PSC/O8O ksCY>/D4?8EFAG>/O�n�Ee?1WzO,CYhYhYRFEFXQB�k�C/ReRUn�EFB%?8W�Pa?°WUPSRek�cmEF>YEec�CYc
¶ WYXQ@8X

400 � N wS·�PT>/B¨@8XQR PT?8EFpGXKEF>2?1X[>UO,E:?1EFXQO Hoº O1D1WYXQcmXIAGk�?1WYXKW-r-h¦X[@,f/>YX¹O(?8@8C/D4?8C/@,XIRFXQpGX[R OªPT>UB?8WYX�?8@+PT>UO,E:?1EFAZ>�RFEe>/XQO°\.X[?*n�XQXQ>m?8WYXQc�EFO�O,^GX[?1D+WYXaB�AG>m?8AGhzAZk¦?8WYX«hYRFA]? H b WYX�AGh%?1EeAG>UPSR¦PT@8_ZCYc�X[>-?���#�S�«?*r-h¦XQO�AGC%?�?1WYX«EF>YksAZ@8czPT?8EFAG>�PS\.AGC%?°?1WYXªW#r-h.XQ@(f/>/X	O(?1@,C/D4?1CY@,XJPSO�O,W/ATn�>�AZ>z?1WYXª@8Ee_GW2?oO8EFB%XAZk���Ee_ H i H
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Hyperfine structure, fwhm : 400.0
Nuclear Spin: 1.0
Angular moment upper level: 2.0
Angular moment lower level: 2.0
Hyperfine parameter:
Upper level: A:300.000, B:20.000
Lower level: A:100.000, B:30.000
Lines:
Energy : -611.250000 Lower level: -266.250 Upper level: -877.500
Intensity: 0.450000 F:1.0 F: 1.0
Energy : -758.750000 Lower level: -118.750 Upper level: -877.500
Intensity: 0.150000 F:2.0 F: 1.0
Energy : -46.250000 Lower level: -266.250 Upper level: -312.500
Intensity: 0.150000 F:1.0 F: 2.0
Energy : -193.750000 Lower level: -118.750 Upper level: -312.500
Intensity: 0.694444 F:2.0 F: 2.0
Energy : -527.500000 Lower level: 215.000 Upper level: -312.500
Intensity: 0.155556 F:3.0 F: 2.0
Energy : 728.750000 Lower level: -118.750 Upper level: 610.000
Intensity: 0.155556 F:2.0 F: 3.0
Energy : 395.000000 Lower level: 215.000 Upper level: 610.000
Intensity: 1.244444 F:3.0 F: 3.0

Fig 6. é�¥#�a�#¥#�Z�����a�#�����V�8�'�<��� hfs plot() �0é��n�a��� ���?�T�Z�a���7� �a���'�a�E�Z¥#�T�Y�K�<�(�P£P�m�?~a¤#���
� �a~a¥��d�a¥#~K�-�L�f�X�E¦4�?�±¢#�V���a����~K�L���P���a���7���a�����K�?���f��¥#�a�#¥7�Y�

b W/X�?8W/X[AG@,X[?1EFDaPTR�X[y#hY@8XaO8O,EFAZ>¿ksAG@l?8W/X
A

PT>/B
B

k6P]D0?1AZ@1O¹DaPT>¿\¦XVO,hYRFE:?�Ee>2?1A§P¨O,C/c n�WYX[@8XXaP]D1W?1X[@8c¼AGk�?1WYX�O,C/c¼E OIP�hY@,A#B%C/D4?JAGk�PzO,h/Ee>%�*PT>/_ZCYR�PT@ID4A-X[Ö�D4EFXQ>2?	?1Eec�XQOIPm@+PSB%E�PTR�Ee>-?8XQ_Z@+PTR Hb WYE OªX4y%hUPT>/O8EeAG>DaPT>g\.XlCUO,XQBgEe>g?1WYX¹O8X[c�EeXQcmhYEF@8EFDaPTR�PT>UPSRer#O8EFO«AGk�?8WYX¹W-r-h¦X[@,f/>YX¹O(?1@8C/D0?1CY@8XlAG@�%���������<�,�KDaPTR D4CYR�Pa?1EFAZ>/O Hb W/X�cVPa?1@,EeyXQReXQcmXQ>2? 〈γLSJ ‖ F(kl,ks)kj ‖γ ′L ′S ′J ′ 〉 CYh§?1A�?8WYX�@8XQB%CUD4XaB§czPT?8@8EeygXQReXQcmXQ>2?
〈nls ‖ f(kl,ks) ‖n ′l ′s ′ 〉 E O«Ee>2?1XQ_Z@+Pa?1XQB¨\-r¨P�DaPTRFRÇ?8Am?8W/XIh/@,A#D4XaB%CY@8X

Racah angular coefficient() HN E O(?8AG@8EFDaPTRFRer5©Ç?8WYX�D4AGCYhYRFEe>/_¨O1D1WYXQcmX�>YAG@,cVPTRFRerC/O,XaB§ksAZ@KW-r-h.XQ@(fU>YX�O,?8@8C/D4?8CY@8X�EFO
SL

��D[AGCYhYRFEe>Y_n�WYEFReX
LS

�3D4AGCYhYRFEe>/_£E O>YAG@8czPTRFRFr¥C/O,XaBÊksAZ@?8WYX¿f/>/X�O(?1@,CUD0?1CY@8X H b WYE ORFXTPSBYOg?1A¤PS>ýPSBYB%Ee�?8EFAZ>.PTRlhYWUP]O,X�k6P]D0?1AG@ H b WYX[@8XQk�AG@,X�?8W/X�D[AGCYhYRFEe>Y_ÈO1D1WYXQcmX�WUPSOj?1A¬\.X¿B%X[f/>YXaB H ��XQh.XQ>/B%EF>Y_AZ>È?1WYXPShYhY@8A5P]D1W ¶ X[Ee?1WYX[@VO,XQcmEFX[c�hYEF@,E DQPSR«AZ@À�%�¿�������<�,�S·d?8WYXW-r-h.XQ@(fU>YXgO,?8@8C/D4?8CY@8Xg@,XaB%C/D[XQBczPa?1@8E:y½XQReXQcmXQ>2?+OIWUP[pGXzBYE:®¦X[@8XQ>2?dB%X[f/>YEe?8EFAZ>UOV³ `%M © � xT´ H b WYXaO,XzB%X[f/>YEe?8EFAG>/O¹PT@8XzO,X[?lC/O,EF>Y_¨?1WYX
hfs environment() H b WYXIh.A5O8O,EF\YEFReEe?8EFXaO«PT@8XKO,CYcmcVPT@8EewQXaBVEe> b PT\YRFX L-H

b W/XlW-r#h.X[@,f/>YXdO,CY\/czPa?1@8E:y¨X[RFXQcmXQ>2?1O«DaPT>\.XlX[y#hY@8XaO8O,XaB¨\-ruO,h/Ee>%�*PT>/_ZCYR�PT@ªk�PSD4?8AG@
α

?8EFcmXaOPm@+PSBYE PSR�hUPS@1PScmX[?8XQ@
a H =<k

Nuclear
EF>

hfs environment()
EFOIO,X[?J?8AV?1@8CYXZ©�?8WYX�>-C/D[ReXTPT@KB/PT?+PVPT@8XcdCYRe?8EFhYRFEeXaB�?1A½?8W/X¨O,hYEF>%�*PT>Y_GCYR�PT@�BUPa?0P§PT>/B¬AZ>YRFr¸?1WYXjhYCY@8X¨@1P]B%E�PTR«D[A-X4Ö�D[EFX[>2?+O�PS@,X¨C/O,XaB�PSOhUPT@+PTc�X4?1X[@1O H =<> b PS\YRFX i ?1WYX¨B%Ee®.XQ@8X[>2?zB%X4fU>YE:?1EFAZ>/O�AZk«?1WYXjW-r-h.XQ@,f/>YX¨O,CY\YcVPa?1@,Eey¸XQReXQcmXQ>2?+OPT@8XVD4AGcmh/EeRFXQB H ü EFp-Ee>/_u?1WYXz@+PT>/^#O

[kl, ks]
ksAZRFReASn�XaB¿\-r

[n, l]
AGko?1WYX�\/@1PgPT>/B¿^GX[?dX[RFXQD4?1@,AG>�©

hfs submatrix()
@,X[?1CY@,>UO�?8W/EFO�X[y#hY@8XQO8O8EeAG> µ

> hfs submatrix ([1,0],[2,1],[2,1]);
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Table 5. �O���Z���X�a�a�E���L�%�a�?�a�K�E���X�b����~ hfs environment() �<�����a�����L~��?���#�T�Y���<�K�L���#���<~K�Z� ¥#�8�
�'�<~K�Lê��<�m�C�O���Z¥7���E�K���Y~K�^�E���7���Y�<�K�Y�"�E���K½W¥��<~K�C�#~d�V�a¡4�?�K���^¼����K�"¡4�?£��O��~J�"�7�?¤#�����b�a���^�?�P�a~a£

���f�X�E¦4�?���P£��a�#���7�?¤#���E�K�L���±�
Á XQr-n�AG@1B � >2?1@,r ��X4f/>/E:?1EeAG>
ë

I
Ã�C/D[RFXaPS@�O,hYEF>

[ åh]ì Ý
µ � PT_G>YX[?8E DJBYEeh.AGRFXIc�AZc�X[>-?

[e åh/(2mp)]í
Q � ReXaD0?1@8EFDIv-CUPSB%@8CYh.AGRFXIcmAGcmXQ>2?

[barn]î í.ÝmÎ7Ïaî:êmï Ð ¡ ) Ð"ð	Ð ) ¡ Ð � AGCYhYRFEF>Y_�O8D1W/X[c�X	\.XQEe>/_�C/O,XaBäCÎ7Î5ì2í%Ù-Ú#Û Ð5PT\YEF>YEe?8EFA#Ð"ð�ÐGO,X[c�EeXQcmh/Ee@8EFDaPTR�Ð b W/XlPThYh/@,A2PSD+Wj\.XQEe>/_�C/O,XaB
o�Ý%Ú�ÏaéGÙYì Ð]?8@8CYXXÐ�ð�ÐZk6PSRFO,XXÐ ��X4f/>/XQOo?1WYXI@+PSB%E�PTR�hUPT@,?«n�E:?1W¨AG@�n�Ee?8WYAGC%??8W/XJ>-CUD4RFXaPS@�B/PT?+P

-2
√
3 a 01(2, 1, 2, 1)¡ X[?,?1EF>Y_

Nuclear
?1Ad?1@8CYXJAG>YXIAG\%?0PTEF>/O µ

> hfs environment (Nuclear=true);

> hfs submatrix ([1,0],[2,1],[2,1]);

-95.41068
√
3 MU NUC

I NUC a 01(2, 1, 2, 1)

º RFRÇhY@8A-D[XaB%CY@8XQO«PT@8X¹Pa?�W.PT>/Bj?8AmhUPS@1PScmX[?8XQ@,EFwQX	?1WYX
A

PS>/B
B

k�PSD4?8AG@8O�EF>2?1A�?1WYXQEe@«O,h/Ee>%�*PT>/_ZCYR�PT@hUPT@,?1O
α

PT>/B�?1WYXJ@+PSBYE PSR�hUPT@+PTc�X4?1XQ@8O
a

µ
> CSF := csf LS (shell LS("2pˆ2 3ˆP"), shell LS("3pˆ2 3ˆP"), 1,1,1):

> hfs A (CSF);

0.2500000007 a 01(2, 1, 2, 1, "2pˆ2 3pˆ2", "2pˆ2 3pˆ2")

+ 0.2500000007 a 01(3, 1, 3, 1, "2pˆ2 3pˆ2", "2pˆ2 3pˆ2")

+ 0.1250000002 a 12(2, 1, 2, 1, "2pˆ2 3pˆ2", "2pˆ2 3pˆ2")

+ 0.1250000002 a 12(3, 1, 3, 1, "2pˆ2 3pˆ2", "2pˆ2 3pˆ2")

+ 0.2499999999 a 10(2, 1, 2, 1, "2pˆ2 3pˆ2", "2pˆ2 3pˆ2")

+ 0.2499999999 a 10(3, 1, 3, 1, "2pˆ2 3pˆ2", "2pˆ2 3pˆ2")b WYX�@1P]B%E�PTR�hUPT@+PTc�X4?1X[@1O�PT@8XV_GEep5X[>\-rÀ?8WYX�>UPTc�X
aklks H =<>�@,AGCY>/B�\Y@+PSD+^GX[?1O[©�?8WYX

n
PT>/B

lpZPTRFCYXaOdksAZ@�?1WYX�\Y@+PPT>UB�^GX[?�XQReXaD4?8@8AZ>�PT@8Xj_ZEFpGXQ>�©°@,XaO,h.XaD4?8EFpGXQRer H b A�B%E O(?1Ee>Y_GCYE O,W?8W/X�@1P]B%E PSR
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Table 6. �O���%����¤#�#�L�K�L�����V���a���Z�'�<�����?�K�©�Z�7�E�m�X�L��« α ¯b�<�����Y�L�Y�?�a~K���Z½W¥��V�P~a¥#�m�X�L��« β ¯f� ¥#�#�
�'�<�a~K�E�����L���8���4�K��� gs �L�l�a���C�����Y�d�a~K�������-� �{���?�K��~Y¢ µI �a�#�C�'�����#���K���C�7�E�m�������8��� �?�P�Y¢ Q �a���
���L�<�d�a~K���%½W¥�����~a¥#�m�X�L�^� �V� �?�P�Z�<��� I �a���^�P¥����L�<�<~�� ���E�±��« ∗ ¯Jñ��O���8�?���P�d���?���K�?~a�ò�E�0�a����ó�ôõ�ö�õ�÷ÃõGø �Y�#�#~K�4���K�'���¨�V���E£ ����¤#�#�<�%���V~ l = 0 ¢P���a�#��~a�����a�f�a���l� ¥#�#�'�<�a~K�E�8���L���8�?�P�O�L��êY�?~K�7���O�#���

�L�f���V�f�a�����Y���a���E���a�#�-�a�?� �L�?�8�#�L~K���Y���´�Y�#�#~K�4���K���
¡ X[c�EeXQcmhYEF@8EFDaPTR<©

ù ���������<�,� ¡ XQcmEFX[c�hYEe@8E DQPSR Ã�CUD4RFXaPS@ >-C/D[RFXaPS@
αl = −2

√
2l(l+ 1)(2l+ 1) α(01) = 1

2
αl

µI
I
αl 2

µI
I
α(01)

αd = −gs

√
30l(l+1)(2l+1)

2(2l+3)(2l−1)
α(12) = 1

gs
αd

µI
I
αd 2

µI
I
α(12)

αc = −gs

√
3
2
(2l+ 1) (∗) α(10) = 1

gs
αc

µI
I
αc

4
3
µI
I
α(10)

βq =
√
2l(l+1)(2l+1)

(2l+3)(2l−1)
β(02) = βq QIβq QIβ

(02)

β(13) =
√
3
10

QIβ
(13)

β(11) =
√
3
10

QIβ
(11)

hUPT@+PTc�X4?1X[@1OKPT@8EFO,EF>Y_uk�@8AZc B%Ee®.XQ@,XQ>2?¹D[AZ>%fU_ZCY@+Pa?1EFAZ>/OQ©Ç\Y@+P�PS>/B½^GX[?lD4AG>%f/_GCY@+Pa?1EeAG>/OlPT@8Xm_ZEFpGXQ>�©?8A-A H b WYXJAGC%?1hYC%?�k�AG@o?1WYX
A

k�PSD4?8AG@oEF>�?1WYXIX[yYPScmhYRFX	?8@+PT>UO,R PT?8XaO�?1A
A ≡ 〈 2 h 2 3 õ 3 h 2 3 õ 3 õ

1 ‖ T  + T ¬ ‖ 2 h 2 3 õ 3 h 2 3 õ 3 õ
1 〉

= 0.250a
2
®
,2
®

01
+ 0.250a

3
®
,3
®

01
+ 0.125a

2
®
,2
®

12
+ 0.125a

3
®
,3
®

12

+0.250a
2
®
,2
®

10
+ 0.250a

3
®
,3
®

10
. ¶ {-H � ·

=�k�?8W/X
A

k�PSD4?8AG@1OoPT@8X	^#>YATn�>�k�AG@�cmAG@,X	RFX[pGXQR O�?8WUPS>z?1WYX	@+PSBYE PSR�hUPT@+PTc�X4?1X[@1O[©2?8W/X[rzDaPT>�\.X	RFXaP]O(?O8v2CUPS@,XJfY?�?8A�?8W/XJX[y#h.XQ@,EFcmXQ>2?0PTRÇB/Pa?0P H
b Au?1XQO(?l?8W/X�W-r-h.XQ@(fU>YX�hUPSD+^ZPS_ZXVPT>/B¿O,WYASn�Ee?1O¹DQPShUPT\/EeRFE:?1EFXQO[© PjO,XQcmEFXQcmhYEF@,E DaPTR W-r-h.XQ@,f/>YXO(?8@8C/D4?8C/@,XgPT>.PTRFr#O,E O�ksAZ@VÃ�EFAG\YEeC/c noPSOmh.XQ@,ksAZ@8cmXaB H b WYXjfU>YXuO(?8@8C/D4?8C/@,XuPS>UPTRFr#O,E OmWUP]O�\.XQX[>B%AZ>/XI³ LZ� ´ ksAZ@�?8WYX�?*n�A	ReASno��Rer-EF>Y_JX[pGXQ>%��hUPT@8Ee?*rlD[AZ>%fU_ZCY@+Pa?1EFAZ>/O

4
B 4 5 O�PT>/B

4
B 3 5 O 2 H b WYX�cmEey#EF>Y_D4A-X4ÖzD4EFX[>-?1O«n�XQ@,X¹AZ\Y?+PSEe>YXaBg\-r¨B%E�PT_GAG>UPTRFEewQEF>Y_z?8WYXlXQ>YXQ@,_GrjcVPa?1@,EeyjCUO,Ee>/_�P�O,XQ@8EeXaO«AGk�hYCY@8X

SLO(?+PT?8XaO H b WYX
A

PS>/B
B

k6P]D0?1AZ@1O�ksAZ@«?8W/XQO,Xl>/Ee>YX¹RFX[pGXQR O
4
B 4 5 O 6 �ÉPT>/B

4
B 3 5 O 2 4 �ÈAGk 93 Ã�\½PT@8X^->YASn�>�X4y#h¦X[@8Eec�X[>-?+PSReRFr H b WYX

level LS()
BUPa?0Pa�3O(?8@8C/D4?8C/@,X�E OKB%X4fU>YXQB§EF>½?1WYXdfUReX����,�#�Q��Î��½Ò �1|5��©O,X[Xl��Ee_ H.L2H b W/X

hfs environment()
E O�B%X[f/>YXaB µ
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> hfs environment( Coupling="SL", Approach="semiempirical", Nuclear=false,

mu=6.1436, Q=-.37, I=9/2);b WYXJ@1P]B%E�PTR�hUPS@(?+O
anl
kskl

PS>/B
bnl
kskl

PT@8X	RFXaP]O(?�O8v2CUPS@,X	fY?�?8Ad?8W/XªAG\/O,XQ@8pGXQBVW#r-h.XQ@(f/>/X	O,?8@8C/D4?8CY@8XO,hYRFE:?8?8EF>Y_5O
AJ =

∑

nl

[
αnl01 a

nl
01 + αnl12 a

nl
12 + αnl10 a

nl
10

] ¶ {-HñL ·
PT>/B

BJ =
∑

nl

[
βnl02 b

nl
02 + βnl13 b

nl
13 + βnl11 b

nl
11

]
. ¶ {-H i ·

¢�E:?1Wd?1WYXohUP]D1^GPT_GX á�â ß�?1WYE O�DaPT>�\.X�B%AG>YXoC/O,EF>Y_J?8W/X�hY@8A-D[XaB%CY@8X
hfs fit() H õ�PT@1O,Ee>/_	?8WYX

level LS()PSO	PS@,_GCYcmXQ>2?+O�k�AG@
hfs fit()

©UAG>YX¹WUPSO�?1AVB%X4fU>YXln�WYX[?8W/X[@«?8A�fY?ª?8A�?1WYXlcVPT_G>YX[?8E DKB%EFh.AGReXdk6P]D0?1AZ@
A

AZ@o?1WYXIX[RFXaD0?1@,E DIv2C.PSB%@8CYh.AGReXKk6P]D0?1AZ@
B

µ
> hfs fit (D6 1 2, D6 3 2, D6 5 2, D6 7 2, D6 9 2, F4 3 2, F4 5 2, F4 7 2, F4 9 2,

’A’);

> hfs fit(D6 1 2, D6 3 2, D6 5 2, D6 7 2, D6 9 2, F4 3 2, F4 5 2, F4 7 2, F4 9 2,

’B’);b WYX�@,XaO,CYRe?1O°PT@8X�O,CYc�czPT@8EFw[XaBdEF> b PS\YRFX x PT>/B b PT\YRFX �#H b WYX�@8XaO,CYRe? k�AG@�?1WYX�@+PSB%E�PTR/hUPS@1PScmX[?8XQ@1Ok�AG@J?1WYX
A

PS>/B
B

k6P]D0?1AG@8OIDaPTR D[CYR PT?8XaB½\#r á�â ßdPT@8XmEe>¸PT_G@,XQX[c�X[>-?In�Ee?1W½?1WYX�@8XQO,C/R:?+OIAG\%?0PTEF>YXQB\-r½³ L]� ´ H
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3.2 Implementation for the

/C!:9�*
packageb WYX°cdCYRe?1EFD[AZ>Yf/_ZC/@1PT?8EFAZ> N PT@,?8@8X[X[�*�#A#D+^JD[A-B%X�q î á ïzBYX4?1X[@8cmEF>YXaO�@1P]B%E PSR2k�C/>/D0?1EFAZ>/O�?8W.Pa?�BYX4f/>/X?8WYX¹AG@,\YEe?0PTR O«AGk D4AG>%f/_GCY@+Pa?1EeAG>O(?0Pa?1XQO«EF>u?1WYX¹X4y%hUPT>/O8EeAG>gAGk P�>YAG>%��@,XQR�Pa?1Eep-E O(?1EFD¹noP[pGX¹ksCY>/D4?8EFAZ>AZk«PjcVPT>-r-�<XQReXaD4?8@8AZ>�Pa?1AGcàAG@¹EeAG> H b WYE OdD[A#B%XzWUP]Ol\¦X[XQ>�D[AZc�\YEF>YXQBÀn�Ee?8W�A]?1WYXQ@8Ol?1WUPa?�h.X[@,�k�AG@,c»PS>Y_GCYR PS@�PT>/BV@1P]B%E�PTR�Ee>2?1XQ_Z@+Pa?1EeAG>/O�?8A�k�AG@,c»PS>¨Pa?1AZc�EFD4�3O(?8@8C/D4?8C/@,XªhUPSD+^ZPS_ZXIä�å«æ#ç¿k�AG@�?1WYXhY@,XaB%E D0?1EFAZ>¨AGk�PT?8AGcmE D	hY@8AZh.XQ@,?8EFXQO¹³ iT´ Hº �%AZ@,?1@1PS> á�â ß�h/@,AG_Z@+PTc ³ � xa´ X[y#E O(?+OzksAZ@z?1WYX§ä�å«æ#ç�hUPSD+^ZPT_GX H b WYXEF>2?1X[_G@1PT?8EFAG>ÕATpGXQ@?8WYXVO,hYEF>%�*PT>Y_GCYR�PT@¹pGPT@8E PS\YReXaO¹EFO¹\UP]O,XaBÀAZ>¿?8WYX�O8D1W/X[c�XmAGC%?8RFEF>YXQB¿EF>¥³ L qT´ H b WYEFOdO,h/Ee>%�*PT>/_ZCYR�PT@Ee>2?1XQ_Z@+Pa?1EeAG>jE Oo@8X[hYR�PSD[XaB�\-r�?1WYXKPTh/hY@,A2PSD+WjAGC%?1ReEF>YXaB�Ee> � WUPSh%?1X[@ ` H b WYXJ@8XaB%C/D[XQBjD[A-X4Ö�D[EFX[>2?+OAZkYk�@+PSD4?1EeAG>UPTR#hUPT@8X[>-?+PS_ZXG©S?8WYX�czPT?8@8EeyIXQReXQcmXQ>2?�AGk#?1WYX

W (kq kl ks)
?1X[>/O8AZ@�PT>/Bl?1WYX

3nj
��O,r#cd\.AGRFOPT@8X	?0PT^GXQ>jks@,AGct?8W/XK�%AG@(?1@1PS>jRFEe\Y@+PT@8rgæ-ä ë ³ i } ´ Hb W/Xoä�åªæ-çuh.PSD+^ZPT_GX�noP]O�EF>/O(?0PTRFRFXQBdAG>¹?8WYX«è éGê%ë/ì2íUß0î:íUß�ï�îñðaî:ò%í.ß�ó«Ù]ô%éGë/ì2íUß�D4RFC/O(?1X[@�Pa?���EFR:�>YEeCUO°õÇXaB/PT_GAG_ZE DQPSR × >YEFpGX[@1O,Ee?*r5©2B%EFp-E O,EeAG>mAGk._ZXQ>YXQ@1PSRYhYW-r#O8EFDQO H b WYE O�f/pGX�>YA#B%X�D4RFC/O(?1X[@ WUPSO º	� �

º ?1WYReAG> ¶ ?8c�·<;Jõ ` �G}G}>= h/@,A#D4XaO8O,AG@1O«n�E:?1W
2079.581 � N w � õ ×JH b W/X¹C/>YhYCY\YRFE O,WYXaBg>YXQnÊpGXQ@,�O,EeAG>�AGk�?1WYX�q î á ïÀPa?1AZc�EFD4�3O(?8@8C/D4?8C/@,XªhUPSD+^ZPS_ZXm³ i%M0´ ©#\UP]O,XaBVAZ>jB%r#>UPTc�EFD«c�X[c�AZ@8r�PSReRFA-DaPa?1EFAZ>�©O,hUPT@1O,X¹czPT?8@8E:yucmX[?8WYA#BYO[©¦PS>/Bu?8W/X¹>YXQn±PS>Y_GCYR PS@ªRFEe\Y@+PT@8r¨E OªCUO,XQBgk�AG@«?1WYXlc�CYRe?8E D4AG>%f/_GCY@+Pa?1EeAG>N PT@,?1@,XQX4�*�%A-D+^VDQPSRFD[CYR�Pa?1EeAG>/O Hb W/X�>/X[n�W-r-h.XQ@(fU>YX�hY@8AZ_G@+PTc PT>UBd?1WYX�EF>/O(?0PTRFR PT?8EFAZ>�AZk.?8WYXªä�åªæ-ç§hUPSD+^ZPT_GX�n�XQ@8Xo?1XaO(?8XaB�AZ>?*n�A¹O,czPSReRUDaPSO,XaO H ��Ee@1O(?a©5?8W/X�W-r-h¦X[@,f/>YX«O(?1@,CUD0?1CY@8X�AGkU?1WYX«_Z@8AZC/>/B�O(?0Pa?1X�AGk ) Ee?8W/EeCYc�noP]O°DQPSRFD[C%�R PT?8XaB�©/D[AZc�hUPT@8Xz³ i5`a´ H°º Oo?1WYXIW-r-h¦X[@,f/>YXKO,?8@8C/D4?8CY@8XIAGk ) E:?1WYEFCYc»E O�AG>YRFrV_GEep5X[>¨\-rV?8WYXlD4AG>2?0PSD4??8XQ@,cu©.?1WYXdAZ?1WYX[@IO,CY\YcVPa?1@,EeyuXQRFX[c�X[>2?+Oªn�XQ@,Xd?8XaO(?1XQB\-r¨?1WYX�W-r-h.XQ@(fU>YX�O(?1@8C/D0?1CY@8X�DQPSRFD[CYR�Pa?1EeAG>AZk�� XQ@,r#ReRFEeC/c ³ i { ´ H b W/XI@8XaO,CYRe?1O«PT_G@8X[XaBjn�E:?1Wj?1WYXKAG>YXQO�DaPTR D4C/R PT?8XaBjC/O,EF>Y_�?8WYXK>YX[nöpGXQ@8O,EFAG>jAGk?8WYXIW-r-h¦X[@,f/>YXKO(?1@,C/D4?1CY@,XIhY@8AZ_G@+PTc Hb W/X�P[pZPSEeR�PT\YRFX�D4AGcmhYCY?8EF>Y_	h¦ATn�XQ@ PT>UB¹?1WYXo@8X4f/>/XQBdhY@8AG_Z@+PTczO�PTRFReASn�?1AJC/O,X�P«pGXQ@8r¹B%X[?0PTEFReXaBcmX[?8WYA#BjksAG@�?8WYXlW#r-h.XQ@(f/>/XlO(?1@,CUD0?1CY@8X¹DQPSRFD[CYR�Pa?1EeAG> H =<>¨?1WYXlksAZRFReASn�EF>Y_VD1WUPSh%?1X[@�?1WYXKc�X4?1WYA#BjE OX4y#h/R PSEe>YXaBÕAZ>Õ?8W/X§DaPTR D4CYR�Pa?1EFAZ>¤AZkl��PS>UPSB%EFCYc H b WYX�PShYhY@8A5P]D1WÕE O¨PTC%?1AZcVPa?1XQBÈ\-rÕP¿O8D[@,EFh%??8WUPT?�WUPT>UB%ReXaO°?8W/XªD[AZc�cdCY>/EFDaPa?1EeAG>m\¦X4?(n�XQX[>�?1WYXªcmA#B%CYRFXQO°AGk¦?8WYXJä�å«æ#ç�AZ@ªþªØoä	æ#ç�hUPSD+^ZPT_GX Hb WYXgDaPSO8XgO,h.XaD4EefUD¨BUPa?0P½PS@,XgO8CYhYhYRFEeXaB�EF>ÈksAZ@8cøAGk	?1WY@,XQX¨f/RFXQO H b W/XgO8D4@8EFh%?�?1WYXQ>ÈDQPSReR Om?1WYX@,Xav2CYEF@,XaBKcmA#B%CYRFXaO[©TcmAG>YEe?8AG@8O�?1WYXQEe@�O(?+PT?8XaO�PT>/BKAGC%?1hYC%?+O�?8WYX @8XQO8CYR:?+OÇAGk2?1WYX W-r-h¦X[@,f/>YX O,?8@8C/D4?8CY@8XDQPSRFD[CYR�Pa?1EeAG> H b WYE OoE O�X4y%hYR PSEe>/XQBjEF>jc�AZ@8XIB%X[?+PSEeR�Pa?�?8WYXKX[>/BjAZk�?8W/XJ>YX[y-?«D1W.PTh%?1X[@ H¢�E:?1WYAGC%?I?1WYX�>YX[ný@8X4fU>YX[c�X[>-?1OIPS>/BÀPSB%pZPS>/D[XQB½D[AGcmhYC%?1EF>Y_jDQPShUPSD[Ee?8EFXQOQ©�?1WYX�DaPTR D[CYR PT?8EFAG>/Oh.X[@8ksAZ@8cmXaBVn�AZCYR Bj>YAZ?�WUPQpGXI\.X[XQ>¨k�XTPSO8Ee\YRFX H
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4 Multiconfiguration ?A@CBEDFBHGHBJI calculations

º hYhYRFE DQPT?8EFAZ>ÕAGkI?8W/Xgc�CYRe?8E D4AG>%f/_GCY@+Pa?1EeAG>¤PThYh/@,A2PSD+WÈ?1AP�D[AZc�hYRFX4y�czPS>-r2��X[RFXaD0?1@,AG>ÕPT?8AGcãE OWUPTc�h.X[@8XaBÀ\-r½?1WYXzpGPSO(?d>#CYcd\.XQ@¹AGk�D[AZ>%fU_ZCY@+Pa?1EFAZ>O(?+PT?8XzksCY>/D4?8EFAZ>UOK?1WUPT?�D[AG>2?8@8EF\YC%?1X�?8Ag?1WYXPa?1AZc�EFDgO(?0Pa?1Xgk�C/>/D0?1EFAZ> H b W/XgC/>YReEFcmEe?1XQB¤Pa?1AZc�EFDgO(?0Pa?1Xgk�C/>/D0?1EFAZ>ÕD[AZ>/O8EFO(?+OzAZk¹PSReR	AGkJ?1WYXQc¨©Ee>/D[RFC/B%EF>Y_j?8WYX�CY>-\¦AZCY>UB½O8AZRFC%?1EeAG>/O H�º f/@1O(?I?8@8CY>/DaPa?1EeAG>�EFOIcVPSB%X�\-rRFA2AG^-EF>Y_gPa?I?8W/X�X[>/X[@8_ZrO,X[h.PT@+Pa?1EeAG>¿AGk�?1WYXVB%Ee®¦X[@8X[>-?¹f/>YXVO(?1@,C/D4?1CY@,XzRFX[pGXQR O H) X[p5X[R Ol?8WUPT?¹RFEFXzXQ>YXQ@,_GX[?8E DQPSReRFrÀD4RFA5O,X�PT@8XD1WYA5O,XQ>¿PSOI@8XQk�XQ@,XQ>/D[X�O,X4?ln�W/EeRFX�?1WYXmA]?1WYXQ@8OlDQPS>�\.X�Ee_G>YAG@,XaB H b WYXmAG@,\YEe?0PTR OKAZk�?1WYXm@,XQk�XQ@8X[>/D[XO,X4?+OIPT@8X�DaPTRFReXaB½O,h.XaD4?8@8AGO1D4AGhYE D H b W/X�D4AG@,@8XQR PT?8EFAZ>½?8AV?1WYXaO,XdAG@,\/E:?0PTR OJE OJEe>-?8@8A-BYC/D4XaB§\-ruh.PT@,?8RFrO,CY\/O(?1Ee?8C%?1EF>Y_?8W/X[c�n�E:?1W�D4AG@,@8XQR PT?8EFAZ>¬AZ@8\YEe?+PSRFO H b WYXaO,X�AG@,\YEe?0PTR OmPS@,XjAG>YRer�B%X4fU>YXQB�\-rÀ?1WYXQEe@PT>Y_GCYR�PT@¨O,r#cmcmX[?1@,r£PT>/B¥B%A>/A]?¨>YXaD4XaO8O1PS@,EFRer£WUPQpGX§?1WYX�D4AG@,@8XaD0?¨>-CYc�\.X[@jAGkl>YA#B%XaO¨PSO�?1WYXO,h.XaD0?1@,A5O8D[AZh/EFDzAG@,\YEe?0PTR O�B%A H b WYX�O,C/\/O(?1E:?1C%?1EeAG>/O�B%X[f/>YXz?1WYXjP]BYB%Ee?8EFAZ>.PTR�D4AG>%f/_GCY@+Pa?1EeAG>O(?0Pa?1Xk�CY>UD0?1EeAG>/O H b W/X[EF@�P]B%cmEey-?1CY@8X�E O�B%X4?1XQ@,c�Ee>YXaBIEF>l?8WYX�O,XQRekYD4AG>/O,E O(?1X[>2?�hY@8A-D[XQBYCY@,X H�º czPS>UPT_GXaPS\YRFX>-CYcd\¦X[@�AZk.?8WYXaO,X�D4AG>%f/_GCY@+Pa?1EeAG>�O(?0Pa?1XoksCY>/D4?8EFAG>/O�WUPSO�?1AI\.X«B%X[?8XQ@,c�Ee>/XQB�Ee>�AZ@1B%XQ@�?8AI@8XQhY@,XaO,XQ>2??8WYXIcmA5O(?�Eec�h.AZ@,?0PT>2?�D[AZ@8@8X[R�Pa?1EeAG>/Oo?1WUPa?�?+PS^GXIhYR P]D4X Hb W/XIEec�h.AG@(?0PT>2?�D[AG>%f/_GCY@1PT?8EFAG>¨O,?+PT?8XIk�C/>/D0?1EFAZ>/O«PT@8XIEFBYX[>2?1Eef/XQBjks@,AGct?8W/XIO(?1@8C/D0?1CY@8XJAGk�?1WYXAZh.XQ@+Pa?1AZ@1Oo?1WUPa?JPT@8XKEF>-pGAGRep5XQB H b WYXlW-r#h.X[@,f/>YX¹O(?1@,C/D4?1CY@,XKE OªP�O,Ee>/_ZRFX4��hUPS@(?1EFD[RFXlAZh.XQ@+Pa?1AZ@ Hoº OªP@,XaO,CYRe?Q©ÇO,EF>Y_GReX�O,C/\/O(?1E:?1C%?1EeAG>/O	AGk�?1WYXdXQReXaD4?8@8AZ>§AG@8\YE:?0PTR OJn�E:?1W�D4AG@,@8XQR PT?8EFAZ>�AZ>YXaO	_GEepGXd?8W/XdczPSEe>D4AG>2?1@,EF\YC%?1EeAG> H ��AZCY\/ReX�O,CY\/O,?8Ee?8CY?8EFAZ>UO�PS@,X°c�AGO(?�Eec�h.AG@(?0PT>2?�k�AG@Ç?1WYX � AGCYReAGcd\lAGh.XQ@1PT?8AG@ H b @,EFhYRFXPT>/BuWYEF_ZWYXQ@	O,C/\/O(?1E:?1C%?1EeAG>/OªB%A�>/A]?ªEF>2?1X[@+PSD4?	BYEe@8XQD4?1RergPT>UB¨WUPQpGX¹ReXaO8O«EF>%ú/CYXQ>/D[X H«º @8XaP]O,AG>UPT\YRFXh.AZEF>2?�AZk�B%XQhUPS@(?1CY@8X	E O[©#?8W/X[@8X[ksAG@,XG©-?8A�RFEec�E:?o?8W/X	>-CYc�\.XQ@�AGk�O,CY\UO(?8Ee?1C%?8EFAG>/O�?8A�B%AGCY\YRFXKPa?oc�AGO,? Hb W/XVD[AG@,@8X[R�Pa?1EFAZ>/O�DQPS>¸\.X�B%EFp-E B%XaB¸Ee>2?1Ag?1WY@8X[Xz?*r-h¦XQO H � C%?8XQ@dX[RFXaD0?1@,AG>/O�PT@8XVReXaO8O¹?8EF_ZW-?8RFr\.AZC/>/B¬PT>UB�EF>2?1X[@+PSD4?�O(?1@8AZ>Y_GRFr¿n�E:?1W¬XaP]D1WAZ?1WYX[@ H b WYXQr�PS@,XuDQPSReRFXQBpZPSReXQ>/D[XjXQReXaD0?1@8AZ>/OQ© ?1WYXD4AG@,@8XQR PT?8EFAZ>¥\.X[?(n�X[XQ>Õ?1WYXQc EFO¨DaPTRFReXaB¤pZPTRFXQ>/D4X�D[AZ@8@,XQR�Pa?1EeAG> H b WYX½@+PSB%E�PTRKAZ@8\YEe?+PSRFO¨CY>/B%XQ@,_GAD1WUPS>Y_GXQO�D4AGcmhUPS@,XaBl?8Aª?1WYX N PS@(?1@,XQX[�3�%A#D1^lAZ@°��EF@+PSD4�3�%A#D1^lAZ@8\YEe?+PSRFO H =�>Y>YXQ@�XQRFXQD4?8@8AG>/O�PS@,X�?8EF_ZW-?8RFr\.AZC/>/B H b W/X[ruB%AV>YAZ?JD+WUPT>Y_GX¹k�@8AZc ?8W/X[EF@ ¶ ��EF@+PSD4�*· N PS@(?1@,XQX[�3�%A#D1^j@+PSBYE PSR�AG@8\YE:?0PTR OJPS>/BB%X[f/>YX?8WYX�D[AZ@8X H ¡ CY\/O,?8Ee?8CY?8EFAZ>UOdAZk«D[AZ@8XVAG@,\/E:?0PTR Odn�Ee?8W�?8W/XVD[AG@,@8X[R�Pa?1EFAZ>AZ@8\YEe?+PSRFOdRFXTPSB¸?8Ag?1WYX�D[AZ@8XD4AG@,@8XQR PT?8EFAZ> H � AG@,@8XQR PT?8EFAZ>UO�AZk�?1WYX«?1WYEF@8Bz?(r-h.Xª?+PS^GXªhYR�PSD[X	\.X4?(n�XQX[>�D[AZ@8XIPT>/BVpZPTRFXQ>/D4X	AZ@8\YEe?+PSRFO[©?8WYX�D4AG@,X[��pZPTRFX[>UD4XmD[AG@,@8X[R�Pa?1EFAZ> H b WYXmXQReXaD4?8@8AZ>UOJ>/XaPS@J?1WYXm>-C/D[RFX[C/OlPS@,X�O,Aj?1Ee_GW2?1Rer§\.AZC/>/BÀPS>/BO8D4@8XQX[>YXaB§\-rg?8WYX�AGC%?8XQ@IX[RFXQD4?1@,AG>/OJ?8W.Pa?J?1WYX[r§B%Aj>YAZ?IX[y#h.XQ@8EeXQ>/D[XmD4AG@8@,XQR PT?8EFAG>/O H b WYXQrB%X[f/>YX?8WYXKD[ReA5O,XaB�AZ@8\YEe?+PSRFO«PS>/B�?8WYXQEF@�O,CY\/O,?8Ee?8CY?8EFAZ>UO�PS@,XIEF_G>YAZ@8XaB Hb W/XJC/O8CUPTR�PThYh/@,A2PSD+W�©%AGC%?8RFEF>YXQBjEe>¿³ M { ´ ©#E O�?1A�DQPSRFD[CYR�Pa?1X	?1WYX	?1WY@,XQXID[AZ@8@,XQR�Pa?1EeAG>j?*r-h¦XQOohUPT@,?\-ruhUPT@,? H =<>?8CY@8>�©�c�AZ@8X�D4AG@8@,XQR PT?8EFAG>§AG@,\/E:?0PTR OKPT@8XdEF>/D[ReCUB%XQB½CY>2?1EeR�D[AZ>#pGX[@8_GX[>/D[XdE OJAZ\%?0PTEF>YXaB Hb WYX�D[AG@,@8X[R�Pa?1EFAZ>�AZ@8\YEe?+PSRFO�ks@,AGc�hY@8X[p#EeAGC/O�DQPSRFD[CYR�Pa?1EeAG>/O PT@8Xo^GX[hY?�fYy#XaB H ¡ XQReXaD0?1XaB�O,CY\/O(?1Ee?8C%?1EFAZ>/O
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A
k�PSD4?8AG@K\-r§cmAG@8X�?1WUPS>¸P�D4XQ@,?+PSEe>ÀRFEec�E:?a©�?1WYXm_G@8AZCYhEFO�EF_Z>YAG@8XQB H b WYXKO8CY\/O(?1E:?1C%?1EeAG>¨AZk�?8WYXK>YX4y#?�AZ@8\YEe?+PSR ¶ O+·�n�E:?1WuD[AZ@8@8X[R�Pa?1EeAG>¨AG@8\YE:?0PTR O�AGk�?1WYXKO1PScmXR PQrGX[@�EFO�EF>/D4RFC/B%XaB H� PSD+W�R PQrGX[@�D[AZ>/O8EFO(?+O AGk�PJ>-CYc�\.X[@ AGk�D4AG@8@,XQR PT?8EFAG>�AG@,\/E:?0PTR O°AGk�B%Ee®.XQ@8X[>2?�O8r-cmc�X4?1@,r5©GR PS\.XQReXaB\-rj?1WYX ü @8X[XQ^uReX[?8?8XQ@8O ¶ α,β, γ, δ, ε PS>/B
ζ
· H �%AZ@	XTPSD+WAGk�?8WYXaO,X¹R�P[r5X[@1O[©¦?1WYXdpZPTRFX[>UD4X�PT>UBu?1WYXD4AG@,@8XQR PT?8EFAZ>�AG@8\YE:?0PTR O AGk.?1WYX�R PQrGX[@�PT@8X�pZPT@8EeXaB�Ee>m?1WYX«O,XQRek���D[AG>/O,E O(?8XQ>2? h/@,A#D4XaB%CY@8X H b WYXªD4AG@,X	PT>/BAZR B¨D4AG@,@8XQR PT?8EFAZ>¨AG@,\/E:?0PTR O«PT@8XIWYXQRFB�fYy#XaB�EFkÇ?1WYXI>YX[y-?�R�P[r5X[@�E O�Ee>UD4RFC/B%XaB H
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4
O	cmXTPT>/OJO8Ee>Y_GRFXmO,CY\/O,?8Ee?8CY?8EFAZ>½AGk ?8WYX�pZPSReXQ>/D[X

4
OJAG@,\/E:?0PTRn�E:?1W¨D[AZ@8@8X[R�Pa?1EeAG>jAG@,\/E:?0PTR O�AZk�R�P[rGXQ@

α H ��AGCY\YRFXID[AZ@8XKO,CY\/O(?1Ee?8C%?1EFAZ>jAZk�?1WYX	?*n�A�AG@,\/E:?0PTR O
2
O�PS>/B

2
hjn�E:?1Wj?*n�A�B%E:®¦XQ@,XQ>2?«D4AG@,@8XQR PT?8EFAZ>¨AG@,\/E:?0PTR O�AZk�R�P[r5X[@

β
PS@,XlB%X[>/A]?1XQBj\-r ��� ¶ ββ ·

2
O
2
h H =�k�?1WYXO1PTc�XmD4AG@8@,XQR PT?8EFAG>¿AZ@8\YEe?+PSR°E OlC/O,XaB�k�AG@K?8W/X�O,CY\UO(?8Ee?1C%?8EFAG>�©�AZ>YRFr½AZ>YX�R�P[r5X[@ln�EFRFR�\.X�EF>/B%E DQPT?8XaB�©�o� ¶ β ·

2
O
2
h H

4.1 The hyperfine structure of Vanadium��PT>.PSB%EFCYc¾\.XQReAG>Y_5OI?8Aj?1WYXmEe@8AG>À_Z@8AZC/h�XQReXQcmXQ>2?+O H b W/XmW-r-h¦X[@,f/>YXmO,?8@8C/D4?8CY@8X�B/Pa?0PVAZk�czPS>-r?8@+PT>/O8E:?1EeAG>/O	AZk ?8WYXaO,XdXQReXQcmXQ>2?+O	PS@,XdhY@8XaO,X[>-?8RFru>YXQXQB%XaBgEF>½pZPT@8EeAGC/Oªf/XQR BYOªAGk�P]O(?8@8AGhYW-r#O,E DQO H =�_Z�>YAZ@8EF>Y_§W-r-h.XQ@,f/>YX�O,?8@8C/D4?8CY@8XVX[®¦XQD4?1O�PS>/B¸E O,A]?1AGhYEFD�O8WYEek�?+Odn�WYXQ>D[AZ>UO,EFBYX[@8Ee>/_§RFEe>/X�k�AG@,cVPa?1EeAG>hY@,A#D[XQO8O8XQOlczPQr½@,XaO,CYRe?dEF>P¨D[AZ>UO,EFBYX[@+PT\YRFXzASpGXQ@,XaO(?1EecVPa?1EeAG>¿AGk�O,AGR�PT@�PT>/B¸O(?1XQReR�PT@�PS\YCY>/BUPT>/D[XQOPT>/B�EF>j?8W/XJnoPQpGXQReXQ>Y_Z?8WuO,WYEFk�?1OoAGk�O1Pa?1CY@+Pa?1XQB�ReEF>YXaO¹³ i � ´ HÃ�PT?8CY@+PTR2��PS>UPSB%EFCYcÆWUPSOÇAZ>/RerJAG>YX°O(?0PT\YRFX EFO,AZ?1AZh.X 51V(99.75 Ô , Iπ = 7
2

−
)

?1AZ_GX4?1WYXQ@�n�Ee?8W�PT>X4y-?1@8X[c�X[RFrlRFAG>Y_]��RFEepGXaB�E O,AZ?8AGh.XG© 50V(0.25 Ô , Iπ = 6+)
©Z?1WUPT? WUPSO°PªWUPSRek���ReEFk�X�AZk

1.5×1017 rGXTPT@1O Hb WYXKWYEe_GWuO,hYEF>/O«PT>/Bj?8W/XID[AZc�hYRFEFDaPa?1XQBjX[RFXQD4?1@,AG>YE DJX[>/X[@8_ZrVRFX[p5X[R Oo?8WUPT?�A#D[D[CY@�EF>gPTRFR�?1@+PT>/O,Ee?1EeAG>X[RFX[c�X[>-?1O	@,XaO,CYRe?IEF>�X4y#?8XQ>/O,EFpGX�W-r-h¦X[@,f/>YX�O(?1@8C/D0?1CY@8X�Ee>½?1WYXmPa?1AGcmE DdO,h.XaD4?8@+P H ��PT>.PSB%EFCYc 51VWUPSO�Po>-CUD4RFXaPS@�cVPT_G>YX[?8E D B%EFh.AGReX�cmAGcmXQ>2?ÇAGk
µI = 5.1487057(2) µb ¶ µb � AGWY@�czPS_Z>YX[?1AZ>.·�PS>/BPJO8czPTRFR/XQRFXQD4?8@8E D«v2C.PSB%@8CYh.AGReX«c�AZc�X[>-? Ee>z?8WYX«@1PS>Y_GX«AZk

−0.052(10)
\UPT@8>�?8A

−0.033(10)
\UPT@8>�©?8WYX�cmA5O(?�X4y/PSD4?�pZPTRFCYX�\.XQEe>/_

Q = −0.043
\UPS@,> H b WYX�pZPTRFCYXaO�PT@8X°?0PT^5X[>dks@,AGcÆ?1WYX°?0PT\YRFX�Ee>u³ ` } ´ H� W/EeR BYO�PS>/B ü A-A-BYczPT>/>�³ i L ´ cmXTPSO,C/@,XaBI?8W/X°W-r-h.XQ@(fU>YX�O(?1@,C/D4?1CY@,X°AGk#?1WYX°_Z@8AGCY>/B¹O(?+PT?8X°n�E:?1WPT>¸Pa?1AGcmE D0��\.XTPTcÄczPS_Z>YX[?1EFD4�<@8XaO,AZ>.PT>/D[Xd?1XaD1WY>/EFv2C/X H ¡ XQpGXQ@1PSR°W-r-h.XQ@(fU>YX�O(?8@8C/D4?8C/@,XzO,hYRFE:?8?8EF>Y_5O[©PTcmAG>Y_K?8WYXQc�?8W/X«_G@,AGCY>/BVO(?0Pa?1XªO,hYRFEe?,?1Ee>/_%©#n�XQ@,XIPT>UPSRer-wQXaB�Ee>jPKO,XQcmEFXQcmhYEF@,E DaPTR¦PTh/hY@,A2PSD+W½³ iZiS´ H¡ XQcmEFXQcmhYEF@,E DaPTRÇPT>.PTRFr#O,E OoWUPSO�O,WYASn�>j?8WUPT?o?8W/XJXQReXaD4?8@8AZ>uD4AG@,XIEF>�?1WYXIReASn¥X[p5X[>%��hUPS@,Ee?*r�D4AG>%�f/_ZC/@1PT?8EFAZ>UO�\¦X[WUPQpGX�>YAG>%�<@8XQR PT?8EFp-E O(?8E DoPS>/Bl?1WYXoB%XQhUPT@,?1CY@,X�ks@,AGcÊ?1WYX

LS
��RFEec�E:?�E O�pGXQ@,r¹O8czPTRFR�³ iGxT´ HN r-h.XQ@,f/>YXIPS>YAGczPTRFr�E O�>YAZ?oAG\/O,XQ@8pGXQB H�º cdC/R:?1EFD[AG>%f/_GCY@1PT?8EFAG> N PS@(?1@8X[X[�3�%A#D1^VPShYhY@8A5P]D1WV?1WYXQ@,X[�k�AG@,XKO,XQX[czO�hY@8AZc�EFO,EF>Y_ Hb W/Xm_G@,AGCY>/B½?1X[@8c AZko��PT>.PSB%EFCYc EFO

3
B 3 4
3

�
4
O 2 4 ��©�ksAG@,c�Ee>Y_j?1WYXmksAGCY@KRFX[p5X[R O 4 �

3/2 ¶ ?1WYXPa?1AZc�EFD�_G@8AZCY>UBÀO(?+PT?8XS·0© 4 �
5/2

© 4 �
7/2

PT>/B 4 �
9/2 H b WYX�>YX[y-?K?1X[@8c¨©

3
B 4 5 � 4 O 6 ��©�E OdPT\.AGC%?
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Table 9. �O�#���a�E���X�L�C���V�#¤���¥#~d�Y�K�L���ONl�Y~a�a~K�Y�?�QP����a¡��Y�����d¥��©�<�K�L���������a�#�-�P£P�m�?~a¤#����� �a~a¥��?�a¥#~K�
���c�a�#�C�V~K��¥#����� �d�Y�K�C���c®��<�����7�E¥#��¢ 3 � 3 4

3
P 4 � 2 4F �RP���~��<�V�a� J ¢��a���Z�?���P�a~K�E�#¥7�K���V���K�8�a��� A

���V�d�K��~��V���a������~a���E�d�<�{¢7� ���E�#�Ã�7�E�m�X�L�C�Y�����?���P�d�V�d�*�K��~a� �Y~K���X�E¦W���±���O�#���K���d��� A �<��� B ���V�d�K��~
�L�8�?���%���<~K�Y�n���L�a�»�a�#�	�?���m�?~K�E� �?�P�d�<�*�8���<� ¥#~K�?� �?�P�K�	«G¼��P�±�\¯	ç SXÇ�èl�Y���n�a���	�a�?�8���?�%���E~K�©�Y���

~K��� ¥��E�K�-«UT4�����R¯�ç SVS�è��
O,EF>Y_GReXKD[AG>%f/_GCY@1PT?8EFAG> N PS@(?1@,XQX[�3�%A#D1^ � y%h H ¡ XQc H, � @,\YEe?0PTR ¡ h/Ee>%�3B%EFh.AGReX � AG>2?+P]D0? b AZ?+PSR k�@8AZcà³ i L ´ ks@8AZcà³ iZiS´³ � N w ´ ³ � N w ´ ³ � N w ´ ³ � N w ´ ³ � N w ´ ³ � N w ´

A 3/2 594.101 −50.982 0.0 543.119 560.048 547.923

A 5/2 360.704 −24.884 0.0 335.820 321.227 321.575

A 7/2 282.905 −6.744 0.0 276.162 249.740 255.368

A 9/2 247.542 11.801 0.0 259.344 227.132 237.025

2000
D4c −1 P[n�P[r H b XQ@8cÉc�E:y#EF>Y_�DQPS>V?8W-CUO�\.XJEe_G>YAG@,XaBjPS>/Bz?1WYXJD[AZ>Yf/_ZC/@1PT?8EFAZ>jO,?+PT?8X	ksCY>/D4?8EFAZ>O,hUPSD[XIEFO�RFEec�E:?1XQB�?8A�AZ>/XJ@8X[ksXQ@,XQ>/D[XID[AZ>Yf/_ZC/@1PT?8EFAZ>uO(?+PT?8XJksCY>/D4?1EeAG> H=�> b PS\YReX q ?1WYXoO,EF>Y_ZRFX�D[AZ>%fU_ZCY@+Pa?1EFAZ> N PT@,?1@,XQX4�*�%A-D+^K@,XaO,CYRe?+O�AGkY?1WYX�W-r-h.XQ@(fU>YXoO(?8@8C/D4?8C/@,X�PT@8XD4AGcmhUPS@,XaBIn�E:?1Wl?1WYX°X4y%h.X[@8EFcmXQ>2?+PSR5@8XQO8CYR:?+Oo³ i L ´ PT>/BK?1WYX�O,XQcmEFX[c�hYEe@8E DQPSR5DaPTR D[CYR PT?8XaBlpZPTRFCYXaO�³ iZiS´ Hb WYX�PT_G@,XQXQcmXQ>2?Vn�Ee?8W£?1WYX§X4y#h¦X[@8Eec�X[>-?+PSRªpZPTRFCYX§EFO�_ZA-A#B H b WYX N PS@(?1@,XQX[�3�%A#D1^ÈDQPSRFD[CYR�Pa?1EeAG>�©WYATn�X[pGXQ@Q©.W.PSOª>/AVD4AG>2?0PSD4?JD[AZ>2?1@8Ee\YCY?8EFAZ>�PSOJPTRFR

n
O	O,WYXQReR OJPS@,X�D4RFAGO8XQB H =�k D[AG@,@8X[R�Pa?1EFAZ>§EFOª?+PS^GX[>Ee>2?1A�PSDQD4AGCY>2?a©-?1WYXJAGh.X[>

3
BjO,WYXQReRÇn�EeRFR�h.AGR�PT@8EewQXJ?1WYXIO�O,WYXQRFRFO H b WYX[@8XQk�AG@,X	?1WYXI_ZA-A#BjPS_Z@8X[XQcmXQ>2?AZk¦?1WYXªO,EF>Y_GReX	D4AG>%f/_GCY@+Pa?1EeAG> N PT@,?8@8X[X[�*�#A#D+^�@,XaO,CYRe?1O�n�E:?1W�?1WYX«X[y#h.XQ@,EFcmXQ>2?0PTRUAG>YXQO°E O�PSDQD4E B%XQ>2?0PTRPT>/B�EF>/B%E DaPa?1XQO PªD[AZc�h.XQ>/O1Pa?1EFAZ>�AGk/?8W/Xoh.AZR�PT@8EFwaPT?8EFAZ>mX[®.XaD4?�\.X4?(n�XQX[>�?8WYX

n
O�O,WYXQReR O H b W/X�O,EF>Y_GReXD4AG>%f/_GCY@+Pa?1EeAG> N PS@(?1@,XQX[�3�%A#D1^�DaPTR D4C/R PT?8EFAZ>�B%X[p#E PT?8XaO ks@8AZc|?8W/X«X4y#h¦X[@8Eec�X[>-?+PSR/@8XQO,C/R:?+O \-r

3 Ô k�AG@
J = 3/2

©
4.6 Ô k�AG@

J = 5/2
©
11 Ô ksAG@

J = 7/2
PS>/B

14 Ô ksAZ@
J = 9/2 H =�>ÀD[AGcmhUPS@,E O,AG>§?8W/XO,X[c�EeXQcmh/Ee@8EFDaPTR�PT>UPSRer%O,EFO�³ iZiS´ @,XQhY@8XQO8X[>2?+OI?1WYX�X4y%h.X[@8EFcmXQ>2?+PSR pZPSReC/XQOln�Ee?8W�P¨B%XQp-E PT?8EFAG>ÀAGk

2 Ôk�AG@
J = 3/2

©
0.1 Ô ksAZ@

J = 5/2
PT>UB

2 Ô k�AG@
J = 7/2 H b WYXKR�PT@8_ZXaO(?ªB%XQp-E�Pa?1EeAG>u\.XQEe>Y_

4.4 Ô k�AG@
J = 9/2 H
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4.2 Multiconfiguration Hartree-Fock calculationb WYX¨@+PSB%E�PTR«hUPT@,?+O�AGk«?1WYX N PT@,?8@8XQX4�*�%A-D+^¸AZ@8\YEe?+PSRFOzPS@,X¨_GEepGXQ>¬EF>£��Ee_ H x H b WY@,XQX¨@,XQ_GEeAG>/OzPT@8XO,X[h.PT@+Pa?1XQB¨\-rj?8WYX¹BYA]?8?8XaBuReEF>YXaO H b WYXl>YXTPT@ª>-C/D[ReXQC/O«@,XQ_GEeAG>gE OªB%AGcmEF>UPa?1XQB¨\#r�?8W/X
1
O«AZ@8\YEe?+PSR Hb WYE OdAG@,\YEe?0PTRoE O�O8D4@8XQX[>YXaB¿n�X[RFRo\-r�?1WYXVA]?1WYXQ@¹AG@8\YE:?0PTR OmPT>/B¿?1EFBYXV\.AGCY>/B¿?8A?8WYXV>-CUD4RFX[CUO H =�k?8WYE OIAG@8\YE:?0PTR�DaPT>À\.Xm^5X[h%?¹D[ReA5O,XaB�©�?8WUPT?lEFOI?1WYXmEe>Yú/CYXQ>/D4XmAGkoD[AZ@8@8X[R�Pa?1EeAG>ÀAG>�?8WYE OIAG@8\YE:?0PTR�DaPT>\.XVEF_Z>/AZ@8XQB�©�E O�B%EFO1D4C/O1O,XQB H b WYXVpZPSReXQ>/D[XVXQReXaD4?8@8AZ>UO[©

3
O[©
3
h�©
3
BPS>/B

4
O�PT@8XVRFA#DQPT?8XaB¸Ee>�?1WYXk6PS@�>-C/D[RFX[C/O«@8X[_GEeAG> H b WYXQr¨PS@,XlRFXaO8O�?1EF_ZW2?1RFr�\.AGCY>/BPT>UBgP]Oª��EF_ H x O,WYASn�O[©/?1WYX[EF@ªAZ@8\YEe?+PSR�noPQpGXk�CY>UD0?1EeAG>/OlO(?8@8AG>Y_ZRFr§ASpGX[@8R�PTh H b WYXzD4AG@8@,XQR PT?8EFAG>�©�?1WYX[@8XQk�AG@,XG©�WUP]O¹P�B%AGcmEF>UPT>2?lX4®¦XQD4?lAZ>�?1WYXaO,XAZ@8\YEe?+PSRFO Hoº O�?1WYXKpZPTRFX[>UD4XKXQReXaD0?1@8AZ>/OªPT@8XKEe>u?8W/XIk�PT@�>-CUD4RFX[CUO�@8X[_GEeAG>¨?1WYX[EF@«BYEe@8XQD4?«Ee>Yú/CYXQ>/D4XKAG>?8WYXKW-r#h.X[@,f/>YXlO(?1@8C/D0?1CY@8XKEFOªO,czPSReR H =<>/B%EF@,XaD0?1RFrG©/WYASn�XQpGXQ@[©/?8WYX

3
BuO,WYXQReR�h¦AZR�PT@8EewQXaO�?1WYXlD4RFA5O,XQBuOO,WYXQReR O H b WUPa?IWUP]OIP�R PS@,_GX�>YX[?JX[®.XaD0?IAZ>?1WYX�D4AG>2?0PSD4?ID[AZ>2?1@8Ee\YCY?8EFAZ> H b WYE O	E OIPS>UPTRFr-wQXQB>/X4y-? Hb WYXm@8X[_GEFAZ>ÀEF>½?1WYXmcmE BYB%RFXmEFOKk�AG@,c�XQB½\-r?8W/XmD[AG@,XmAG@,\YEe?0PTR O
2
OlPT>UB

2
h H b A¨XaO(?1EecVPa?1Xd?1WYXQEe@D4AG@,@8XQR PT?8EFAZ>�X4®¦XaD0?+O[©�?8WYX�D[AZ@8X�D4AG@8@,XQR PT?8EFAG>�EFO�PS>UPTRFr-wQXQB¸Ee>¸?1WYXVcdCYRe?1EFD[AZ>Yf/_ZC/@1PT?8EFAZ> N PT@,?8@8X[X[��#A#D+^PT>UB�D4AG>%f/_GCY@+Pa?1EeAG>¬EF>2?1X[@+PSD4?8EFAG>ÈDQPSRFD[CYR�Pa?1EeAG>�\.PSO,XaBAG>¬?8W/Xjn�P[pGXuk�CY>UD0?1EeAG>/OmAG\%?0PTEF>YXQBEe>½?1WYX�pGPTRFX[>/D[XmD[AZ@8@8X[R�Pa?1EeAG>ÀDQPSRFD[CYR�Pa?1EeAG> H b WYXmD[AZ@8@,XQR�Pa?1EeAG>/OlPT@8X�?1WYX[>ÀO(?8CUB%EeXaB§?8AG_GX4?1WYXQ@JEF>¿PcdCYRe?8E D[AZ>%fU_ZCY@+Pa?1EFAZ> N PT@,?8@8XQX4�*�%A-D+^ÀDQPSRFD[CYR�Pa?1EeAG>PS>/B¿@8X4fU>YXQB¸Ee>¬P¨D[AG>%f/_GCY@1PT?8EFAG>¿EF>2?1X[@+PSD4?1EeAG>DQPSRFD[CYR�Pa?1EeAG> Hb W/XKD4AG@8@,XQR PT?8EFAG>jE O�Ee>-?8@8A-BYC/D4XaB�\-rjP]BYB%EF>Y_�?1WYXJksAGReRFATn�Ee>Y_mR�P[rGXQ@1OoAZk�D[AZ@8@,XQR�Pa?1EeAG>¨AZ@8\YEe?+PSRFO µ

α
µ h�©/B�©Yk�AG@,\YEe?0PTR O H

β
µ h�©/B�©Yk0©Y_mAG@8\YE:?0PTR O H

γ
µ h�©/B�©Yk0©Y_/©YWjAG@,\/E:?0PTR O H

δ
µ h�©/B�©Yk0©Y_/©YWjE�AG@8\YE:?0PTR O H
ε

µ h�©/B�©Yk0©Y_/©YWjE�AG@8\YE:?0PTR O H
ζ
µ h�©/B�©Yk0©Y_/©YWjE�AG@8\YE:?0PTR O H� AG>%f/_GCY@+Pa?1EeAG>§O(?+PT?8X¹ksCY>/D4?8EFAZ>UO�?8W.Pa?IPT@8EFO,Xdk�@8AZc¯O,CY\/O,?8Ee?8CY?8EFAZ>UO«n�Ee?8W?8WYX

n = 3
AZ@8\YEe?+PSRFOIPT@8XEe>/D[RFC/B%XaB�EF>2?1A�R�P[rGXQ@

α H
º >¿ATp5X[@8p-EFX[n�AZk�?8W/XmEF>%ú/CYXQ>/D[XmAGkoD[AZ@8@,XQR�Pa?1EeAG>ÀAG>À?8WYX���PS>UPSB%EFCYc _G@8AZCY>UBÀO(?0Pa?1XzPT>/B¸PT>XQO(?1EFczPa?1EFAZ>ÈksAG@z?1WYX§D4AG>2?1@,EF\YC%?1EeAG>ÕAGkJ?1WYX

1
OVO,WYXQRFR	noP]OVAZ\%?0PTEF>YXaB�©�f/@1O(? H =<> b PT\YRFX M } ?1WYX@,XaO,CYRe?1OKk�AG@J?1WYX

A
k6P]D0?1AZ@Kn�E:?1W

J = 3/2
AZ\Y?+PSEe>YXaB�\-r½O,Ee>/_ZRFX�O,C/\/O(?1E:?1C%?1EeAG>/OIn�Ee?8WÀEF>/D[@,XTPSO,EF>Y_
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Fig 7. �O���8~d���7�©������~a���E�d�����T¥7���?�K�L���#���T��~C�<�V�a����~a���E�d�<�¨���7�d���E���Y���P£��a�E���X�L�'�����7¤���¥#~d�Y�K���V�Nl�Y~a�a~K�Y�?�QP����a¡(�Y�����d¥��©�<�K�L���±��ÛÒ~K��¥��V�»�?�T�<�a�a�E¤��<�Y�K�L���n�����?�����a�<�m¢c����~K�'�<���0¦W�<���?���?�8~K���X�L���n�L�
�E�����©�Y�<�K�Y���P£��a�#��¦W��~a�K���Y���±�7���a�K�Y���L�L�#�Y���

R PQrGX[@1O¹AGk�D[AZ@8@8X[R�Pa?1EeAG>�AG@,\YEe?0PTR O�PT@8XV_ZEFpGXQ> H b WYX�DaPTR D4C/R PT?8EFAZ>B%XQ>YA]?1XaB¿\-rÀAZh.XQ>
1
OdEe>UD4RFC/B%XaBD4AG@,XX[y%D[E:?0Pa?1EeAG>/OVk�@8AZcã?1WYX

1
OVO,WYXQRFR�©

1399
D[AZ>Yf/_ZC/@1PT?8EFAZ>¤O(?0Pa?1Xgk�C/>/D0?1EFAZ>/OVn�XQ@,XEF>/D4RFC/B%XaB Hb WYX�DaPTR D[CYR PT?8EFAG>½B%XQ>YAZ?8XaB\-rgD[ReA5O,XaB

1
OJX[y%D4RFC/B%XaBg?1WYXQO8XdX[y%D4Ee?0Pa?1EeAG>/OIPT>UB§D4AG>/O,E O(?1XQBAGk

1256D4AG>%f/_GCY@+Pa?1EeAG>¨O(?0Pa?1XJk�C/>/D0?1EFAZ>/O Hb W/@,XQXVEec�h.AZ@,?0PT>2?¹@8XQO8CYR:?+O¹n�XQ@,XVAG\%?+PSEe>/XQB H ��EF@8O(?a©�?8WYXzW-r-h¦X[@,f/>YXVO,?8@8C/D4?8CY@8XVD[AZ>UO(?+PS>2?
AD4AG>-pGXQ@,_GXaB½n�XQReR°n�E:?1WYEF>

1 � N wzPSk ?1X[@KR�P[rGXQ@
δ

WUPSB�\.XQXQ>ÀEe>/D[RFC/B%XaB H b WYXmf/>UPSR
A

k�PSD4?8AG@KnoPSOPT@8AZCY>UB
40 � N wz?1A2A§WYEF_GWD[AZc�hUPT@8XaBÀ?1Ag?1WYXVX[y#h.XQ@,EFcmXQ>2?0PTRopZPTRFCYX H ¡ XQD[AG>/B�©�?8W/XVX[y%D4RFC/O,EFAG>AZk O,EF>Y_ZRFX¹X[y%D[E:?0Pa?1EeAG>/O«ks@8AZcÅ?1WYX

1
OªO,W/X[RFR�EF>2?8@8A#B%C/D[XQB§PT>X[@8@,AG@ªAGk�RFXaO8O«?8WUPS>

3.3 � N wG©.?8W.Pa?ªE OReXaO8O�?1WUPT>
0.5 Ô AG>�?1WYXIDaPTR D[CYR PT?8XaB�pZPSReC/X H b WYXIEe>Yú/CYXQ>/D4XIAGkÇ?8WYX

1
O�O,WYXQReR�noP]O�O,EFcmEFR PS@oksAZ@o?1WYXA]?1WYXQ@

J
pZPSReC/XQO H b W/Ee@1B�©�?8WYXVcmA5O(?¹pGPT@8r-Ee>/_D4AG>2?1@,EF\YC%?1EFAZ>�noPSO¹_GEepGXQ>¸\#r§?1WYXVD[AG>2?+P]D0?¹?1X[@8c H¡ ?0PT@,?8EF>Y_zn�Ee?8W

−8 � N wdk�AG@«R PQrGXQ@
α

©UEe?JB%XQD[@8XaP]O,XQB¨?1A
−96 � N wdn�E:?1WD[AZ@8@8X[R�Pa?1EeAG>AZk�R�P[r5X[@

βEe>/D[RFC/B%XaB�©2@1PSEFO8XQB�?1A
78 � N w�n�E:?1W�R PQrGXQ@

γ
PT>/B�D4AG>-pGXQ@8_ZXaB�?1A

74 � N w H b AK_GX4?°c�AZ@8X«PSDQD[CY@1PT?8X@,XaO,CYRe?1O�PS>/Bz?1Ad_2PTEF>�ksCY@,?8WYXQ@�EF>/O,EF_GW2?oEF>2?1Ad?8WYXJD[AZ@8@8X[R�Pa?1EeAG>jX4®¦XQD4?+O[©YPKc�AZ@8X	B%X[?0PTEFReXaBjPShYhY@8A5P]D1WEFO�>YXaD4XaO8O1PS@,r�?1WUPa?ªPTR O,A�EF>/D[ReC/BYXQO�B%AGCY\YRFXKO,CY\UO(?8Ee?1C%?8EFAG>/O H
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Table 10. �O�#�-~K��� ¥��E�K���T��~ J = 3/2 �����a�E���X�L��� ¥#�#� �K�L�a¥7�K���V�����l�E�a���E���?~K�<���a�E���8�©�d£4�?~K�����V~����L�
���L�<�d�a~K�����%«{���m�?� 1 �d¯��<~K� �����%���Y~K�<�����L�a�0�a���%~K��� ¥��E�K�����f�a�E���X�L� � ¥7��� �K�E�a¥#�K�L�����-¡4���?���E�����a���
1 �-� �#�Y�L�¨�?�L�X�a�<�»«Ã�?�����a�<� 1 �d¯J�'�O�#� �7�E�m�?~K�?�����^���������K�Y�m� �O��� �?���P�a~K�E�#¥7�K���V�������¨�a���%��~a���E�d����¢
� ���E�#�Ã�7�E�m�X�L�C�<�������V�P�d�V�d�f�K�?~a�8�f�K�^�a��� A ���V�d�K��~��L���L�L� �K�<���Y�����a�����K�V�d��� A ���V�d�K��~��L���X�E¦W���±�

) PQrGX[@ � PSO,X � @8\YEe?+PSR ¡ hYEF>%�3B%Eeh¦AZRFX � AG>2?0PSD4? º k�PSD4?8AG@³ � N w ´ ³ � N w ´ ³ � N w ´ ³ � N w ´
α

AGh.X[>
1
O

602.235 −52.149 −8.022 542.064D[ReA5O,XaB
1
O

602.236 −52.171 −7.951 542.114B%Ee®.XQ@8X[>/D[X
−0.001 0.021 −0.071 −0.050

β
AGh.X[>

1
O

574.341 −46.326 −101.490 426.525D[ReA5O,XaB
1
O

574.343 −46.364 −96.326 431.653B%Ee®.XQ@8X[>/D[X
−0.002 0.038 −5.164 −5.128

γ
AGh.X[>

1
O

572.242 −46.482 81.982 607.743D[ReA5O,XaB
1
O

572.243 −46.520 78.470 604.194B%Ee®.XQ@8X[>/D[X
−0.001 0.038 3.512 3.550

δ
AGh.X[>

1
O

572.062 −46.468 76.614 602.208D[ReA5O,XaB
1
O

572.063 −46.504 73.381 598.940B%Ee®.XQ@8X[>/D[X
−0.001 0.036 3.232 3.268

ε
AGh.X[>

1
O

571.778 −46.384 76.567 601.961D[ReA5O,XaB
1
O

571.777 −46.411 73.347 598.713B%Ee®.XQ@8X[>/D[X
0.001 0.028 3.219 3.248

ζ
AGh.X[>

1
O

571.752 −46.375 77.196 602.573D[ReA5O,XaB
1
O

571.752 −46.403 74.406 599.755B%Ee®.XQ@8X[>/D[X
0.0 0.028 2.790 2.818

b W/X�pZPSReXQ>/D[X«D[AZ@8@,XQR�Pa?1EeAG>�noPSO°O,?8C/BYEeXaB�EF>zBYX4?0PTEFR H b W/XªPTEFc�noPSO�?1AKAZ\%?0PTEF>VPJD[AZ>Yf/_ZC/@1PT?8EFAZ>O(?+PT?8X«k�C/>/D0?1EFAZ>zO,h.PSD[X�?8WUPT?°E O°RFEec�E:?1XQBm?1AK?8WYX«cmA5O(?°Eec�h.AG@(?0PT>2?�pZPTRFXQ>/D4XªD[AG@,@8X[R�Pa?1EFAZ>/O�k�AG@ ?8W/X
Ak6P]D0?1AZ@ H�º ?�?1WYX�O1PScmX�?1Eec�X�?1WYX°X[@8@8AZ@�EF>l?1WYX�DQPSRFD[CYR�Pa?1EeAG>dB%C/X ?8A�?1WYE OÇRFEec�E:?0Pa?1EFAZ>¹noPSO�XaO(?8EFczPT?8XaB Hb W/X�R�PT@8_GXQO(?�D4AG>%f/_GCY@+Pa?1EeAG>�O,?+PT?8X�ksCY>/D4?1EeAG>�O,h.PSD[X�AGk.?8W/X�pGPTRFX[>/D[X«D4AG@8@,XQR PT?8EFAG>m?8WUPT?°EFO k�XTPSO,Ee�\YReXªn�Ee?8W/Ee>z?1WYXªD[AGcmhYC%?1EF>Y_¹DQPShUPSD[Ee?8EFXQO�Ee>/D[RFC/B%XaO�PTRFR¦_Z@8AZC/h/O°CYh�?1A¹R PQrGX[@

δ
©%PTRFR.� ¶ ε ·°PT>/BzO8AZc�XReASn�XQ@l�«� ¶ εε · H b WYXVD4AG>%f/_GCY@+Pa?1EeAG>¸O(?0Pa?1X�k�C/>/D0?1EFAZ>¸O,hUP]D4XzAZk�PSRec�AGO,?
30 000

k�C/>/D0?1EFAZ>/O¹noPSOB%Eep#EFB%XaB�EF>2?1A
189

D4AG@,@8XQR PT?8EFAZ>�_G@,AGCYh/O H b WYX�D[AZ>%fU_ZCY@+Pa?1EFAZ>mO(?0Pa?1X�ksCY>/D4?8EFAZ>mO,hUP]D4XonoPSO�XQ>YR PS@,_GXaB\-r¨AG>YXd_Z@8AGCYh�©¦?1WYXdnoP[pGXdksCY>/D4?8EFAG>noP]OªAG\%?+PSEe>/XQB½PT>/Bg?1WYX
A

k�PSD4?8AG@ªnoP]OJDQPSRFD[CYR�Pa?1XQB H =�k�?1WYXD1WUPS>Y_GXlAGk�?1WYX
A

k�PSD4?1AZ@ªnoPSOªR PS@,_GX[@	AG@«Xav2CUPSR�?1A�P�_GEep5X[>RFEec�E:?a©U?1WYEFOª_G@,AGCYhnoP]O«Ee>UD4RFC/B%XaBgEF>?8WYXIDaPTR D[CYR PT?8EFAG>jksAG@�?1WYXI>YX4y#?�_G@,AGCYh H �ÇEFpGXKB%Ee®.XQ@,XQ>2?�ReEFcmEe?+Oon�XQ@,XKO8X4? µ
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