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SolitonsSolitons, knots, , knots, vortonsvortonsand and sphaleronssphaleronsin the electroweak and in the electroweak and 
strong interactions, strong interactions, caloroncaloronsolutions in QCD, Qsolutions in QCD, Q--balls, black balls, black 
holes, fullerenes and nonholes, fullerenes and non--linear optics, etc...linear optics, etc...

SolitonSoliton:: This is a solution of a nonlinear partial differential equationThis is a solution of a nonlinear partial differential equation which which 
represent a solitary travelling wave, which:represent a solitary travelling wave, which:

•• Has a permanent form;Has a permanent form;

•• It is It is localisedlocalisedwithin a region;within a region;

•• It does not obey the superposition principle; It does not obey the superposition principle; 

•• It does not disperse.It does not disperse.

SolitonsSolitons and lumps in nonand lumps in non--linear physicslinear physics

OpticalOptical fibresfibres TT NLSENLSE

JosephsonJosephson junctionsjunctions T  T  sinesine--GordonGordon modelmodel

BoseBose--EinsteinEinstein condensatecondensate TT SkyrmeSkyrme modelmodel

Superconductivity Superconductivity TT AbrikosovAbrikosov--NielsenNielsen--OlesenOlesen modelmodel



Soliton wavefunction of trans-polyacetylene

doped by a counter ion – kink solitonJupiter's Great Red Spot – vortex soliton







John Scott Russell (1808-1882) - engineer, naval architect and shipbuilder 

Union Canal at Hermiston, Scotland

J S J S RusselRusselobservation of Solitary Wavesobservation of Solitary Waves

S.S. Great Eastern
(1858)



� 89.3m long
� 4.13m wide
� 1.52m deep 

John Scott John Scott RusselRusselAqueductAqueduct

“I was observing the motion of a boat which was rapidly  drawn along a narrow 
channel by a pair of horses, when the boat suddenly stopped - not so the mass of 
water in the channel which it had put in motion; it accumulated round the prow of the 
vessel in a state of violent agitation, then suddenly leaving it behind, rolled forward 
with great velocity, assuming the form of a large solitary elevation, a rounded, 
smooth and well-defined heap of water, which continued its course along the 
channel apparently without change of form or diminution of speed…”

J. Scott Russell (August 1834):



This is impossible !!!This is impossible !!!

George Airy: George Airy: 

- Unconvinced of the 
Great Wave of Translation

- Consequence of linear 
wave theory?

G. G. Stokes:G. G. Stokes:

-Doubted that the solitary wave 
could propagate without change in form

Boussinesq(1871) and Rayleigh(1876):

- Discovered a correct nonlinear 
approximation theory

Observation by J Scott Russel:

cccccccc22222222 ======== gggggggg((((((((hhhhhhhh ++++++++ AAAAAAAA))))))))
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Linear wave equationsLinear wave equations

Simplest (second order) linear wave equation:Simplest (second order) linear wave equation:

∂∂∂∂∂∂∂∂22222222uuuuuuuu

∂∂∂∂∂∂∂∂tttttttt22222222
−−−−−−−− cccccccc22222222

∂∂∂∂∂∂∂∂22222222uuuuuuuu

∂∂∂∂∂∂∂∂xxxxxxxx22222222
======== 00000000

uuuuuuuu((((((((xxxxxxxx,,,,,,,, tttttttt)))))))) ======== ffffffff ((((((((xxxxxxxx −−−−−−−− cccccccctttttttt)))))))) ++++++++ gggggggg((((((((xxxxxxxx ++++++++ cccccccctttttttt))))))))D'Alembert's solution

There is no dissipation
There is no dispersion

f, g are arbitrary functions

Harmonic wave solution uuuuuuuu((((((((xxxxxxxx,,,,,,,, tttttttt)))))))) ======== eeeeeeeeiiiiiiii((((((((kkkkkkkkxxxxxxxx−−−−−−−−ωωωωωωωωtttttttt)))))))) kkkkkkkk −−−−−−−− ωωωωωωωω ======== 00000000

(Dispersion relation)
rescaling t→ct: uuuuuuuutttttttt ++++++++ uuuuuuuuxxxxxxxx ======== 00000000

Less simple linear wave equation with dispersion:Less simple linear wave equation with dispersiondispersion: uuuuuuuutttttttt ++++++++ uuuuuuuuxxxxxxxx ++++++++ uuuuuuuuxxxxxxxxxxxxxxxxxxxxxxxx ======== 00000000

kkkkkkkkxxxxxxxx −−−−−−−− ωωωωωωωωtttttttt ======== kkkkkkkk[[[[[[[[xxxxxxxx −−−−−−−− ((((((((11111111 −−−−−−−− kkkkkkkk22222222))))))))tttttttt]]]]]]]]kkkk−−−−kkkk3333−−−−ωωωω====0000
Phase velocity depends on the wave number:

vvvvvvvvpppppppp ========
ωωωωωωωω

kkkkkkkk
======== 11111111 −−−−−−−− kkkkkkkk22222222



Dispersion and DissipationDispersion and Dissipation

Less simple linear wave equation with dissipation:Less simple linear wave equation with dissipationdissipation:

uuuuuuuu((((((((xxxxxxxx,,,,,,,, tttttttt)))))))) ========

∞∞∞∞∞∞∞∞∫∫∫∫∫∫∫∫

−−−−−−−−∞∞∞∞∞∞∞∞

AAAAAAAA((((((((kkkkkkkk))))))))eeeeeeeeiiiiiiii((((((((kkkkkkkkxxxxxxxx−−−−−−−−ωωωωωωωωtttttttt))))))))ddddddddkkkkkkkk

group velocity: vvvvgggg ====
ddddωωωω

ddddkkkk
==== 1111 −−−− 3333kkkk2222

Question: If the dispersion finction ω(k) is always real ?

ωωωωωωωω((((((((kkkkkkkk)))))))) ======== kkkkkkkk −−−−−−−− kkkkkkkk33333333

uuuuuuuutttttttt ++++++++ uuuuuuuuxxxxxxxx −−−−−−−− uuuuuuuuxxxxxxxxxxxxxxxx ======== 00000000 kkkkkkkk −−−−−−−− ωωωωωωωω −−−−−−−− iiiiiiiikkkkkkkk22222222 ======== 00000000 uuuuuuuu((((((((xxxxxxxx,,,,,,,, tttttttt)))))))) ======== eeeeeeeeiiiiiiiikkkkkkkk((((((((xxxxxxxx−−−−−−−−tttttttt))))))))eeeeeeee−−−−−−−−kkkkkkkk
22222222tttttttt

The wave decays exponentially!

Odd powers in spatial derivatives →→ dispersion

Even powers in spatial derivatives →→ dissipation



NonNon--linear wave equationslinear wave equations

Simple Non-linear wave equation:Simple NonNon--linearlinear wave equation: uuuuuuuutttttttt ++++++++ uuuuuuuuxxxxxxxx ++++++++ uuuuuuuuuuuuuuuuxxxxxxxx ======== uuuuuuuutttttttt ++++++++ ((((((((11111111 ++++++++ uuuuuuuu))))))))uuuuuuuuxxxxxxxx ======== 00000000

cccccccc ======== 11111111 ++++++++ uuuuuuuuPropagation velocity depends on the wave profile:

General non-linear wave solution:General non-linear wave solution: uuuuuuuu((((((((xxxxxxxx,,,,,,,, tttttttt)))))))) ======== ffffffff [[[[[[[[xxxxxxxx −−−−−−−− ((((((((11111111 ++++++++ uuuuuuuu))))))))tttttttt]]]]]]]]

However: An explicit solution u(x,t) can be not a single-valued function of x
The solution becomes sharp at leading and trailing edges 
(shock wave formation)
There is no superposition of the solutions

How about the dispersion/dissipation? How about the dispersion/dissipation? How about the dispersion/dissipation? 

Korteweg- de Vries equation (1895) 
(non-linear + dispersion)

Burgers equation (1906)
(non-linear + dissipation) 

uuuuuuuutttttttt ++++++++ ((((((((11111111 ++++++++ uuuuuuuu))))))))uuuuuuuuxxxxxxxx ++++++++ uuuuuuuuxxxxxxxxxxxxxxxxxxxxxxxx ======== 00000000

uuuuuuuutttttttt ++++++++ ((((((((11111111 ++++++++ uuuuuuuu))))))))uuuuuuuuxxxxxxxx −−−−−−−− uuuuuuuuxxxxxxxxxxxxxxxx ======== 00000000



KdVKdV equation: Solutionequation: Solution

ReparametrisationReparametrisation I:I:

11111111 ++++++++ uuuuuuuu →→→→→→→→ ααααααααuuuuuuuu,,,,,,,, tttttttt →→→→→→→→ ββββββββtttttttt,,,,,,,, xxxxxxxx →→→→→→→→ γγγγγγγγxxxxxxxx

Let us consider a particular case

ReparametrisationReparametrisation II:II: We are looking for solutions of the type 

uuuuuuuutttttttt ++++++++ 66666666uuuuuuuuuuuuuuuuxxxxxxxx ++++++++ uuuuuuuuxxxxxxxxxxxxxxxxxxxxxxxx ======== 00000000

uuuu((((xxxx,,,, tttt)))) ==== uuuu((((xxxx−−−− vvvvtttt))))

uuuuuuuu ≡≡≡≡≡≡≡≡ uuuuuuuu((((((((θθθθθθθθ)))))))) wwwwwwwwhhhhhhhheeeeeeeerrrrrrrreeeeeeee θθθθθθθθ ======== xxxxxxxx −−−−−−−− vvvvvvvvtttttttt uuuutttt ====
dddduuuu

ddddθθθθ

ddddθθθθ

ddddtttt
==== −−−−vvvvuuuu′′′′

uuuuxxxx ====
dddduuuu

ddddθθθθ

ddddθθθθ

ddddxxxx
==== uuuu′′′′,,,, uuuuxxxxxxxxxxxx ==== uuuu′′′′′′′′′′′′−−−−−−−−vvvvvvvvuuuuuuuu′′′′′′′′ ++++++++ 66666666uuuuuuuuuuuuuuuu′′′′′′′′ ++++++++ uuuuuuuu′′′′′′′′′′′′′′′′′′′′′′′′ ========

dddddddd

ddddddddθθθθθθθθ

((((((((
−−−−−−−−vvvvvvvvuuuuuuuu++++++++ 33333333uuuuuuuu22222222 ++++++++ uuuuuuuu′′′′′′′′′′′′′′′′

))))))))
======== 00000000

uuuuuuuu′′′′′′′′′′′′′′′′ ++++++++ 33333333uuuuuuuu22222222 −−−−−−−− vvvvvvvvuuuuuuuu ++++++++ CCCCCCCC11111111 ======== 00000000 X   integrating factor uuuu′′′′

((((((((uuuuuuuu′′′′′′′′))))))))22222222

22222222
++++++++ uuuuuuuu33333333 −−−−−−−− vvvvvvvv

22222222
uuuuuuuu22222222 ++++++++ CCCCCCCC11111111uuuuuuuu ======== CCCCCCCC22222222

It looks like an equation of motion of a “particle”

in the “potential” VVVVVVVVeeeeeeeeffffffffffffffff ======== uuuuuuuu33333333 −−−−−−−− vvvvvvvv

22222222
uuuuuuuu22222222 ++++++++ CCCCCCCC11111111uuuuuuuu

uuuutttt ++++
ααααββββ

γγγγ
uuuuuuuuxxxx ++++

ββββ

γγγγ3333
uuuuxxxxxxxxxxxx ==== 0000



KdVKdV equation: equation: SolitonsSolitons

((((((((uuuuuuuu′′′′′′′′))))))))22222222

22222222
++++++++ uuuuuuuu33333333 −−−−−−−− vvvvvvvv

22222222
uuuuuuuu22222222 ++++++++ CCCCCCCC11111111uuuuuuuu ======== CCCCCCCC22222222 Boundary conditions: uuuu ==== uuuu′′′′ ==== 0000,,,, aaaassss θθθθ →→→→ ±±±±∞∞∞∞

CCCCCCCC11111111 ======== CCCCCCCC22222222 ======== 00000000,,,,,,,, ddddddddθθθθθθθθ ========
dddddddduuuuuuuu√√√√√√√√

vvvvvvvvuuuuuuuu22222222 −−−−−−−− 22222222uuuuuuuu33333333
θθθθθθθθ −−−−−−−− θθθθθθθθ00000000 ========

11111111√√√√√√√√
vvvvvvvv

uuuuuuuu∫∫∫∫∫∫∫∫

uuuuuuuu00000000

dddddddduuuuuuuu

uuuuuuuu
√√√√√√√√
11111111 −−−−−−−− 22222222uuuuuuuu

vvvvvvvv

Soliton solution of the KdV equation:

Note:Note: ●● -- amplitude is proportional to 
the velocity of propagation while the “width” is proportional to       
- taller solitary waves are thinner and move faster 

●● There is another solution:                                      - singularity at

●● More general solutions can be found for other choices of C1 and C2
●● KdV equation has multisoliton solutions 
●● There is anti-soliton solution of the another KdV equation obtained by 

replacing  u → -u :
●● KdV equation is not Lorentz-invariant 

AAAAAAAA ========
vvvvvvvv

22222222

Separation of
variables 

uuuuuuuu((((((((θθθθθθθθ)))))))) ========
vvvvvvvv

22222222
sssssssseeeeeeeecccccccchhhhhhhh22222222

((((((((√√√√√√√√
vvvvvvvvθθθθθθθθ

22222222

))))))))

uuuuuuuu((((((((θθθθθθθθ)))))))) ======== −−−−−−−− vvvvvvvv
22222222
ccccccccsssssssscccccccchhhhhhhh22222222

((((((((√√√√√√√√
vvvvvvvvθθθθθθθθ

22222222

))))))))
xxxxxxxx ======== vvvvvvvvtttttttt

uuuutttt −−−− 6666uuuuuuuuxxxx ++++ uuuuxxxxxxxxxxxx ==== 0000

√√√√√√√√
vvvvvvvv



KdVKdV equation: shallow water wavesequation: shallow water waves

h

Assumptions:Assumptions:
●● amplitude of the waves is small w.r.t. 

water depth, A/h < 1 
●● Long waves on shallow water: Long waves on shallow water: h << << λλ
●● Nearly 1d motionNearly 1d motion
●● Unrotated incompressible inviscid liquid

Aλ

The Euler equation for such a system bounded by the rigid plane (bottom) 
and by a free surface from above: 

uuuuuuuutttttttt ========
33333333

22222222

√√√√√√√√
gggggggg

hhhhhhhh

((((((((
22222222

33333333
ǫǫǫǫǫǫǫǫuuuuuuuuxxxxxxxx ++++++++ uuuuuuuuuuuuuuuuxxxxxxxx ++++++++

11111111

33333333
σσσσσσσσuuuuuuuuxxxxxxxxxxxxxxxxxxxxxxxx

))))))))
σσσσσσσσ ========

11111111

33333333
hhhhhhhh33333333 −−−−−−−− TTTTTTTT hhhhhhhh

ggggggggρρρρρρρρ

surface tension

Ratio         ǫǫǫǫǫǫǫǫ ======== AAAAAAAA////////λλλλλλλλ

vvvv=0.2

vvvv=0.6

vvvv=2.0

uuuuuuuu((((((((xxxxxxxx,,,,,,,, tttttttt))))))))

Note:Note: If the depth                the equation is reduced    If the depth                the equation is reduced    hhhhhhhh ≫≫≫≫≫≫≫≫ AAAAAAAA

uuuuuuuutttttttt ======== ccccccccuuuuuuuuxxxxxxxx



KdVKdV equation: Boundary conditions and other solutionsequation: Boundary conditions and other solutions

Veff

uSolitary wave: 
The function V(u) has a local maximum at u=0
The soliton solution corresponds to the ‘motion’
from           at                     to             at 

Cnoidal wave: a general solution,   

((((((((uuuuuuuu′′′′′′′′))))))))22222222

22222222
++++++++ VVVVVVVVeeeeeeeeffffffffffffffff ======== CCCCCCCC22222222 ;;;;;;;; VVVVVVVVeeeeeeeeffffffffffffffff ======== uuuuuuuu33333333 −−−−−−−− vvvvvvvv

22222222
uuuuuuuu22222222 ++++++++ CCCCCCCC11111111uuuuuuuu

CCCCCCCC11111111 ======== CCCCCCCC22222222 ======== 00000000

VVVV ((((0000)))) θθθθ →→→→ −−−−∞∞∞∞ VVVV ((((uuuu1111)))) θθθθ →→→→∞∞∞∞

u0

total “energy”

CCCCCCCC11111111 ,,,,,,,, CCCCCCCC22222222 �� ���� ��======== 00000000
((((((((
dddddddduuuuuuuu

ddddddddθθθθθθθθ

))))))))22222222
======== 22222222CCCCCCCC22222222 −−−−−−−− 22222222uuuuuuuu33333333 ++++++++ vvvvvvvvuuuuuuuu22222222 −−−−−−−− 22222222CCCCCCCC11111111uuuuuuuu ======== 22222222((((((((uuuuuuuu11111111 −−−−−−−− uuuuuuuu))))))))((((((((uuuuuuuu22222222 −−−−−−−− uuuuuuuu))))))))((((((((uuuuuuuu33333333 −−−−−−−− uuuuuuuu))))))))

Assume that uuuuuuuu11111111 <<<<<<<< uuuuuuuu22222222 <<<<<<<< uuuuuuuu33333333
dddddddduuuuuuuu

ddddddddθθθθθθθθ
======== ±±±±±±±±

√√√√√√√√
22222222((((((((uuuuuuuu11111111 −−−−−−−− uuuuuuuu))))))))((((((((uuuuuuuu22222222 −−−−−−−− uuuuuuuu))))))))((((((((uuuuuuuu33333333 −−−−−−−− uuuuuuuu))))))))

The cubic                                                       for PPPPPPPP ((((((((uuuuuuuu)))))))) ======== 22222222((((((((uuuuuuuu11111111 −−−−−−−− uuuuuuuu))))))))((((((((uuuuuuuu22222222 −−−−−−−− uuuuuuuu))))))))((((((((uuuuuuuu33333333 −−−−−−−− uuuuuuuu)))))))) >>>>>>>> 00000000 uuuuuuuu22222222 <<<<<<<< uuuuuuuu <<<<<<<< uuuuuuuu33333333

kkkk2222==== uuuu3333−−−−uuuu2222
uuuu3333−−−−uuuu1111

;;;;

uuuu====uuuu3333−−−−((((uuuu3333−−−−uuuu2222))))ssssiiiinnnn2222ϕϕϕϕ

Reparametrization:

θθθθθθθθ ======== ±±±±±±±±
uuuuuuuu∫∫∫∫∫∫∫∫

uuuuuuuu22222222

dddddddduuuuuuuu
√√√√√√√√
PPPPPPPP ((((((((uuuuuuuu))))))))

======== ±±±±±±±±
√√√√√√√√

22222222

uuuuuuuu33333333 −−−−−−−− uuuuuuuu11111111

φφφφφφφφ∫∫∫∫∫∫∫∫

00000000

ddddddddϕϕϕϕϕϕϕϕ
√√√√√√√√
11111111 −−−−−−−− kkkkkkkk22222222 ssssssssiiiiiiiinnnnnnnn22222222 ϕϕϕϕϕϕϕϕ



KdVKdV equation: equation: CnoidalCnoidal waves and waves and solitonsoliton latticelattice

uuuu((((θθθθ)))) ==== uuuu3333 −−−− ((((uuuu3333 −−−− uuuu2222)))) ssssnnnn
2222((((ηηηη))));;;; ηηηη ====

√√√√
uuuu3333 −−−− uuuu1111

2222
θθθθ

Jacobi elliptic function
What does it mean?What does it mean?

ξξξξ((((φφφφ,,,, kkkk)))) ====

φφφφ∫∫∫∫

0000

ddddϕϕϕϕ
√√√√
1111−−−− kkkk2222 ssssiiiinnnn2222ϕϕϕϕ

Cnoidal wave solution:Cnoidal wave solution:

ssssssssnnnnnnnn((((((((ξξξξξξξξ,,,,,,,, kkkkkkkk)))))))) ======== ssssssssiiiiiiiinnnnnnnn φφφφφφφφ;;;;;;;;
ccccccccnnnnnnnn((((((((ξξξξξξξξ,,,,,,,, kkkkkkkk)))))))) ======== ccccccccoooooooossssssss φφφφφφφφ

For φφφφφφφφ ======== 22222222ππππππππ

ssssnnnn2222((((ξξξξ,,,, kkkk)))) ++++ ccccnnnn2222((((ξξξξ,,,, kkkk)))) ==== 1111

ZZZZZZZZ ========

22222222ππππππππ∫∫∫∫∫∫∫∫

00000000

ddddddddϕϕϕϕϕϕϕϕ
√√√√√√√√
11111111 −−−−−−−− kkkkkkkk22222222 ssssssssiiiiiiiinnnnnnnn22222222 ϕϕϕϕϕϕϕϕ

======== 44444444KKKKKKKK((((((((kkkkkkkk))))))))

Complete elliptic integral
For k=0

ssssnnnn((((ξξξξ,,,, 0000)))) ==== ssssiiiinnnn ξξξξ;;;;
ccccnnnn((((ξξξξ,,,, 0000)))) ==== ccccoooossss ξξξξ

Soliton lattice:Soliton lattice: λλλλ ====
2222
√√√√
2222KKKK((((kkkk))))√√√√
uuuu3333 −−−− uuuu1111 θ

u

Note:Note: If the limit k=1 the If the limit k=1 the solitonsoliton solutionsolution sech(ϕ) is recoveredis recovered

Trigonometric
limit



Linear transport equationLinear transport equation

Simplest non-linear PDE equation
(dispersionless KdV equation)

Simplest Simplest nonnon --linear PDE equationlinear PDE equation
(dispersionless KdV equation) uuuuuuuutttttttt ++++++++ uuuuuuuuuuuuuuuuxxxxxxxx ======== 00000000 Poisson and Riemann   Poisson and Riemann   

(1820s) 

Definition:Definition: the solutions to the PDE are constant on the characteristic curves  

The characteristic curves are the level sets of the characteristic variables

xxxxxxxx((((((((tttttttt))))))))

Example IExample I -- Linear transport equation uuuuuuuutttttttt ++++++++ ccccccccuuuuuuuuxxxxxxxx ======== 00000000
ddddddddxxxxxxxx

ddddddddtttttttt
======== cccccccc ======== ccccccccoooooooonnnnnnnnsssssssstttttttt

The solutions are travelling waves uuuuuuuu ≡≡≡≡≡≡≡≡ uuuuuuuu((((((((θθθθθθθθ)))))))) wwwwwwwwhhhhhhhheeeeeeeerrrrrrrreeeeeeee θθθθθθθθ ======== xxxxxxxx −−−−−−−− cccccccctttttttt characteristic variable

Example IIExample II -- Linear transport equation

The characteristic variable is

The general solution:

The initial data                             e.q. 

Then  

uuuuuuuu((((((((xxxxxxxx,,,,,,,, tttttttt)))))))) ======== ffffffff ((((((((θθθθθθθθ))))))))

uuuuuuuu((((((((00000000,,,,,,,, xxxxxxxx)))))))) ======== ffffffff ((((((((xxxxxxxx)))))))),,,,,,,, uuuuuuuu((((((((00000000,,,,,,,, xxxxxxxx)))))))) ========
11111111

11111111 ++++++++ xxxxxxxx22222222

uuuutttt −−−− xxxxuuuuxxxx ==== 0000
ddddddddxxxxxxxx

ddddddddtttttttt
======== −−−−−−−−xxxxxxxx

xxxxxxxxeeeeeeeetttttttt ======== CCCCCCCC
θθθθ ==== xxxxeeeetttt

uuuuuuuu((((((((xxxxxxxx,,,,,,,, tttttttt)))))))) ======== 11111111////////((((((((11111111++++++++((((((((xxxxxxxxeeeeeeeetttttttt))))))))22222222)))))))) ========
eeeeeeee−−−−−−−−22222222tttttttt

xxxxxxxx22222222 ++++++++ eeeeeeee−−−−−−−−22222222tttttttt
t



NonNon--linear transport equationlinear transport equation

uuuuuuuutttttttt ++++++++ uuuuuuuuuuuuuuuuxxxxxxxx ======== 00000000 Definition:Definition: the solutions to the PDE are constant on the 
characteristic curves  which are solutions to the autonomous ODE
ddddddddxxxxxxxx

ddddddddtttttttt
======== uuuuuuuu((((((((xxxxxxxx,,,,,,,, tttttttt))))))))

Note: Note: 
dddduuuu

ddddtttt
==== uuuuxxxx

ddddxxxx

ddddtttt
++++ uuuutttt ==== uuuuuuuuxxxx ++++ uuuutttt ==== 0000

ddddxxxx

ddddtttt
==== uuuu((((xxxx0000,,,, 0000)))) ==== ccccoooonnnnsssstttt

The characteristic curve must be a straight line: xxxx ==== xxxx0000 ++++ uuuu((((xxxx0000,,,, 0000))))tttt

The characteristic variable is The general solution is uuuuuuuu((((((((xxxxxxxx,,,,,,,, tttttttt)))))))) ======== ffffffff ((((((((θθθθθθθθ))))))))

Example IIIExample III -- Non-Linear transport equation has a solution ffffffff ((((((((θθθθθθθθ)))))))) ======== ααααααααθθθθθθθθ ++++++++ ββββββββ

Then

θθθθθθθθ ======== xxxxxxxx −−−−−−−− uuuuuuuutttttttt

uuuuuuuu((((((((xxxxxxxx,,,,,,,, tttttttt)))))))) ======== αααααααα((((((((xxxxxxxx −−−−−−−− uuuuuuuutttttttt)))))))) ++++++++ ββββββββ uuuuuuuu((((((((xxxxxxxx,,,,,,,, tttttttt)))))))) ========
ααααααααxxxxxxxx ++++++++ ββββββββ

11111111 ++++++++ ααααααααtttttttt
There is a problem:There is a problem:
●● Straight lines may have a different slope, so they may cross…

First (First (trivaltrival) scenario:) scenario: all characteristic lines are parallel →→
Second (less Second (less trivaltrival) scenario:) scenario: the function          increases monotonically, 

all characteristic lines never cross as t > 0 →→ rarefaction wave
Third (nonThird (non--trivaltrival) scenario:) scenario: - there are multiply-valued solutions 

→→ shock wave formation

uuuu ==== ccccoooonnnnsssstttt
ffff((((θθθθ))))

ffffffff ′′′′′′′′((((((((θθθθθθθθ)))))))) <<<<<<<< 00000000



Lecture 1:  SummaryLecture 1:  Summary

KdVKdV equation:equation: uuuuuuuutttttttt ++++++++ 66666666uuuuuuuuuuuuuuuuxxxxxxxx ++++++++ uuuuuuuuxxxxxxxxxxxxxxxxxxxxxxxx ======== 00000000

uuuuuuuu((((((((θθθθθθθθ)))))))) ========
vvvvvvvv

22222222
sssssssseeeeeeeecccccccchhhhhhhh22222222

((((((((√√√√√√√√
vvvvvvvvθθθθθθθθ

22222222

))))))))
SolitonSoliton solution of the solution of the KdVKdV equation:equation:

CnoidalCnoidal wave solution of the wave solution of the KdVKdV equation:equation:

uuuu((((θθθθ)))) ==== uuuu3333 −−−− ((((uuuu3333 −−−− uuuu2222)))) ssssnnnn
2222((((ηηηη))));;;; ηηηη ====

√√√√
uuuu3333 −−−− uuuu1111

2222
θθθθ

θ

u

Non-linearity Dispersion



Burgers equation: SolutionBurgers equation: Solution

Simplest non-linear equation
with viscous term (diffusion):

Simplest non-linear equation
with viscous term viscous term (diffusion)(diffusion):

Traveling wave solution: 

uuuuuuuutttttttt ++++++++ uuuuuuuuuuuuuuuuxxxxxxxx −−−−−−−− γγγγγγγγuuuuuuuuxxxxxxxxxxxxxxxx ======== 00000000

uuuuuuuu ======== uuuuuuuu((((((((θθθθθθθθ)))))))),,,,,,,, θθθθθθθθ ======== xxxxxxxx −−−−−−−− vvvvvvvvtttttttt
∂∂∂∂∂∂∂∂uuuuuuuu

∂∂∂∂∂∂∂∂xxxxxxxx
======== uuuuuuuu′′′′′′′′ ;;;;;;;;

∂∂∂∂∂∂∂∂22222222uuuuuuuu

∂∂∂∂∂∂∂∂xxxxxxxx22222222
======== uuuuuuuu′′′′′′′′′′′′′′′′ ;;;;;;;;

∂∂∂∂∂∂∂∂uuuuuuuu

∂∂∂∂∂∂∂∂tttttttt
======== −−−−−−−−vvvvvvvvuuuuuuuu′′′′′′′′ ;;;;;;;;

−−−−vvvvuuuu′′′′ ++++ uuuuuuuu′′′′ ==== γγγγuuuu′′′′′′′′
Separation of

variables 

Boundary conditions: uuuu ==== uuuu′′′′ ==== 0000,,,, aaaassss θθθθ →→→→ ±±±±∞∞∞∞

−−−−−−−−vvvvvvvvuuuuuuuu ++++++++ 11111111

22222222
uuuuuuuu22222222 −−−−−−−− γγγγγγγγuuuuuuuu′′′′′′′′ ======== 00000000

θθθθθθθθ −−−−−−−− θθθθθθθθ00000000 ========

∫∫∫∫∫∫∫∫
22222222γγγγγγγγdddddddduuuuuuuu

uuuuuuuu22222222 −−−−−−−− 22222222vvvvvvvvuuuuuuuu

θθθθθθθθ −−−−−−−− θθθθθθθθ00000000 ========
γγγγγγγγ

vvvvvvvv
llllllllnnnnnnnn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣11111111 −−−−−−−−
22222222vvvvvvvv

uuuuuuuu

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
uuuuuuuu((((((((xxxxxxxx,,,,,,,, tttttttt)))))))) ========

22222222vvvvvvvv

11111111 −−−−−−−− eeeeeeee
vvvvvvvv
γγγγγγγγ
((((((((xxxxxxxx−−−−−−−−vvvvvvvvtttttttt))))))))



Burgers equation: the Burgers equation: the HopfHopf--Cole transformationCole transformation

Remarkable observation: the non-linear Burgers 
equation  can be converted Into the linear heat equation!   

Remarkable observation:Remarkable observation: the non-linear Burgers 
equation  can be converted Into the linear heat equation!   

J. Cole and E. J. Cole and E. HopfHopf
(1950 - 1951) 

ReparametrisationReparametrisation::

uuuuuuuutttttttt −−−−−−−− γγγγγγγγuuuuuuuuxxxxxxxxxxxxxxxx ======== 00000000 uuuuuuuutttttttt ++++++++ uuuuuuuuuuuuuuuuxxxxxxxx −−−−−−−− γγγγγγγγuuuuuuuuxxxxxxxxxxxxxxxx ======== 00000000

uuuutttt ==== ααααφφφφtttteeee
ααααφφφφ;;;; uuuuxxxx ==== ααααφφφφxxxxeeee

ααααφφφφ;;;; uuuuxxxxxxxx ==== ((((ααααφφφφxxxxxxxx ++++ αααα2222φφφφ2222xxxx))))eeee
ααααφφφφ

Potential Burgers equation:Potential Burgers equation:Potential Burgers equation: φφφφφφφφtttttttt ======== γγγγγγγγφφφφφφφφxxxxxxxxxxxxxxxx ++++++++ ααααααααγγγγγγγγφφφφφφφφ22222222xxxxxxxx

Differentiation with respect to x:Differentiation with respect to x:

Definition:Definition: the potential function is uuuu ====
∂∂∂∂φφφφ

∂∂∂∂xxxx

φφφφφφφφxxxxxxxxtttttttt ======== γγγγγγγγφφφφφφφφxxxxxxxxxxxxxxxxxxxxxxxx ++++++++ 22222222ααααααααγγγγγγγγφφφφφφφφxxxxxxxxφφφφφφφφxxxxxxxxxxxxxxxx

uuuuuuuutttttttt ======== γγγγγγγγuuuuuuuuxxxxxxxxxxxxxxxx ++++++++ 22222222ααααααααγγγγγγγγuuuuuuuuuuuuuuuuxxxxxxxx

Any positive solution              to the linear heat equation solves the Burgers equation:vvvv((((xxxx,,,, tttt))))

uuuuuuuu((((((((xxxxxxxx,,,,,,,, tttttttt)))))))) ========
∂∂∂∂∂∂∂∂

∂∂∂∂∂∂∂∂xxxxxxxx
((((((((−−−−−−−−22222222γγγγγγγγ llllllllnnnnnnnn vvvvvvvv((((((((xxxxxxxx,,,,,,,, tttttttt)))))))))))))))) ======== −−−−−−−−22222222γγγγγγγγ vvvvvvvvxxxxxxxx

vvvvvvvv

uuuu((((xxxx,,,, tttt)))) ==== eeeeααααφφφφ((((xxxx,,,,tttt)))) ⇆⇆⇆⇆ φφφφ((((xxxx,,,, tttt)))) ====
1111

αααα
llllnnnnuuuu((((xxxx,,,, tttt))))



KdVKdV equation: Conservation lawsequation: Conservation laws

Definition:Definition: A conservation law is an equation of the form
∂∂∂∂∂∂∂∂TTTTTTTT

∂∂∂∂∂∂∂∂tttttttt
++++++++
∂∂∂∂∂∂∂∂XXXXXXXX

∂∂∂∂∂∂∂∂xxxxxxxx
======== 00000000

Conserved density Flux
Note:Note: the non-linear transport equation
has the form of the conservation law: 

uuuuuuuutttttttt ++++++++ uuuuuuuuuuuuuuuuxxxxxxxx ========
∂∂∂∂∂∂∂∂uuuuuuuu

∂∂∂∂∂∂∂∂tttttttt
++++++++

∂∂∂∂∂∂∂∂

∂∂∂∂∂∂∂∂xxxxxxxx

((((((((
uuuuuuuu22222222

22222222

))))))))
======== 00000000 dddd

ddddtttt

∞∞∞∞∫∫∫∫

−−−−∞∞∞∞

TTTTddddxxxx ====

∞∞∞∞∫∫∫∫

−−−−∞∞∞∞

∂∂∂∂XXXX

∂∂∂∂xxxx
ddddxxxx ==== XXXX

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
∞∞∞∞

−−−−∞∞∞∞

==== 0000

Example IExample I -- KdV equation uuuuuuuutttttttt −−−−−−−− 66666666uuuuuuuuuuuuuuuuxxxxxxxx ++++++++ uuuuuuuuxxxxxxxxxxxxxxxxxxxxxxxx ======== 00000000

11

∞∞∞∞∞∞∞∞∫∫∫∫∫∫∫∫

−−−−−−−−∞∞∞∞∞∞∞∞

uuuuuuuuddddddddxxxxxxxx ======== ccccccccoooooooonnnnnnnnsssssssstttttttt ======== MMMMMMMM Conservation of mass 

22 ××××uuuuuuuutttt −−−− 6666uuuuuuuuxxxx ++++ uuuuxxxxxxxxxxxx ==== 0000
∂∂∂∂

∂∂∂∂tttt

((((
uuuu2222

2222

))))
++++

∂∂∂∂

∂∂∂∂xxxx

((((
uuuuuuuuxxxxxxxx −−−− 2222uuuu3333 −−−−

uuuu2222xxxx
2222

))))
==== 0000

Conservation of momentum 

∞∞∞∞∫∫∫∫

−−−−∞∞∞∞

uuuu2222

2222
ddddxxxx ==== ccccoooonnnnsssstttt ==== PPPP

33 3333uuuu2222×××× KKKKddddVVVV ++++uuuuxxxx××××
∂∂∂∂

∂∂∂∂xxxx
KKKKddddVVVV

∂∂∂∂∂∂∂∂

∂∂∂∂∂∂∂∂tttttttt

((((((((
uuuuuuuu33333333 ++++++++

uuuuuuuu22222222xxxxxxxx
22222222

))))))))
++++++++

∂∂∂∂∂∂∂∂

∂∂∂∂∂∂∂∂xxxxxxxx

((((((((
−−−−−−−− 99999999
44444444
uuuuuuuu44444444 ++++++++ 33333333uuuuuuuu22222222uuuuuuuuxxxxxxxxxxxxxxxx −−−−−−−− 66666666uuuuuuuuuuuuuuuu22222222xxxxxxxx ++++++++ uuuuuuuuxxxxxxxxuuuuuuuuxxxxxxxxxxxxxxxxxxxxxxxx −−−−−−−−

11111111

22222222
uuuuuuuu22222222xxxxxxxxxxxxxxxx

))))))))
======== 00000000

∞∞∞∞∫∫∫∫

−−−−∞∞∞∞

((((
uuuu3333 ++++

uuuu2222xxxx
2222

))))
ddddxxxx ==== ccccoooonnnnsssstttt ==== EEEE

Conservation of energy 

∂∂∂∂uuuu

∂∂∂∂tttt
++++

∂∂∂∂

∂∂∂∂xxxx

((((
uuuuxxxxxxxx −−−− 3333uuuu2222

))))
==== 0000



Apropos: Apropos: KdVKdV LagrangianLagrangian

LLLLLLLL ========
11111111

22222222
φφφφφφφφxxxxxxxxφφφφφφφφtttttttt −−−−−−−− φφφφφφφφ33333333xxxxxxxx −−−−−−−−

11111111

22222222
φφφφφφφφ22222222xxxxxxxxxxxxxxxx

Field equation: φφφφxxxxtttt −−−− 3333((((φφφφ2222xxxx))))xxxx ++++ φφφφxxxxxxxxxxxxxxxx ==== 0000 φφφφxxxx ==== uuuu

uuuutttt −−−− 3333((((uuuu2222))))
xxxx
++++ uuuuxxxxxxxxxxxx ==== 0000

Symmetries of the KdV field theorySymmetries of the KdV field theory

Translational invariance:Translational invariance:

Time invariance:Time invariance:

PPPP ====

∞∞∞∞∫∫∫∫

−−−−∞∞∞∞

δδδδLLLL

δδδδφφφφtttt
φφφφxxxxddddxxxx ====

1111

2222

∞∞∞∞∫∫∫∫

−−−−∞∞∞∞

φφφφ2222xxxxddddxxxx ====
1111

2222

∞∞∞∞∫∫∫∫

−−−−∞∞∞∞

uuuu2222ddddxxxx

Conservation of momentum 

HHHH ====

∞∞∞∞∫∫∫∫

−−−−∞∞∞∞

((((
LLLL−−−− ∂∂∂∂LLLL

∂∂∂∂φφφφtttt
φφφφtttt

))))
ddddxxxx ====

∞∞∞∞∫∫∫∫

−−−−∞∞∞∞

((((
1111

2222
φφφφ2222xxxxxxxx ++++ φφφφ3333xxxx

))))
ddddxxxx ====

∞∞∞∞∫∫∫∫

−−−−∞∞∞∞

((((
1111

2222
uuuu2222xxxx ++++ uuuu3333

))))
ddddxxxx

Conservation of energy 

Scale invariance: Scale invariance: φφφφ→→→→ φφφφ++++ δδδδφφφφ

MMMM ====

∞∞∞∞∫∫∫∫

−−−−∞∞∞∞

∂∂∂∂LLLL

∂∂∂∂φφφφtttt
ddddxxxx ====

1111

2222

∞∞∞∞∫∫∫∫

−−−−∞∞∞∞

φφφφxxxxddddxxxx ====
1111

2222

∞∞∞∞∫∫∫∫

−−−−∞∞∞∞

uuuuddddxxxx

Conservation of mass 



KdVKdV equation: Gardner transformequation: Gardner transform

TTTT1111 ∼∼∼∼ uuuu;;;; TTTT2222 ∼∼∼∼ uuuu2222;;;; TTTT3333 ∼∼∼∼ uuuu3333 .... .... ....

TTTTTTTT44444444 ======== 55555555uuuuuuuu44444444 ++++++++ 1111111100000000uuuuuuuuuuuuuuuuxxxxxxxx ++++++++ uuuuuuuu22222222xxxxxxxxxxxxxxxx ;;;;;;;; TTTTTTTT55555555 ======== 2222222211111111uuuuuuuu55555555 ++++++++ 111111110000000055555555uuuuuuuu22222222uuuuuuuu22222222xxxxxxxx ++++++++ 2222222211111111uuuuuuuuuuuuuuuu22222222xxxxxxxxxxxxxxxx ++++++++ uuuuuuuu22222222xxxxxxxxxxxxxxxxxxxxxxxx

Gardner transform:Gardner transform:Gardner transform: uuuuuuuu ======== wwwwwwww ++++++++ ǫǫǫǫǫǫǫǫwwwwwwwwxxxxxxxx ++++++++ AAAAAAAAǫǫǫǫǫǫǫǫ22222222wwwwwwww22222222 uuuuuuuutttttttt ++++++++ uuuuuuuuuuuuuuuuxxxxxxxx ++++++++ uuuuuuuuxxxxxxxxxxxxxxxxxxxxxxxx ======== 00000000

uuuuuuuutttttttt ======== wwwwwwwwtttttttt ++++++++ ǫǫǫǫǫǫǫǫwwwwwwwwxxxxxxxxtttttttt ++++++++ 22222222AAAAAAAAǫǫǫǫǫǫǫǫ22222222wwwwwwwwwwwwwwwwtttttttt ========

((((((((
11111111 ++++++++ ǫǫǫǫǫǫǫǫ

∂∂∂∂∂∂∂∂

∂∂∂∂∂∂∂∂xxxxxxxx
++++++++ 22222222AAAAAAAAǫǫǫǫǫǫǫǫ22222222wwwwwwww

))))))))
wwwwwwwwtttttttt

uuuuuuuuxxxx++++uuuuxxxxxxxxxxxx ====

((((
1111 ++++ ǫǫǫǫ

∂∂∂∂

∂∂∂∂xxxx
++++ 2222AAAAǫǫǫǫ2222wwww

))))((((
wwwwwwwwxxxx ++++ wwwwxxxxxxxxxxxx ++++ AAAAǫǫǫǫ2222wwww2222wwwwxxxx

))))
++++ǫǫǫǫ2222((((1111++++6666AAAA))))wwwwxxxxwwwwxxxxxxxx

Trick:Trick: we can take A=-1/6

If       satisfies the Gardner equation
satisfies KdV

If       satisfies the If       satisfies the Gardner equationGardner equation
satisfies KdV

wwww
uuuuuuuu ======== wwwwwwww++++++++ ǫǫǫǫǫǫǫǫwwwwwwwwxxxxxxxx −−−−−−−− ǫǫǫǫǫǫǫǫ22222222wwwwwwww22222222////////66666666

Note:Note: the Gardner equation can be 
written as conservation law:

uuuutttt ++++ uuuuuuuuxxxx ++++ uuuuxxxxxxxxxxxx ====

((((
1111 ++++ ǫǫǫǫ

∂∂∂∂

∂∂∂∂xxxx
−−−− ǫǫǫǫ2222

3333
wwww

))))((((
wwwwtttt ++++ wwwwwwwwxxxx ++++ wwwwxxxxxxxxxxxx −−−−

ǫǫǫǫ2222

6666
wwww2222wwwwxxxx

))))

wwwwwwwwtttttttt ++++++++wwwwwwwwwwwwwwwwxxxxxxxx ++++++++wwwwwwwwxxxxxxxxxxxxxxxxxxxxxxxx −−−−−−−−
ǫǫǫǫǫǫǫǫ22222222

66666666
wwwwwwww22222222wwwwwwwwxxxxxxxx ======== 00000000

∂∂∂∂∂∂∂∂wwwwwwww

∂∂∂∂∂∂∂∂tttttttt
++++++++

∂∂∂∂∂∂∂∂

∂∂∂∂∂∂∂∂xxxxxxxx

((((((((
wwwwwwww22222222

22222222
−−−−−−−− ǫǫǫǫǫǫǫǫ22222222

1111111188888888
wwwwwwww33333333 ++++++++ wwwwwwwwxxxxxxxxxxxxxxxx

))))))))
======== 00000000



KdVKdV equation: Conservation laws equation: Conservation laws –– How many?How many?

Why don’t we try the expansion                             ?wwww ====
∞∞∞∞∑∑∑∑

nnnn====0000

ǫǫǫǫnnnnwwwwnnnn

By comparing powers of

uuuu ==== wwww ++++ ǫǫǫǫwwwwxxxx −−−− ǫǫǫǫ2222wwww2222////6666

ǫǫǫǫ

For n ≥3
wwwwwwwwnnnnnnnn ======== −−−−−−−− ∂∂∂∂∂∂∂∂wwwwwwwwnnnnnnnn−−−−−−−−11111111

∂∂∂∂∂∂∂∂xxxxxxxx
++++++++
11111111

33333333
uuuuuuuuwwwwwwwwnnnnnnnn−−−−−−−−22222222 ++++++++

11111111

66666666

nnnnnnnn−−−−−−−−33333333∑∑∑∑∑∑∑∑

kkkkkkkk========11111111

wwwwwwwwkkkkkkkkwwwwwwwwnnnnnnnn−−−−−−−−22222222−−−−−−−−kkkkkkkk

Substituting the expansion of     into the Gardner equation and collecting powers of 

∂∂∂∂∂∂∂∂wwwwwwww

∂∂∂∂∂∂∂∂tttttttt
++++++++

∂∂∂∂∂∂∂∂

∂∂∂∂∂∂∂∂xxxxxxxx

((((((((
wwwwwwww22222222

22222222
−−−−−−−− ǫǫǫǫǫǫǫǫ22222222

1111111188888888
wwwwwwww33333333 ++++++++ wwwwwwwwxxxxxxxxxxxxxxxx

))))))))
======== 00000000

ωωωωωωωω ǫǫǫǫ

wwww ====
∞∞∞∞∑∑∑∑

nnnn====0000

ǫǫǫǫnnnnwwwwnnnn

∂∂∂∂TTTT

∂∂∂∂tttt
++++
∂∂∂∂XXXX

∂∂∂∂xxxx
==== 0000;;;; TTTT ((((ǫǫǫǫ)))) ==== wwww ====

∞∞∞∞∑∑∑∑

nnnn====0000

ǫǫǫǫnnnnTTTTnnnn;;;; XXXX((((ǫǫǫǫ)))) ====
wwww2222

2222
−−−− ǫǫǫǫ2222

11118888
wwww3333++++wwwwxxxxxxxx ====

∞∞∞∞∑∑∑∑

nnnn====0000

ǫǫǫǫnnnnXXXXnnnn

wwww0000 ==== uuuu;;;; wwww1111 ==== −−−−
∂∂∂∂wwww0000
∂∂∂∂xxxx

==== −−−−uuuuxxxx;;;; wwww2222 ==== −−−−
∂∂∂∂wwww1111
∂∂∂∂xxxx

++++
1111

6666
wwww22220000 ==== uuuuxxxxxxxx ++++

1111

6666
uuuu2222 .... .... ....

XXXX0000 ====
wwww22220000
2222
++++ wwww0000,,,,xxxxxxxx ====

uuuu2222

2222
++++ uuuuxxxxxxxx;;;; XXXX1111 ==== wwww0000wwww1111 ++++ wwww1111,,,,xxxxxxxx ==== −−−−uuuuuuuuxxxx −−−− uuuuxxxxxxxxxxxx,,,, .... .... ....

There is an infinite number of independent local conservation laws!!There is an infinite number of independent local conservation laws!!



KdVKdV equation as a Hamiltonian Systemequation as a Hamiltonian System

Note:Note: the KdV equation can be written as

Here                                                            is the “energy” integral and the 

variational derivative  of the functional

is

The Poisson 
bracket :

Note:Note: integration by parts yields

uuuutttt ====
∂∂∂∂

∂∂∂∂xxxx

δδδδHHHH

δδδδuuuu

HHHH ====

∞∞∞∞∫∫∫∫

−−−−∞∞∞∞

TTTT3333ddddxxxx ====

∞∞∞∞∫∫∫∫

−−−−∞∞∞∞

((((uuuu3333 −−−− 1111

2222
uuuu2222xxxx))))ddddxxxx

HHHH [[[[uuuu]]]] ====
∫∫∫∫
ffff((((uuuu,,,, uuuuxxxx;;;; xxxx))))ddddxxxx

{{{{HHHH,,,, GGGG}}}} ====
∞∞∞∞∫∫∫∫

−−−−∞∞∞∞

δδδδHHHH

δδδδuuuu

∂∂∂∂

∂∂∂∂xxxx

((((
δδδδGGGG

δδδδuuuu

))))
δδδδHHHH

δδδδuuuu
====
∂∂∂∂ffff

∂∂∂∂uuuu
−−−− dddd

ddddxxxx

((((
∂∂∂∂ffff

∂∂∂∂uuuuxxxx

))))

HHHH ====

∞∞∞∞∫∫∫∫

−−−−∞∞∞∞

((((uuuu3333 ++++ uuuuuuuuxxxxxxxx))))ddddxxxx
δδδδδδδδHHHHHHHH

δδδδδδδδuuuuuuuu
======== 33333333uuuuuuuu22222222 ++++++++ 22222222uuuuuuuuxxxxxxxxxxxxxxxx

Question: How to link it to the traditional form of the finite-dimensional Hamiltonian system?Question: How to link it to the traditional form of the finite-dimensional Hamiltonian system?

Fourier expansion: uuuu((((xxxx,,,, tttt)))) ====
∑∑∑∑
uuuukkkkeeee

iiiikkkkxxxx
{{{{
qqqqkkkk ==== uuuukkkk////kkkk,,,, ppppkkkk ==== uuuu−−−−kkkk,,,, HHHH ==== iiii

2222ππππ
HHHH
}}}}

We recover the usual Hamiltonian equations ddddqqqqkkkk
ddddtttt

====
∂∂∂∂HHHH
∂∂∂∂ppppkkkk

,,,,
ddddppppkkkk
ddddtttt

==== −−−− ∂∂∂∂HHHH
∂∂∂∂qqqqkkkk

with the Poisson bracket {{{{HHHH,,,, GGGG}}}} ==== iiii

2222ππππ

∞∞∞∞∑∑∑∑

kkkk====−−−−∞∞∞∞

kkkk
∂∂∂∂HHHH

∂∂∂∂uuuukkkk

∂∂∂∂GGGG

∂∂∂∂uuuu−−−−kkkk



Lecture 2:  SummaryLecture 2:  Summary

Existence of the infinite tower of conservation laws → strong indication 
that we deal with a completely completely integrableintegrable systemsystem

Gardner (1971) : The KdV equation represents an infinite-dimensional 
Hamiltonian system with an infinite number of integrals of motion in involution

Gardner, Greene, Kruskal & Miura (1967): Inverse Scattering Transform 
(IST) method : the method to solve an initial-value problem for the KdV
equation within a class of initial conditions.

Zakharov,ShabadZakharov,Shabad and other (1971): and other (1971): Inverse Scattering Transform for the 
nonlinear Schrödinger equation (NLS), the Sine-Gordon equation and many 
other completely integrable equations.

What does it mean?What does it mean?

Note:Note: The availability of the travelling wave (and, in particular, soliton) solutions 
for the KdV equation does not constitute its integrability. Practically the complete 
integrability means just  the ability to integrate the KdV equation for a reasonably 
broad class of initial or boundary conditions.

uuuuuuuutttttttt ++++++++ 66666666uuuuuuuuuuuuuuuuxxxxxxxx ++++++++ uuuuuuuuxxxxxxxxxxxxxxxxxxxxxxxx ======== 00000000



KdVKdV equation: Linearization?equation: Linearization?

Question: if the infinite number of conservation laws for KdV means 
that it is an analogue of a completely integrable Hamiltonian system?

Question: if the infinite number of conservation laws for KdV means 
that it is an analogue of a completely integrable Hamiltonian system?

Recall:Recall: the Burgers equation can be solved exactly through the Hopf-Cole transform: 

uuuuuuuutttttttt ++++++++ uuuuuuuuuuuuuuuuxxxxxxxx −−−−−−−− γγγγγγγγuuuuuuuuxxxxxxxxxxxxxxxx ======== 00000000ψψψψψψψψtttttttt −−−−−−−− γγγγγγγγψψψψψψψψxxxxxxxxxxxxxxxx ======== 00000000

Miura transform:Miura transform:Miura transform:Step I:  Step I:  

How about How about KdVKdV?? uuuuuuuutttttttt −−−−−−−− 66666666uuuuuuuuuuuuuuuuxxxxxxxx ++++++++ uuuuuuuuxxxxxxxxxxxxxxxxxxxxxxxx ======== 00000000

uuuuuuuu ======== vvvvvvvv22222222 ++++++++ vvvvvvvvxxxxxxxx
((((((((
∂∂∂∂∂∂∂∂

∂∂∂∂∂∂∂∂xxxxxxxx
++++++++22222222vvvvvvvv

))))))))((((((((
vvvvvvvvtttttttt −−−−−−−−66666666vvvvvvvv22222222vvvvvvvvxxxxxxxx++++++++vvvvvvvvxxxxxxxxxxxxxxxxxxxxxxxx

))))))))
========00000000

Linearization of the  modified KdV equation? Should we tryLinearization of the  modified Linearization of the  modified KdVKdV equation? Should we tryequation? Should we tryStep II:  Step II:  

uuuu ==== −−−−2222γγγγ ψψψψxxxx
ψψψψ

vvvvvvvv ========
ψψψψψψψψxxxxxxxx
ψψψψψψψψ

vvvvvvvvtttttttt −−−−−−−− 66666666vvvvvvvv22222222vvvvvvvvxxxxxxxx ++++++++ vvvvvvvvxxxxxxxxxxxxxxxxxxxxxxxx ======== 00000000uuuuuuuu========
ψψψψψψψψxxxxxxxxxxxxxxxx
ψψψψψψψψ

vvvvvvvvxxxxxxxx ========
ψψψψψψψψxxxxxxxxxxxxxxxx
ψψψψψψψψ
−−−−−−−− ψψψψψψψψ22222222xxxxxxxx
ψψψψψψψψ22222222

Galilean symmetry of KdV: uuuuuuuu →→→→→→→→ uuuuuuuu ++++++++ EEEEEEEE “Schroedinger” equation:““SchroedingerSchroedinger”” equation:equation:

ψψψψxxxxxxxx −−−− uuuuψψψψ ==== EEEEψψψψ

Eigenvalue (mode) EigenfunctionPotential

This is like quantum mechanics!!



KdVKdV equation: scattering problemequation: scattering problem

Scattering problems:Scattering problems: given a potential u, determine the spectrum {y,E}
Inverse Inverse scattering problem:scattering problem: given a spectrum {y,E} , determine the potential 

Assume                         → is integrable over      and it is normalizableuuuuuuuu((((((((±±±±±±±±∞∞∞∞∞∞∞∞)))))))) ======== 00000000 ||||||||ψψψψψψψψ ||||||||22222222 RRRRRRRR

The discrete spectrum:

The continuous spectrum:

ψψψψψψψψnnnnnnnn((((((((xxxxxxxx)))))))) ======== ccccccccnnnnnnnneeeeeeee
−−−−−−−−κκκκκκκκnnnnnnnnxxxxxxxx ;;;;;;;; EEEEEEEE ======== −−−−−−−−κκκκκκκκ22222222nnnnnnnn aaaaaaaassssssss xxxxxxxx →→→→→→→→ ±±±±±±±±∞∞∞∞∞∞∞∞

EEEEEEEE ======== kkkkkkkk22222222 ,,,,,,,, kkkkkkkk ∈∈∈∈∈∈∈∈ RRRRRRRR

eeeeiiiikkkkxxxxeeee−−−−iiiikkkkxxxx

Reflection coefficient

Transmission coefficient

u

Question: What happened if                       such that             solves KdV equation?uuuuuuuu ======== uuuuuuuu((((((((xxxxxxxx,,,,,,,, tttttttt)))))))) uuuu((((xxxx,,,, tttt))))

Naive answer: the eigenvalues E, which in general depend on t through the 

parametric dependence in u, should change as t varies

Theorem I: Theorem I: If u(x,t) solves the KdV equation and it vanishes as              

the discrete eigenvalues of the Sturm-Liouville problem

do not depend on t

ψψψψψψψψxxxxxxxxxxxxxxxx ++++++++ ((((((((λλλλλλλλ −−−−−−−− uuuuuuuu))))))))ψψψψψψψψ ======== 00000000

??
xxxx→→→→ ±±±±∞∞∞∞

ψψψψ((((xxxx;;;; kkkk)))) ====

{{{{
eeeeiiiikkkkxxxx ++++ RRRR((((kkkk))))eeee−−−−iiiikkkkxxxx aaaassss xxxx→→→→ −−−−∞∞∞∞
TTTT ((((kkkk))))eeeeiiiikkkkxxxx aaaassss xxxx→→→→ ++++∞∞∞∞



KdVKdV equation: scattering problemequation: scattering problem

Recall:Recall: the soliton solution of the KdV equation is

Sturm-Liouville equation:SturmSturm--LiouvilleLiouville equation:equation:

Change of variable:Change of variable: ηηηη ==== ttttaaaannnnhhhhxxxx

Discrete spectrum:                                              - Legendre polinomials

Examples: PPPP
((((1111))))
1111 ====

√√√√
1111−−−− ηηηη2222 ==== −−−− 1111

ccccoooosssshhhh xxxx
;;;; PPPP

((((0000))))
1111 ==== ηηηη ==== ttttaaaannnnhhhh xxxx

Continuum:

ψψψψxxxxxxxx ++++

((((
λλλλ ++++

uuuu0000

ccccoooosssshhhh2222((((xxxx))))

))))
ψψψψ ==== 0000

uuuuuuuu((((((((xxxxxxxx)))))))) ======== −−−−−−−− uuuuuuuu00000000

ccccccccoooooooosssssssshhhhhhhh22222222((((((((xxxxxxxx))))))))

∂∂∂∂∂∂∂∂

∂∂∂∂∂∂∂∂ηηηηηηηη

((((((((
((((((((11111111 −−−−−−−− ηηηηηηηη22222222))))))))

∂∂∂∂∂∂∂∂ψψψψψψψψ

∂∂∂∂∂∂∂∂ηηηηηηηη

))))))))
++++++++

((((((((
uuuuuuuu00000000 ++++++++

λλλλλλλλ

11111111 −−−−−−−− ηηηηηηηη22222222

))))))))
ψψψψψψψψ ======== 00000000

ψψψψkkkk((((xxxx)))) ==== AAAA 2222iiiikkkk

((((ccccoooosssshhhh xxxx))))iiiikkkkFFFF2222,,,,1111((((aaaa,,,, bbbb,,,, cccc;;;; zzzz))));;;; zzzz ==== 1111++++ηηηη
2222 ,,,,

aaaa ==== 1111
2222 −−−− iiiikkkk ++++

√√√√
llll((((llll ++++ 1111)))) ++++ 1111

4444
,,,, bbbb ==== 1111

2222 −−−− iiiikkkk −−−−
√√√√
llll((((llll ++++ 1111)))) ++++ 1111

4444
,,,, cccc ==== 1111−−−− iiiikkkk

Asymptotically: ψψψψkkkk((((xxxx)))) ∼∼∼∼ AAAA
ΓΓΓΓ((((cccc))))ΓΓΓΓ((((aaaa++++ bbbb−−−− cccc))))

ΓΓΓΓ((((aaaa))))ΓΓΓΓ((((bbbb))))
eeee−−−−iiiikkkkxxxx ++++AAAA

ΓΓΓΓ((((cccc))))ΓΓΓΓ((((cccc−−−− aaaa−−−− bbbb))))

ΓΓΓΓ((((cccc−−−− aaaa))))ΓΓΓΓ((((cccc−−−− bbbb))))
eeeeiiiikkkkxxxx

xxxx→→→→ −−−−∞∞∞∞
= 1 Reflection coefficient

Remark:Remark: There are certain 
eigenvalues for those the 
potential is reflectionless

uuuu0000 ==== llll((((llll ++++ 1111))));;;; λλλλ ==== −−−−kkkk2222 <<<< 0000

ψψψψ ==== PPPP
((((kkkk))))
llll ==== ((((−−−−1111))))kkkk((((1111−−−− ηηηη2222))))kkkk////2222 dddd

kkkk

ddddηηηηkkkk
PPPPllll((((ηηηη))));;;; PPPPllll((((ηηηη)))) ====

1111

2222llllllll!!!!

ddddllll

ddddηηηηllll
((((ηηηη2222 −−−− 1111))))llll



LinearizedLinearized KdVKdV and the Fourier transformand the Fourier transform

Consider linearized KdV equation: uuuuuuuutttttttt ++++++++ uuuuuuuuxxxxxxxxxxxxxxxxxxxxxxxx ======== 00000000;;;;;;;; xxxxxxxx ∈∈∈∈∈∈∈∈ RRRRRRRR,,,,,,,, uuuuuuuu((((((((xxxxxxxx,,,,,,,, 00000000)))))))) ======== uuuuuuuu00000000((((((((xxxxxxxx))))))))

Fourier transform:Fourier transform: uuuuuuuu((((((((kkkkkkkk)))))))) ========
11111111

22222222ππππππππ

++++++++∞∞∞∞∞∞∞∞∫∫∫∫∫∫∫∫

−−−−−−−−∞∞∞∞∞∞∞∞

uuuuuuuu((((((((xxxxxxxx))))))))eeeeeeee−−−−−−−−iiiiiiiikkkkkkkkxxxxxxxxddddddddxxxxxxxx;;;;;;;; uuuuuuuu((((((((xxxxxxxx,,,,,,,, tttttttt)))))))) ========

++++++++∞∞∞∞∞∞∞∞∫∫∫∫∫∫∫∫

−−−−−−−−∞∞∞∞∞∞∞∞

uuuuuuuu((((((((kkkkkkkk,,,,,,,, tttttttt))))))))eeeeeeeeiiiiiiiikkkkkkkkxxxxxxxxddddddddkkkkkkkk

uuuuxxxx((((xxxx,,,, tttt)))) ====
∂∂∂∂

∂∂∂∂xxxx

∫∫∫∫
uuuu((((kkkk,,,, tttt))))eeeeiiiikkkkxxxxddddkkkk ==== ((((iiiikkkk))))

∫∫∫∫
uuuu((((kkkk,,,, tttt))))eeeeiiiikkkkxxxxddddkkkk ≡≡≡≡

∫∫∫∫
uuuuxxxx((((kkkk,,,, tttt))))eeee

iiiikkkkxxxxddddkkkk

uuuuxxxx((((kkkk,,,, tttt)))) ==== iiiikkkkuuuu((((kkkk,,,, tttt)))),,,, uuuuxxxxxxxxxxxx((((kkkk,,,, tttt)))) ==== −−−−iiiikkkk3333uuuu((((kkkk,,,, tttt))))

uuuutttt((((kkkk,,,, tttt)))) −−−− iiiikkkk3333uuuu((((kkkk,,,, tttt)))) ==== 0000Fourier transform of the linearized KdV:

uuuuuuuu((((((((kkkkkkkk,,,,,,,, tttttttt)))))))) ======== uuuuuuuu00000000((((((((kkkkkkkk))))))))eeeeeeee
−−−−−−−−iiiiiiiikkkkkkkk33333333tttttttt uuuuuuuu((((((((xxxxxxxx,,,,,,,, tttttttt)))))))) ========

++++++++∞∞∞∞∞∞∞∞∫∫∫∫∫∫∫∫

−−−−−−−−∞∞∞∞∞∞∞∞

eeeeeeee−−−−−−−−iiiiiiiikkkkkkkk
33333333tttttttteeeeeeee−−−−−−−−iiiiiiiikkkkkkkkxxxxxxxxuuuuuuuu00000000((((((((kkkkkkkk))))))))ddddddddkkkkkkkk

� � � � -1

PDEPDE Time evolutionTime evolution

uuuuuuuu((((((((xxxxxxxx,,,,,,,, 00000000)))))))) uuuuuuuu((((((((kkkkkkkk,,,,,,,, 00000000))))))))

uuuuuuuu((((((((xxxxxxxx,,,,,,,, tttttttt)))))))) uuuuuuuu((((((((kkkkkkkk,,,,,,,, 00000000))))))))eeeeeeee−−−−−−−−iiiiiiiikkkkkkkk
33333333 tttttttt

����



Scattering problem and the Fourier transformScattering problem and the Fourier transform

Question: What is the analogue of the Fourier transform for KdV?Question: What is the analogue of the Fourier transform for KdV?

This is the Sturm-Liouville equation!This is the SturmThis is the Sturm--LiouvilleLiouville equation!equation! ψψψψψψψψxxxxxxxxxxxxxxxx ++++++++ ((((((((λλλλλλλλ −−−−−−−− uuuuuuuu))))))))ψψψψψψψψ ======== 00000000

S -1

SturmSturm-- LiouvilleLiouville Time evolutionTime evolution

S

3 steps for solving the 3 steps for solving the KdVKdV equation:equation:
Given the initial condition                consider         as a potential in the Schrödinger equation
and calculate the discrete spectrum                     ,the norming constant                      and 
reflection coefficient 
Introduce time dependence of these spectral data, the eigenvalues are fixed
Carry out the procedure of the inverse scattering problem to recover  

uuuuuuuu((((((((xxxxxxxx,,,,,,,, 00000000)))))))) −−−−uuuu
EEEE ==== −−−−κκκκ2222 ccccnnnn ==== ccccnnnn((((0000))))

EEEE====−−−−κκκκ2222
uuuu((((xxxx,,,, tttt))))

ψψψψ((((xxxx;;;; kkkk)))) ====

{{{{
eeeeiiiikkkkxxxx ++++RRRR((((kkkk))))eeee−−−−iiiikkkkxxxx aaaassss xxxx→→→→ −−−−∞∞∞∞
TTTT ((((kkkk))))eeeeiiiikkkkxxxx aaaassss xxxx→→→→ ++++∞∞∞∞

uuuu((((xxxx,,,, 0000))))

{{{{
RRRR((((kkkk,,,, 0000))))
TTTT ((((kkkk,,,, 0000))))

}}}}

uuuu((((xxxx,,,, tttt))))

{{{{
RRRR((((kkkk,,,, tttt))))
TTTT ((((kkkk,,,, tttt))))

}}}}

RRRR((((kkkk)))) ==== RRRR((((kkkk;;;; 0000))))



KdVKdV equation: Lax Pair equation: Lax Pair 

Remark I:Remark I: the KdV equation can be linearised via the spectral theory of  the 
Schrödinger operator but not by means of an explicit change of variables  

Remark II:Remark II: the KdV equation                                            can be viewed as a 
compatibility (integrability) condition for two linear differential equations for 
the same auxiliary function 

uuuutttt ++++ 6666uuuuuuuuxxxx ++++ uuuuxxxxxxxxxxxx ==== 0000

l is  a complex parameter, C(l,t) depends on normalization of y

Spectral problem
Evolution problem

Compatibility condition +
Isospectral evolution:

= KdV

The operators L and A are referred to as the Lax pairLax pair.

Remark III: Remark III: the spectral equation L y is the Schrödinger equation we discussed!  

ψψψψ((((xxxx,,,, tttt;;;;λλλλ))))

LLLLψψψψ ≡≡≡≡ ((((−−−−∂∂∂∂2222xxxxxxxx −−−− uuuu))))ψψψψ ==== λλλλψψψψ

ψψψψtttt ==== AAAAψψψψ ≡≡≡≡ ((((−−−−4444∂∂∂∂3333xxxxxxxxxxxx −−−− 6666uuuu∂∂∂∂xxxx −−−− 3333uuuuxxxx ++++ CCCC))))ψψψψ ==== ((((uuuuxxxx ++++ CCCC))))ψψψψ ++++ ((((4444λλλλ−−−− 2222uuuu))))ψψψψxxxx

((((ψψψψxxxxxxxx))))tttt ==== ((((ψψψψtttt))))xxxxxxxx λλλλtttt ==== 0000

Homework: Prove it!

Remark Remark iViV: : the KdV equation is isospectral, i.e. λλλλλλλλtttttttt ======== 00000000



Lax Pair Lax Pair 

This operator representation provides a route for constructing the KdV hierarchy
by appropriate choice of the operator A. Indeed, given the  L-operator, the  A-
operator in the Lax pair is determined up to an operator commuting with  L, which 
makes it possible to construct an infinite number of equations associated with  the 
same spectral problem but having different evolution properties.

Lt = LA−AL ≡ [LA]

KdVKdV hierarchyhierarchy ut +
∂

∂x
Ln+1[u] = 0

L0[u] =
1

2
;

∂

∂x
Ln+1[u] =

(
∂3

∂x3
+ 4u

∂

∂x
+ 2

∂u

∂x

)
Ln[u]

11

Remark V: Remark V: the KdV equation can be represented in an operator form as

LLLL1111[[[[uuuu]]]] ==== uuuu;;;; uuuutttt ++++ uuuuxxxx ==== 0000

22 LLLL2222[[[[uuuu]]]] ==== uuuuxxxxxxxx ++++ 3333uuuu2222;;;; uuuutttt ++++ 6666uuuuuuuuxxxx ++++ uuuuxxxxxxxxxxxx ==== 0000

33 LLLL3333[[[[uuuu]]]] ==== uuuuxxxxxxxxxxxxxxxx ++++ 11110000uuuuuuuuxxxxxxxx ++++ 5555uuuu2222xxxx ++++ 11110000uuuu3333;;;;

uuuutttt ++++ 11110000uuuuuuuuxxxxxxxxxxxx ++++ 33330000uuuu2222uuuuxxxx ++++ 22220000uuuuxxxxuuuuxxxxxxxx ++++ uuuuxxxxxxxxxxxxxxxxxxxx ==== 0000



Lax Pair operator formulationLax Pair operator formulation

Consider 2 linear equations: ψψψψxxxx ==== LLLLψψψψ;;;; ψψψψtttt ==== AAAAψψψψ ψψψψ ====

((((
ψψψψ11111111 ψψψψ11112222
ψψψψ22221111 ψψψψ22222222

))))

{{{{
ψψψψxxxxtttt ==== LLLLttttψψψψ ++++ LLLLψψψψtttt;;;;
ψψψψttttxxxx ==== AAAAxxxxψψψψ ++++ AAAAψψψψxxxx....

LLLLttttψψψψ ++++ LLLLAAAAψψψψ ==== AAAAxxxxψψψψ ++++ AAAALLLLψψψψ;;;; LLLLtttt −−−− AAAAxxxx ==== [[[[AAAA,,,, LLLL]]]]

Let us takeLet us take LLLL ==== iiiiλλλλ

((((
1111 0000
0000 −−−−1111

))))
++++ iiii

((((
0000 uuuu
1111 0000

))))
;;;; λλλλ ∈∈∈∈ CCCC (an educated guess)

AAAA ==== −−−−4444λλλλ2222LLLL−−−− 2222iiiiλλλλ

((((
−−−−uuuu −−−−iiiiuuuuxxxx
0000 uuuu

))))
++++

((((
uuuuxxxx iiiiuuuuxxxxxxxx ++++ 2222iiiiuuuu2222

2222iiiiuuuu −−−−uuuuxxxx

))))

LLLLtttt ==== iiii

((((
0000 uuuutttt
0000 0000

))))
;;;; AAAAxxxx ==== −−−−4444iiiiλλλλ2222

((((
0000 uuuuxxxx
0000 0000

))))
−−−−2222iiiiλλλλ

((((
−−−−uuuuxxxx −−−−iiiiuuuuxxxxxxxx
0000 uuuuxxxx

))))
++++

((((
uuuuxxxxxxxx iiiiuuuuxxxxxxxxxxxx ++++ 4444iiiiuuuuuuuuxxxx
2222iiiiuuuuxxxx −−−−uuuuxxxxxxxx

))))

Equalising the coefficients:

LLLLtttt

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
λλλλ0000
==== iiii

((((
0000 uuuutttt
0000 0000

))))
==== AAAAxxxx ++++ [[[[AAAA,,,, LLLL]]]]))))

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
λλλλ0000
==== iiii

((((
0000 uuuuxxxxxxxxxxxx ++++ 6666uuuuuuuuxxxx
0000 0000

))))
KdV equation!KdVKdV equation!equation!

The spectral equation:The spectral equation:
{{{{

∂∂∂∂
∂∂∂∂xxxx
ψψψψ11111111 ==== iiiiλλλλψψψψ11111111 ++++ iiiiuuuuψψψψ22221111;;;;

∂∂∂∂
∂∂∂∂xxxx
ψψψψ22221111 ==== iiiiψψψψ11111111 −−−− iiiiλλλλψψψψ22221111

{{{{
∂∂∂∂2222

∂∂∂∂xxxx2222
++++ uuuu ++++ λλλλ2222

}}}}
ψψψψ22221111 ==== 0000 Spectral problem

Zero curvature condition

ψψψψxxxx ==== LLLLψψψψ ====⇒⇒⇒⇒ ∂∂∂∂

∂∂∂∂xxxx

((((
ψψψψ11111111 ψψψψ11112222
ψψψψ22221111 ψψψψ22222222

))))
====

((((
iiiiλλλλ iiiiuuuu
iiii −−−−iiiiλλλλ

))))((((
ψψψψ11111111 ψψψψ11112222
ψψψψ22221111 ψψψψ22222222

))))



KdVKdV equation: Direct scattering problemequation: Direct scattering problem

Scattering data:                                                

Discrete spectrum ψψψψnnnn((((xxxx,,,, 0000)))) ∼∼∼∼ ccccnnnn((((0000))))eeee
−−−−κκκκnnnnxxxx aaaassss xxxx→→→→ ±±±±∞∞∞∞

Continuous spectrum

{{{{κκκκnnnn,,,, ccccnnnn((((0000)))),,,, rrrr((((kkkk,,,, 0000)))),,,, tttt((((kkkk,,,, 0000))))}}}}

ψψψψ((((xxxx;;;; kkkk)))) ====

{{{{
eeeeiiiikkkkxxxx ++++ RRRR((((kkkk))))eeee−−−−iiiikkkkxxxx aaaassss xxxx→→→→ −−−−∞∞∞∞
TTTT ((((kkkk))))eeeeiiiikkkkxxxx aaaassss xxxx→→→→ ++++∞∞∞∞

Substitution into the second Lax equation yields for spectral data of continuum:

Hence RRRRRRRR((((((((kkkkkkkk,,,,,,,, tttttttt)))))))) ======== RRRRRRRR((((((((kkkkkkkk,,,,,,,, 00000000))))))))eeeeeeee88888888iiiiiiiikkkkkkkk
33333333tttttttt ;;;;;;;; TTTTTTTT ((((((((kkkkkkkk,,,,,,,, tttttttt)))))))) ======== TTTTTTTT ((((((((kkkkkkkk,,,,,,,, 00000000))))))))

Substitution into the second Lax equation yields for spectral data of the discrete spectrum:

Remark: Remark: the bound state problem can be viewed as an analytic continuation of the 
scattering problem defined on the real k-axis, to the upper half of the complex 
k-plane. Then the discrete points of the spectrum are found as simple poles 
of the reflection cofficient

kkkk ==== iiiiκκκκ
RRRR((((kkkk))))

cccc((((λλλλ,,,, tttt)))) ==== 4444iiiikkkk3333;;;;
ddddRRRR

ddddtttt
==== 8888iiiikkkk3333RRRR;;;;

ddddTTTT

ddddtttt
==== 0000ψψψψtttt ==== AAAAψψψψ ≡≡≡≡ ((((−−−−4444∂∂∂∂3333xxxxxxxxxxxx −−−− 6666uuuu∂∂∂∂xxxx −−−− 3333uuuuxxxx ++++ cccc))))ψψψψ

cccc ==== ccccnnnn ==== 4444κκκκ3333nnnn ====⇒⇒⇒⇒
ddddccccnnnn
ddddtttt

==== 4444ccccnnnnκκκκ
3333
nnnn ====⇒⇒⇒⇒ ccccnnnn((((tttt)))) ==== ccccnnnn((((0000))))eeee

4444κκκκ3333nnnntttt



KdVKdV equation: Inverse scattering problemequation: Inverse scattering problem

It is well known from 1950s that the potential of the Schrödinger equation can be
completely recovered from the scattering data – Gelfand-Levitan-Marchenko equation

We define the function of the scattering data 

FFFF ((((xxxx,,,, tttt)))) ====
NNNN∑∑∑∑

nnnn====1111

cccc2222nnnneeee
−−−−κκκκnnnnxxxx ++++

1111

2222ππππ

∞∞∞∞∫∫∫∫

−−−−∞∞∞∞

RRRR((((kkkk,,,, tttt))))eeeeiiiikkkkxxxxddddkkkk

Continuum data
Discrete spectrum data

Then the potential               can be restored from the equation     uuuu((((xxxx,,,, tttt))))

uuuu((((xxxx,,,, tttt)))) ==== 2222
∂∂∂∂

∂∂∂∂xxxx
KKKK((((xxxx,,,, xxxx,,,, tttt))))

where function                   can be found from the linear integral-differential GLM equation KKKK((((xxxx,,,, yyyy,,,, tttt))))

KKKK((((xxxx,,,, yyyy)))) ++++ FFFF ((((xxxx++++ yyyy)))) ++++

∞∞∞∞∫∫∫∫

xxxx

KKKK((((xxxx,,,, zzzz))))FFFF ((((yyyy ++++ zzzz))))ddddzzzz ==== 0000

Note: Note: at each step of solving of the KdV equation we consider a linear problem



Lecture 3:  SummaryLecture 3:  Summary

S -1

SturmSturm-- LiouvilleLiouville Time evolutionTime evolution

S

3 steps to solve the 3 steps to solve the KdVKdV equation:equation:
Given the initial condition                consider         as a potential in the Schrödinger equation
and calculate the discrete spectrum                     ,the norming constant                      and 
reflection coefficient                                (scattering data)
Introduce time dependence of these spectral data, the eigenvalues are fixed
Carry out the procedure of the inverse scattering problem to recover                   making use
of the GLM equation:

EEEE ==== −−−−κκκκ2222 ccccnnnn ==== ccccnnnn((((0000))))

EEEE====−−−−κκκκ2222
uuuu((((xxxx,,,, tttt))))

ψψψψ((((xxxx;;;; kkkk)))) ====

{{{{
eeeeiiiikkkkxxxx ++++ RRRR((((kkkk))))eeee−−−−iiiikkkkxxxx aaaassss xxxx→→→→ −−−−∞∞∞∞
TTTT ((((kkkk))))eeeeiiiikkkkxxxx aaaassss xxxx→→→→ ++++∞∞∞∞

uuuu((((xxxx,,,, 0000))))

{{{{
RRRR((((kkkk,,,, 0000))))
TTTT ((((kkkk,,,, 0000))))

}}}}

uuuu((((xxxx,,,, tttt))))

{{{{
RRRR((((kkkk,,,, tttt))))
TTTT ((((kkkk,,,, tttt))))

}}}}

RRRR((((kkkk)))) ==== RRRR((((kkkk;;;; 0000))))

uuuuuuuu((((((((xxxxxxxx,,,,,,,, 00000000)))))))) −−−−uuuu

KKKKKKKK ((((((((xxxxxxxx,,,,,,,, yyyyyyyy)))))))) ++++++++ FFFFFFFF ((((((((xxxxxxxx ++++++++ yyyyyyyy)))))))) ++++++++

∫∫∫∫∫∫∫∫ ∞∞∞∞∞∞∞∞

xxxxxxxx
KKKKKKKK ((((((((xxxxxxxx,,,,,,,, zzzzzzzz ))))))))FFFFFFFF ((((((((yyyyyyyy ++++++++ zzzzzzzz))))))))ddddddddzzzzzzzz ======== 00000000

FFFF ((((xxxx,,,, tttt)))) ====
NNNN∑∑∑∑

nnnn====1111

cccc2222nnnneeee
−−−−κκκκnnnnxxxx ++++

1111

2222ππππ

∞∞∞∞∫∫∫∫

−−−−∞∞∞∞

RRRR((((kkkk,,,, tttt))))eeeeiiiikkkkxxxxddddkkkk uuuu((((xxxx,,,, tttt)))) ==== 2222
∂∂∂∂

∂∂∂∂xxxx
KKKK((((xxxx,,,, xxxx,,,, tttt))))


